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The  first  volume  of  this  Manual  reviewed  the  state  of  the  art  of  unsteady  turbomachinery  aerodynamics  as  required  for 
the  study  of  aeroelasticity  in  axial  turbomachines.  It  is  the  objective  of  the  present  second  volume  to  comolete  the  review  by 
presenting  to  state  erf  the  art  of  structural  dynamics  and  of  aeroelasticity. 

As  pointed  out  in  the  preface  to  the  first  volume,  further  engine  performance  improvements  and  the  avoidance  of 
expensive  engine  modifications  required  to  overcome  aerodynamic/aeroelastic  stability  problems  will  not  depend  only  on 
the  continued  systematic  research  in  unsteady  turbomachinery  aeroelasticity.  Rather,  the  need  to  transfer  highly  specialised 
unsteady  aerodynamic  and  aeroelastic  information  to  the  turbomachinery  design  community  and  the  introduction  of  young 
engineers  to  these  disciplines  suggested  the  compilation  of  a  ‘Manual  on  Aeroelasticity  in  Turbomachines”,  similar  to  the 
“AGARD  Manual  on  Aeroelasticity”  for  the  aeroelastic  design  of  flight  vehicles,  due  to  the  lack  of  any  textbook  or  other 
comprehensive  compendium  on  unsteady  aerodynamics  and  aeroelasticity  in  turbomachines. 

This  conclusion  was  presented  to  and  endorsed  by  the  AGARD  Propulsion  and  Energetics  an  1  Structures  and 
Materials  Panels,  the  U.S.  Office  of  Naval  Research,  the  Naval  Air  Systems  Command,  and  the  Air  Force  Office  of  Scientific 
Research.  The  support  of  these  organizations  is  gratefully  acknowledged.  We  are  especially  indebted  to  the  late  Dr  Herbert 
J.Mueller,  Research  Administrator  and  Chief  Scientist  of  the  Naval  Air  Systems  Command,  for  his  encouragement  and 
guidance  during  the  initial  phase  of  the  project  Thanks  are  also  due  to  Dr  Gerhard  Heiche  and  Mr  George  Derderian  (Naval 
Air  Systems  Command),  Dr  Albert  Wood  (Office  of  Naval  Research),  Dr  Anthony  Amos  (Air  Force  Office  of  Scientific 
Research)  and  Mr  David  Drane  (AGARD)  for  their  continuing  interest  and  support 

In  the  present  secon  J  volume,  after  an  introduction  and  overview  by  Sisto,  the  structural  dynamics  characteristics  and 
analysis  methods  applicable  to  single  blades  and  whole  triaded  assemblies  are  reviewed.  Ewins  first  presents  a  chapter  on 
basic  structural  dynamics,  followed  by  a  chapter  on  individual  blades,  written  together  with  R-Henry,  and  concludes  with  a 
chapter  on  bladed  assemblies.  This  is  followed  by  an  exposition  of  the  blade  fatigue  problem  and  its  assessment  methods, 
written  by  Armstrong.  The  problem  of  life  time  prediction  is  reviewed  by  Labourdette,  who  also  summarizes  ONERA’s 
research  in  viscoplasticity  and  continuous  damage  mechanics.  The  remaining  chapters  are  devoted  to  aeroelasticity.  Carta 
first  introduces  the  reader  to  the  problem  of  bl"  ''e-disk  shroud  aeroelastic  coupling.  Crawley  then  presents  detailed 
aeroelastic  formations  and  solutions  for  tuned  and  mistimed  rotors.  Special  attention  is  given  in  this  chapter  to  the  effects  of 
mistiming.  The  sophisticated  instrumentation  and  test  procedures  required  to  perform  a  fan  flutter  test  are  reviewed  in 
considerable  detail  by  Stargardter.  The  effect  of  stagnation  temperature  and  pressure  on  flutter  is  demonstrated  by  Jeffers, 
who  presents  flutter  boundaries  obtained  in  a  heavily  instrumented  fan  rig  as  well  as  in  a  full-scale  engine.  In  the  concluding 
chapter  the  currently  available  forced  vibration  and  Sutter  design  methodology  is  reviewed  and  put  in  perspective  by  Snyder 
and  Bums. 

The  editors  are  deeply  indebted  to  the  authors  for  their  willingness  to  contribute  their  time  and  energies  to  this  project 
in  spite  of  other  pressing  demands.  Our  thanks  also  go  to  the  authors’  employers  for  their  support  Funding  limitations  made 
it  necessary  to  limit  the  number  of  contributors.  Nevertheless,  we  hope  that  a  fairly  comprehensive  and  balanced  coverage  of 
the  field  of  turbomachinery  unsteady  aerodynamics  and  aeroelasticity  was  accomplished  and  that  the  two  volumes  on 
unsteady  turbomachinery  aerodynamics  and  on  turbomachinery  structural  dynamics  and  aeroelasticity  will  be  found  useful 
as  an  introduction  to  this  important  special  discipline  and  as  a  basis  for  future  work. 


Max  F.Platzer  and  Franklin  O. Carta,  Editors 
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The  first  volume  of  this  Manual  reviewed  the  state  of  the  art  of  unsteady  turbomachinery  aerodynamics  as  required  for 
the  study  of  aeroelasticity  in  axial  turbomachines.  This  second  volume  aims  to  complete  the  review  by  presenting  the  state  of 
the  art  of  structural  dynamics  and  of  aeroelasticity. 

The  eleven  chapters  in  this  second  volume  give  an  overview  of  the  subject  and  reviews  of  the  structural  dynamics 
characteristics  and  analysis  methods  applicable  to  single  blades  and  b laded  assemblies. 

The  blade  fatigue  problem  and  its  assessment  methods,  and  life-time-prediction  are  considered.  Aeroelastic  topics 
covered  include:  the  problem  of  Made-disc  shroud  aeroelastic  coupling,  formulations  and  solutions  for  tuned  and  mistimed 
rotors,  and  instrumentation  on  test  procedures  to  perform  a  fan  Sutter  test.  The  effect  of  stagnation  temperature  and 
pressure  on  flutter  is  demonstrated  and  currently  available  forced  vibration  and  flutter  design  methodology  is  reviewed. 


RESUME 


Le  premier  volume  de  ce  manuel  a  examine  l’etat  actuel  des  connaissances  dans  le  domaine  de  l’aerodynamique 
instationnaire  des  turbomachines  en  vue  de  l’etude  de  l’aeroelasticite  dans  les  turbomachines  axiales.  Ce  deuxieme  volume 
vient  completer  cet  examen,  en  presen tant  l’etat  actuel  des  connaissances  dans  les  domaines  de  la  dynamique  des  structures 
et  de  1’aeroelasticite. 

Les  onze  chapitres  du  present  volume  donnent  un  aperpi  du  sujet,  avec  un  examen  des  caracteristiques  de  la 
dynamique  des  structures  et  des  methodes  d’analyse  apphcables  aux  aubes  simples  et  aux  ensembles  munis  d'aubes.  Le 
probleme  de  la  fatigue  des  aubes  est  examine,  ainsi  que  les  methodes  cfestimation  de  la  fatigue  et  le  la  duree  de  vie  des 
aubes. 

Parmi  les  questions  aeroelastiques  couvertes,  nous  signalerions,  le  probleme  du  couplagc  aeroelastique  de  l’aubc  et  le 
talon  du  disque,  les  formulations  et  les  solutions  en  ce  qui  conceme  les  rotors  accordes  et  desaccordes,  et  l’instnimentation 
necessaire  et  les  procedures  a  suivre  pour  la  realisation  des  essais  de  flottement  des  soufflantes.  L’effet  de  la  temperature  et 
de  la  pression  d’arret  sur  le  flottement  est  demon tre  et  la  methodologie  de  calcul  de  la  vibration  forcee  et  du  flottement, 
employe  a  lheure  actuel,  est  passee  en  revue. 
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INTRODUCTION  AND  OVERVIEW 
by 

F.  SISTO 

Department  of  Mechanical  Engineering 
Stevens  Institute  of  Technology 
Hoboken,  New  Jersey  07030 
USA 


INTRODUCTION 

Background.  With  minor  exceptions 
Chapters  1  through  11  contained  in  the 
earlier  Volume  I  of  this  Manual  have  been 
devoted  to  an  exposition  of  those  types  of 
unsteady  aerodynamics  required  for  the 
study  of  aeroelasticity  in  axial  turbo- 
machines.  Referring  once  again  to 
Collar's  tricigle  of  forces  (see  Chapter 
1)  it  is  cleai  that  the  present  volume 
dealing  with  structural  dynamics,  or  the 
third  side  of  the  triangle  .onnecting  the 
vertices  labelled  elastic  forces  and 
inertial  forces,  completes  the  mnemonic  of 
the  aeroelastic  triangle. 

Structural  dynamics,  independently  of 
its  role  in  aeroelasticity,  has  had  a 
broad,  vigorous  development  in  the  present 
century.  This  outqrowth  of  structural 
mechanics  has  been  marked,  after  the 
earliest  work  by  Euler,  Bernoulli  and 
Lagrange  and  the  subsequent  practical  con¬ 
tribution  of  those  such  as  Timoshenko  and 
DenHartog,  by  the  formalization  of  tensor 
notation,  which  is  thought  to  be  more  com¬ 
pact  and  therefore  more  general.  Perhaps 
the  most  recent  and  most  useful  develop¬ 
ment  has  been  the  adaptation  of  the  matrix 
method  to  structural  dynamics.  With  the 
necessary  substructuring  and/or  discreti¬ 
zation  of  complex  structures,  the  matrix 
method  has  brought  to  bear  the  powerful 
mathematics  of  linear  algebra  and  the 
matrix  calculus  to  the  field  of  structural 
dynamics.  It  is  not  surprising  therefore, 
that  for  real  system  designs,  (e.g.,  an 
elastic  disk  bladed  with  4%  tip  thickness 
airfoils  and  provided  with  butting  part- 
span  shrouds)  the  matrix  formulation  of 
aeroelastic  problems  is  not  only  useful, 
but  increasingly  needed.  The  widespread 
adoption  of  the  finite  element  method  (for 
fine-grain  quaniitative  accuracy)  coupled 
with  modal  analysis  (for  the  development 
of  robust  computational  and  experimental 
methods)  characterize  the  present  state  of 
structural  dynamics.  Vectorization  of  the 
equations  for  efficient  program  execution 
on  super-computers  is  a  reality  and  future 
application  of  parallel  processors  seems 
certain. 

Volume  "I,  the  present  volume,  begins 
witn  three  chapters  devoted  exclusively  to 
subjects  in  structural  dynamics. 
Sufficient  fundamental  information  there¬ 
fore  is  covered,  with  the  completion  of 
Chapters  17,  14,  and  15,  to  support  some 
of  the  special  aeroelastic  studies  pre¬ 
sented  in  the  remainder  of  the  volume. 
These  topics  range  from  fatigue  and  blade 
life  prediction  to  aeroelastic  coupling, 
mistuning  effects,  experimentation  and 
thermal  effects.  The  Manual  concludes 
with  the  all-important  implications  for 
design. 

Stress  Prediction.  Referring  to  the 
previous  list  of  topics  addressed  in 
Chapters  16  through  22  (the  last  chapter 


in  Volume  II)  it  is  important  to  note  the 
gap  between  flutter  prediction  and  stress 
prediction.  Although  linear  analysis  of 
aerodynamically  forced  vibration  will 
yield  a  vibration  amplitude,  given  some 
specified  law  for  mechanical  dampinq,  the 
same  is  not  true  for  flutter,  or  self- 
excited  aeroelastic  instability.  Only  the 
boundary  between  stability  and  instability 
may  be  discriminated  with  linear  theory. 
Thus  the  typical  aeroelastic  eigenvalue 
analysis  will  not  yield  a  flutter  stress 
prediction. 

For  the  assessment  of  fatigue  damage, 
or  in  general  the  severity  of  the  flutter 
vibration,  it  is  currently  necessary  to 
employ  experimental  means.  A  system  with 
measured  flutter  behavior  may  be  assessed 
for  the  accumulation  of  damage  over  a 
given  operating  cycle  and  redesigned  to 
lower  the  damage  level.  Most  likely,  the 
redesign  will  attempt  to  eliminate  flutter 
entirely.  with  forced  vibration  the  re¬ 
duction  of  stress  by  redesign  is  quite 
feasible  if  the  cause  has  been  properly 
diagnosed. 


In  the  future,  application  of  non¬ 
linear  analysis  will  improve  the  capa¬ 
bility  to  predict  blade  stress  during 
flutter.  This  capability  is  now  in  an 
embryonic  state  with  the  first  results 
issuing  from  stall  flutter  theories  em¬ 
ploying  nonlinear  aerodynamics.  The  par¬ 
ticular  theories  are  those  which  effec¬ 
tively  display  a  hysteretic  dependence  of 
aerodynamic  forces  and  moments  on  blade 
displacement  and  velocity.  In  addition, 
there  may  be  amplitude  dependence  of 
forces  which  is  not  linear  in  this 
displacement  and  velocity. 

For  single  degree  of  freedom  systems, 
thus  employing  a  single  modal  coordinate, 
the  flutter  amplitude  prediction  effec¬ 
tively  makes  use  of  the  aerodynamic  work 
concept.  Ir  turn  this  is  an  expression  of 
the  more  general  principle  of  harmonic 
balance  expounded  in  nonlinear  mechanics. 
How  this  capability  may  effectively  be 
expanded  to  multiple  degrees  of  freedom, 
for  particular  formulations  of  the  non¬ 
linear  aerodynamic  forces,  is  currently  an 
active  area  of  analytical  and  computation¬ 
al  investigation.  Formulation  of  the  ex¬ 
plicit  time  dependence  of  the  aerodynamic 
forces  for  arbitrary  blade  motions  is  a 
requirement  first  described  in  Chapter  19. 
For  complex  geometry,  nonlinear  structures 
and  flows  with  sharp  gradients,  time  do¬ 
main  solutions  may  be  the  solutions  of 
choice.  Simultaneous  integration  of  un¬ 
steady  aerodynamic  and  structural  dynamic 
subprograms  by  time  marching  will  be 
facilitated  with  modern  computational 
developments  and  allow  the  realistic 
treatment  of  nonlinearity  in  both  struc¬ 
ture  and  fluid  models.  Flutter  stress 
prediction  will  become  increasingly  possi¬ 
ble  as  these  developments  materialize. 
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OVERVIEW 

Fundamentals.  In  Chapter  13,  entitled 
Basic  Structural  Dynamics,  the  underlying 
mechanism  of  blade  vibration  in  axial 
turbomachines  is  reviewed  briefly  by  David 
Bwins.  The  concepts  of  structural  dy¬ 
namics  begin  with  the  establishment  of 
continuous  and  later  discrete  models.  The 
distribution  of  inertial  and  elastic  (or 
mass  and  stiffness)  properties  are 
described,  and  also  damping,  thus  deriving 
a  set  of  governing  differential  equations. 
This  method  of  analysis  concludes  with 
solutions  of  these  partial  differential 
equations.  In  the  case  of  the  free 
vibration,  the  solution  yields  the  modal 
properties!  the  eigenfunctions  and  the 
characteristic  frequencies.  The  forced 
vibration  solution  yields  the  actual  dis¬ 
tribution  of  displacements  (strain)  and 
stresses  for  specified  external 
excitations.  It  is  not  emphasized  at  this 
point  that  when  the  aerodynamic  forces  are 
linearly  dependent  only  on  blade  displace¬ 
ments  and  velocities  these  forces  may 
effectively  be  taken  on  the  left  hand  side 
resulting  in  the  statement  of  an  aero- 
elastic  eigenvalue  problem. 

Discrete  system  and  continuous  system 
analyses  are  summarized  by  Professor 
Ewins.  The  finite  element  model  is  sum¬ 
marized  in  a  separate  section  by  Dr.  R. 
Henry  who  is  also  the  co-author  of  Chapter 
14  following.  It  is  pointed  out  that  the 
energy  method  of  equation  derivation  pre¬ 
sumed  in  Lagrange's  Equation  is  capable  of 
supplying  the  effects  of  centrifugal 
stiffening,  centrifugal  softening  and 
gyroscopics. 

This  chapter  concludes  with  a  discus¬ 
sion  of  different  methods  of  analyzing 
structural  assemblies,  including  most 
generally  the  bladed  disk  assembly  with 
interconnecting  shrouds  between  adjacent 
blades.  In  particular  the  concept  of  sub¬ 
structuring  is  presented  along  with  the 
use  of  modal  coordinates  for  synthesizing 
the  overall  system  equations.  For 
example,  the  blades  may  be  represented  by 
a  very  few  modal  degrees  of  freeaom  for 
inclusion  in  an  analysis  of  a  bladed  disk 
assembly.  Brief  summaries  then  follow  the 
two  methods  of  system  coupling:  modal 
coupling  and  frequency  response  coupling. 


Beams  and  Plates.  In  Chapter  14  en¬ 
titled  Structural  Dynamic  Characteristics 
of  Individual  Blades,  David  Ewins  and 
R.  Henry  continue  with  the  exposition  of 
single  blades  treated  alternatively  as 
beams  or  plates. 

Beams,  or  beamlike  blades,  have  defor¬ 
mation  functionally  dependent  solely  on 
the  radial  coordinate  whereas  with  plate¬ 
like  structures  the  deformation  will  also 
be  dependent  on  the  chordwise  coordinate 
(i.e.,  the  c  oss-section  itself  distorts). 
For  beams  the  aspect  ratio  is  greater  than 
for  plate-like  structures  and  in  both 
cases  the  thickness  ratio  is  considerably 
less  than  unity,  at  the  blade  t.ps 
especially. 

Initially,  the  vibration  properties  of 
uniform  beams  are  described  in  terms  of 
natural  frequency  and  mode  shape  and  as 


affected  by  geometry,  boundary  conditions 
(end  and  shroud  fixity),  rotor  rotation 
and  centrifugal  and  Coriolis  forces. 

Tables  are  presented  showing  the  natu- 
ural  frequencies  and  modes  shapes  for  the 
gravest  modes  in  flapwise  bending,  edge¬ 
wise  bending,  and  torsional  modes  and  for 
five  different  sets  of  end  conditions. 
Second  order  effects  due  to  rotatory  in¬ 
ertia  and  shear  deflection  are  elucidated 
for  typical  geometry  and  material 
properties. 

Similar  studies  illustrating  the  ef¬ 
fect  of  aspect  ratio  using  plate  theory 
are  presented  next  for  uniform  geometry 
continuous  plates.  The  modes  are  now  best 
described  in  terms  of  the  location  of  the 
nodal  lines. 

When  the  uniform  beam  is  modified  to 
include  linear  taper  or  linear  twist  sig¬ 
nificant  changes  in  natural  frequencies 
are  observed,  although  the  mode  shapes  are 
relatively  unchanged  for  the  tapered 
blade.  With  the  twisted  blades  the  modes 
become  more  complicated  with  flapwise  and 
edgewise  components  of  deformation  appear¬ 
ing  in  the  bending  modes  (i.e.,  flexural 
modes  are  coupled  bending-bending). 
Similar  conclusions  apply  to  plate- 
type  analysis  of  lower  aspect  ratio 
geometries. 

Discussions  of  root  flexibility,  sta¬ 
tic  deflection  and  rotor  rotation  follow. 
The  limiting  values  of  flexibility  are 
discussed  qualitatively,  the  chief  conclu¬ 
sion  being  that  at  some  point  of  lowered 
root  rigidity  it  is  necessary  to  consider 
the  bladed-disc  assembly  (rather  than  the 
blade  alone)  to  properly  identify  the 
modal  properties  of  that  system  due  to  the 
coupling  between  blades  afforded  by  the 
flexible  disk. 

Blade  lean  and  pretwist  in  a  centrifu¬ 
gal  field  and  gas  bending  loads  provide 
sources  of  “static"  deformations  about 
which  vibrations  may  occur.  The  centrifu¬ 
gal  effect  also  changes  the  blade  effec¬ 
tive  stiffness,  providing  an  increase  for 
vibration  normal  to  the  plane  of  rotation 
and  a  small  decrease  for  vibratory  dis¬ 
placements  in  the  plane  of  rotation. 
Professor  Ewins  notes  that  these  effects 
must  be  taken  into  account  in  order  to 
predict  accurately  the  modal  properties 
under  operating  conditions  which,  for  a 
rotor  blade,  include  the  centrifugal 
effects  attendant  to  rotation. 

Noting  that  the  finite  element  method 
is  most  flexible  and  now  in  wide  use,  a 
discussion  of  the  beam-type  elements  and 
plate  shell  elements  then  follows.  Short 
sections  describe  the  ability  of  the  FEM 
to  formulate  complex  cross-section  proper¬ 
ties,  root  and  platform  flexibilities, 
shrouds,  "static*  loads  (noted  pre¬ 
viously),  Coriolis  and  centrifuqal  effect, 
and  the  temperature  effect  on  modulus  of 
elasticity. 

The  concluding  section  of  this  chapter 
is  a  description  of  the  previous  concepts 
as  applied  to  three  specific  rotor  config¬ 
urations,  by  computation,  and  including 
some  experimental  verification.  l.:e  first 
example  is  the  analysis  of  a  low  pressure 
turbine  blade  using  a  straight,  tapered, 
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twisted  beam  element  and  illustrating 
the  effect  of  bending-bending- torsi on 
coupling.  Inertia  couoling  due  to  non¬ 
coincidence  of  section  centroids  and 
center  of  twist  and  the  effect  of  rotation 
are  demonstrated  in  a  series  of  examples. 
A  number  of  practical  conclusions  are 
drawn  concerning  the  effects  on  natural 
frequency  and  mode  shapes  and  the  conse¬ 
quent  need  for  using  "refined"  bean-type 
elements  for  aeroelastlc  studies. 

The  second  example,  the  analysis  of  a 
fan  blade  using  three  node  triangular 
plate  elements,  elucidates  the  untwist 
effect  wnich,  along  with  accurate  centri¬ 
fugal  stiffening,  requires  an  iterative 
solution  procedure.  Coriolis  effects  can 
be  safely  ignored  for  this  particular  pro¬ 
blem  of  node  definition.  This  Is  not 
necessarily  true  for  highly  swap"  blades, 
or  blades  on  &  processing  rotor.  In  any 
event,  the  nonlinear  Iterative  solution 
procedure,  for  example,  using  an  updated 
I igrangian  formulation  at  each  iteration, 
i .  recommended . 

The  third  example  is  a  high  pressure 
turbine  blade  modelled  with  thick  shell 
elements.  Dynamic  analysis  shows  that  the 
rotation  effect  is  weak  for  both  frequency 
and  mode  shape  for  this  "thick*  blade. 
The  change  in  frequency  can  be  adequately 
estimated  from  the  nonrotating  case  using 
the  method  of  Rayleiqh  Quotients. 

Tho  final  paragraphs  of  the  riapter 
consist  of  practical  recommendations  for 
structural  dynamic  modelling  of  single 
blades  based  on  the  findings  of  the  pre¬ 
ceding  studies  and  computations. 


Blade-Disk  Model.  In  Chapter  15, 
Structural  Dynamics  of  Bladed  Assemblies, 
the  subject  material  of  the  previous  two 
chapters  is  brought  together  by  David 
Ewins  for  the  treatment  of  practical 
systems.  As  in  the  previous  two  chapters 
there  is  also  an  important  contribution  by 
Dr.  R.  Henry  in  this  chapter. 


Initially,  the  configurations  to  be 
examined  are  described,  ranging  from  un¬ 
shrouded  identical  blades  to  packetted 
blades  to  blades  that  are  not  identical  to 
each  other.  Disks  are  considered  with 
various  degrees  of  flexibility  up  to  com¬ 
plete  riqidity.  In  the  remainder  of  the 
chapter  the  natural  frequencies  and  mode 
shapes  are  presented  for  these  various 
assemblies  and  the  major  controlling 
factors  are  described.  The  results  of 
analyzing  and  computing  a  number  of  repre¬ 
sentative  cases  are  presented  qualitative¬ 
ly  in  the  text  aru]  in  the  form  of  figures 
for  more  quantitative  comparisons  and 
tests. 

Models  which  are  evaluated  by  computa¬ 
tion  are  generally  at  three  distinct 
levels  of  abstraction:  the  lumped  param¬ 
eter  model  where  full  axisymmetry  is 
assumed;  the  beam  and  plate  models  of 
blades  with  either  axisymmetric,  cyclical¬ 
ly  symmetry  (i.e.,  rotationally  periodic 
structure)  or  full  blade-to-blade 
variation;  and  finally,  the  finite  element 
model  in  which  axisymmetry,  or  at  best 
cyclic  symmetry  with  substructuring  must 
be  assumed  due  to  computing  limitations. 


The  computed  results  reveal  the  typi¬ 
cal  feature  <for  each  configuration)  of 
'sinqle'  and  'double*  modes  of  which  the 
latter  is  in  the  majority.  Most  of  the 
assemblies'  modes  occur  in  these  pairs 
with  similar  shapes  and  identical 
frequencies.  This  is  consistent  with  the 
identification  of  these  combined  modes  by 
the  number  of  nodal  diameters,  n.  The 
special  nature  of  modes  for  n  «  0  and 
n  •  1  is  discussed  as  is  the  general 
behavior  as  n  becomes  very  large.  With 
the  beam,  plate,  and  finite  element  models 
nodal  circles  may  also  appear.  For  an  N- 
bladed  disk,  the  maximum  value  for  n  is 
1/2N  (or!N-l)/2  if  N  is  odd)  for  the  dis¬ 
crete  lumped  parameter  model.  However, 
for  continuous  disk  or  shroud  modelr. 
higher  values  of  n  are  possible,  but  the 
blade  or  rim  displacement  for  n  >  N/2  are 
indistinguishable  from  the  mode  with  N-n 
nodal  diameters.  This  'aliasing'  property 
is  very  significant  and  may  allow  ar 
infeeding  of  energy  from  aerodynamic 
sources  at  frequencies  associated  with  n 
nodal  diameters,  but  with  N-n  nodal 
diameters  being  measured.  This  important 
feature  is  fully  discussed  and 
elucidated. 

A  number  of  configurations  are  ana¬ 
lyzed,  with  an  N  *  36  bladed  disk  used  to 
study  parametrically  the  effects  of  disk 
stiffness,  root  flexibility,  stagger, 
twist,  shroud  stiffness  and  shroud 
connection 

Dr.  Henry  presents  the  results  of 
analyzing  a  specific  turbine  rotor  using 
finite  elements  and  assuming  axisymmetry. 
Tne  six  lowest  frequency  modes  are  dis¬ 
cussed  as  well  as  their  variation  with 
rotational  speed.  The  important  point  is 
made  that  if  cyclic  symmetry  must  be 
assumed  (e.g.,  due  to  a  small  N,  and  hence 
with  blades  which  cannot  be  modelled  as 
beams)  then  the  mode  shapes  no  longer  dis¬ 
play  simple  diameters  and  circles  as  n  dal 
lines. 

The  important  characteristics  of  mis- 
tuned  assemblies  is  discussed  next  leading 
to  the  important  characteristics  of  mode 
and  frequency  splitting.  Each  double  mode 
with  identical  frequencies  and  mode  shapes 
in  the  tuned  state  splits  into  distinct 
modes  with  close  natjral  frequencies  and 
modal  shapes  upon  the  introduction  of 
mistuning.  The  very  complex  behavior  of 
mistuned  assemblies  is  discussed  including 
the  effects  of  regular  versus  random 
mistuning,  the  effect  of  damping  (may 
introduce  complex  modes  if  the  damping  is 
non-proportional)  and  the  effect  of  lash¬ 
ing  the  blades  in  packets.  The  subject  of 
mistuning  as  applied  to  self-excited  sys¬ 
tems  is  returned  to  in  Chapter  19. 

The  chapter  closes  with  a  discussion 
of  force  vibration  assuming  two  types  of 
forcing:  single  point  harmonic  excitation 
and  engine-order  excitation.  It  is  empha¬ 
sized  that  a  resonance  can  be  obtainea 
only  by  excitation  at  the  proper  frequency 
and  with  an  appropriate  spatial  distribu¬ 
tion  (i.e.,  the  sign  of  the  work  done  on 
the  vibration  will  depend  locally  on  the 
phase  between  the  force  and  the  displace¬ 
ment  and  will  be  zero  at  the  nodes).  The 
detailed  character  of  the  response  of  a 
number  of  computed  cases  is  presented  for 
both  types  of  excitation.  It  is  empha- 
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sized  that  the  aliasing  phenomenon  appears 
most  importantly  in  the  eno  no  order  case. 
An  (N-n)th  engine  order  excitation  and  an 
nth  engine-order  excitation  will  be 
equally  effective  in  exciting  modes  with  n 
diametral  nodes  and  tne  vibration  will 
occur  at  an  N-n  multiple  of  the  rotation¬ 
al  speed.  The  corresponding  alias  vibra¬ 
tion  where  the  nth  engine  order  excites 
N-n  nodal  diameter  modes  is  also  demon¬ 
strated  and  discussed.  This  and  other  ex¬ 
tremely  complex  behavior  is  presented  for 
a  number  of  computed  cases.  The  chapter 
ends  with  a  discussion  and  an  estimate 
of  the  increase  in  forced  response  on 
the  "worst*,  or  "roquo",  blade  attribu¬ 
table  to  a  particular  degree  of  'listening. 
This  is  a  fitting  conclusion  for  the 
third  chapter  on  structural  dynamics  where 
the  emphasis  is  on  forcing,  not  neces¬ 
sarily  or  exclusively  from  aerodynamic 
sources.  It  should  be  emphasized,  as 
introduced  briefly  in  Chapter  1  and  dis¬ 
cussed  more  fully  in  Chapter  19,  that  the 
conclusions  on  the  harmful  effect  of  mis- 
tuning  may  be  quite  different  in  the  case 
of  self-excited  aeroelastic  instabilities. 


Vibratory  Blade  Failure.  Chapter  16, 
ratigue  and  Assessment  Methods  of  Blade 
Vibrations,  by  Keith  Armstrong  is  a  tho¬ 
rough  treatise  on  the  practical  aspects  of 
blade  failure  and  its  prevention.  The 
initial  sections  of  this  chapter  are  taken 
up  wi^h  many  definitions  related  to  metal 
fatigue  and  the  character  of  the 
phenomenon. 

Definition  of  alternating  stress,  the 
experimental  means  of  testing  metal  sam¬ 
ples  and/or  blades  with  a  high  number  of 
stress  reversals, the  establishment  thereby 
of  S-N  curves  and  the  use  of  these  data  to 
construct  the  modified  Goodman  diagram  are 
all  thoroughly  discussed.  The  qualitative 
nature  of  these  diagrams  is  described,  in¬ 
cluding  the  factors  which  affect  them  such 
as  notch  sensitivity,  mean  stress  level, 
(due  to  static  loading  as  well  as  residual 
stresses)  the  presence  of  defects  ar.d  the 
propagation  of  fatigue  cracks. 

This  leads  to  a  discussion  of  fracture 
mechanics,  particularly  as  applied  to  com¬ 
pressor/fan  blades  and  turbine  buckets. 
The  effect  of  grain  size,  loading  history 
(leading  to  Miner's  hypothesis  for  the 
accumulation  of  damaqe)  surface  treatment, 
low  cycle  fatigue,  fretting,  erosion, 
corrosion,  and  data  scatter  are  discussed. 
The  need  for  fatique  testing  is  empha¬ 
sized,  the  correspondence  between  sample 
or  coupon  testing  versus  blade  testing 
is  discussed  and  the  methods  of  testinq 
are  described. 

A  discussion  follows  of  the  factors 
affecting  amplitude  of  blade  vibration, 
noting  the  previously  discussed  disparity 
between  flutter  and  forced  vibration  inso¬ 
far  as  amplitude  determination  is 
involved.  The  manner  of  stress  measure¬ 
ment  using  strain  gages  is  discussed  and 
the  practical  diagnosis  of  vibration  of 
botn  types  in  running  compressors  is  pre¬ 
sented  by  examples.  This  broad  ranging 
mid-chapter  exposition  by  Dr.  Armstrong  is 
one  in  which  qualitative  factors  related 
to  vane  and  blade  vibration, its  detection, 
and  developmental  steps  for  its  ameliora¬ 
tion  are  discussed  in  considerable  detail. 


The  emphasis  is  on  jet  engine  experience) 
flight  conditions  and  installation  charac¬ 
teristics  enter  the  discussion  frequently. 

A  detailed  derivation  is  then  given  of 
the  "amplitude  ratio*  method  of  forced  vi¬ 
bration  assessment.  The  applicat  on  of 
the  method  is  discussed,  including  corre¬ 
lations  supplied  from  cantilever  beam 
theory,  different  blade  materials,  fatigue 
capability,  material  damping,  temperature, 
statistical  scatter,  and  the  evolution  of 
design/development  rules. 

The  "amplitude  ratio"  method  is  con¬ 
trasted  with  the  stress  level  method  of 
assessing  blade  vibration  and  fatigue 
failures.  This  second  method  depends  on  a 
detailed  knowledge  of  the  vibratory  and 
steady  stresses  and  has  become  increasing¬ 
ly  used  as  the  finite  element  method  of 
stress  analysis  has  come  into  widespread 
use.  The  application  of  the  method,  and 
the  special  effects  that  can  be  handled 
(such  as  restraint  of  edge  warping,  cen¬ 
trifugal  forces,  etc.)  is  discussed  at 
length  and  practical  examples  are 
presented. 

The  two  methods  are  compared  and  the 
benefits  of  each  are  emphasized.-  Modern 
practice  in  a  large  organization  will  be 
to  use  an  efficient  blend  of  the  two.  The 
influence  on  design  and  an  historical 
description,  with  many  examples  and  prac¬ 
tical  observations,  conclu^on  this  ex¬ 
tremely  useful  chapter  on  the  blade  vibra¬ 
tion  aspects  of  get  engine  design  and 
operation.  The  successful  developments  of 
the  past  twenty  years  in  the  United 
Kingdom  are  described  and  explicated  in 
the  text  of  this  chapter. 

High  Temperature  Material  Behavior- 
Chapter  17  has  a  long  title.  Lifetime 
Prediction:  Synthesis  of  ONERA's  Research 
in  Viscoplasticity  and  Continuous  Damage 
Mechanics  Applied  to  Engine  Materials  and 
Structures.  Contrasted  with  the  title, 
this  short  chapter  by  R.  Labourdette  deals 
with  the  problems  of  high  temperature  tur¬ 
bine  blades:  creep  and  fatigue.  While  in 
the  previous  chapter  temperature  effects 
are  recognized  but  not  dealt  with  in  great 
depth  this  is  not  so  in  the  present 
chapter;  temperature  effects  are 
paramount.  The  work  is  a  joint  effort  of 
ONERA  and  SNECMA. 

Adopting  a  tensor  notation,  visco¬ 
plasticity  of  high  temperature  materials 
is  formulated  in  the  general  thermodynamic 
framework  of  irreversible  processes.  This 
blanch  of  continuum  mechanics  is  applied 
to  the  cyclic  straining  of  the  prototyp¬ 
ical  turbine  blade  beyond  the  elastic 
limit.  Creep  represents  the  response  to 
loading  over  long  periods  of  time,  i.e., 
with  a  very  low  frequency  of  the  loading 
cycle.  For  fatigue  behavior  the  frequen¬ 
cies  are  much  higher  and  the  vibration 
thus  defined  is  most  appropriate  to  the 
province  of  dynamic  aeroelasticity.  The 
theory  is  also  quite  general  and  accounts 
for  an  interaction  between  creep  and 
fatigue. 

The  model  developed  for  general  visco¬ 
plastic  behavior  of  a  metallic  material  is 
then  applied  to  the  generation  of  a  new 
theory  for  damage  accumulation.  This 
theory  of  damage  on  the  microscopic  scale 


leads  to  the  all-importan  prediction  of 
crack  initiation  which  i  i  the  starting 
point  for  subsequent  macroscopic  treatment 
of  crack  propagation  under  cyclic 
straining.  The  theory,  based  on  continuum 
damage  mechanics,  is  expressed  in  a  finite 
element  program  EVPCICL  developed  by  Dr. 
Labourdette  at  ONERA.  The  program  algo¬ 
rithm  integrates  constitutive  equations  of 
the  developed  theory,  and  predicts  the 
cycles  lo  crack  initiation  for  given  load¬ 
ing  and  temperature  histories.  Comparison 
with  experimental  data  shows  that  the 
viscoplasticity  model  is  an  accurate  tool 
for  prediction  of  crack  initiation.  The 
method  is  being  extended  to  anisotropic 
materials  (e.g.,  single  crystal  alloys) 
and  more  complex  geometry.  The  appearance 
of  these  very  useful  new  results  is  anti¬ 
cipated  with  interest  for  later  editions 
of  this  Manual. 

Systems  Instability.  Stemming  from 
its  central  importance  in  the  description 
of  bladed-disk  flutter,  the  coupled  theory 
introduced  by  Franklin  0.  Carta  (1967)  has 
been  summarized  by  him  in  Chapter  18, 
Aeroelastic  Coupling  -  An  Elementary 
Approach.  The  historical  setting  for  the 
appearance  of  this  type  of  flutter  is  out¬ 
lined  briefly,  noting  that  the  bending/ 
torsion  coupling  is  augmented  by  part-span 
shrouds  typical  of  post-1950  turbofans. 
This  coupling  of  the  bladed-shrouded-disk 
is  shown  later  to  be  critically 
destabilizing. 

The  equations  of  motion  of  the  aero- 
elastic  system,  expressed  in  travelling 
wave  form,  are  combined  with  unsteady 
aerodynamic  terms  and  the  solution  for  the 
flutter  condition  is  discriminated  by  the 
method  of  aerodynamic  work  integrated  over 
the  blade  span.  The  intrablade  phase 
angle  is  fixed  at  90  degrees  by  the  struc¬ 
tural  coupling,  and,  with  isolated  airfoil 
aerodynamics,  the  flutter  instability  is 
shown  to  be  most  susceptible  in  the  modes 
having  an  intermediate  number  (i.e,  3,  4, 
or  5)  of  diametral  nodes  with  forward  tra¬ 
velling  waves.  The  greater  the  degree  of 
bending/ tors ion  coupling  the  greater  the 
likelihood  of  coupled  flutter  instability. 
Parametric  studies  of  shroud  location  con¬ 
firm  this  trend  and  experiments  with 
research  compressors  lend  further  support 
to  those  general  conclusions. 

This  chapter  concludes  with  a  survey 
of  many  recent  studies  employing  compres¬ 
sible  cascade  aerodynamics  and  tuned  and 
alternatively  mistuned  rotors.  In  this 
section  of  the  chapter  Frank  Carta  shows 
that  the  importance  of  the  interblade 
phase  angle  is  unuiminished  in  these  sys¬ 
tem  mode  instabilities.  In  fact,  the  num¬ 
ber  of  nodal  diameters  of  a  particular 
mode  is  a  surrogate  variable  for  the 
interblade  phase  angle;  specifically  o  = 
2*n/N  where  n  is  the  number  of  nodal  diam¬ 
eters  and  N  is  the  number  of  blades  in  the 
row.  This  proxy  relationship  between  n 
and  a  is  not  emphasized  elsewhere  in 
Volume  II,  although  the  groundwork  for  the 
importance  of  a  in  turbomachine  aeroelas- 
ticity  is  laid  down  firmly  in  Volume  I  of 
this  Manual. 

Conclusions,  drawn  from  this  straight¬ 
forward  analysis  of  the  fundamental  aero- 
elastic  problem  of  coupled  systems,  have 
wide  validity  with  respect  to  the  material 


of  most  of  the  remaining  chapters.  The 
principal  value  of  Chapter  18  is  that  .t 
is  a  compact  exposition  of  s.elf-excited 
aeroelastic  instability  as  it  is  actually 
encountered  in  axial  turbomachines  when 
dominated  by  strong  structural  coupling 
between  blades.  Succeeding  chapters  build 
on  tms  exposition  and  may  be  contrasted 
and  related  to  it  for  increased  compre¬ 
hension  and  relevance  of  the  material  in 
those  chapters.  In  this  sense  Chapter  18 
encapsulates  the  entire  Manual  by  means 
of  a  cogent  and  historically  signifi¬ 
cant  example  and  its  subsequent 
generalizations. 

Mistuninq  Effects.  In  Chapter  19, 
Aeroelastic  Formulation  ard  Trends  for 
Tuned  and  Mistuned  Rotors,  the  general 
system  approach  to  turbomachine  aercelas- 
ticity  is  expounded  by  Edward  Crawley. 
The  structural  dynamic  and  aerodynamic 
models  are  combined  in  a  consistent  manner 
to  yield  an  aeroelastic  model.  The  re¬ 
sults  are  discussed  with  major  emphasis 
on  stability  discrimination  (flutter). 
Explici*-  time  domain  aerodynamics  is  dis¬ 
cussed  for  use  in  predicting  forced  vibra¬ 
tion  response.  Considerable  attention  is 
given  to  the  effects  of  mistuning  and 
algorithms  for  optimization  of  this  effect 
are  presented  and  discussed. 

Noting  that  the  available  model  formu¬ 
lations  are  somewhat  incomplete,  particu¬ 
larly  with  respect  to  aerodynamic 
operators,  the  point  is  made  that  the  time 
dependence  can  be  expressed  within  the 
time  domain  or  the  frequency  domain.  The 
mathematical  models  are  then  developed 
beginning  with  the  representative  section 
having  a  single  degree  of  freedom.  A  cas¬ 
cade  of  such  blades  is  coupled  only 
through  the  motion-depe.ident  force  influ¬ 
ence  of  one  blade  on  another.  By  making 
the  assumption  of  sinusoidal  time  depen¬ 
dence  with  a  fixed  interblade  phase  anqle, 
o,  the  travelling  wave  modes  of  the  aero¬ 
elastic  eigenvalue  problem  are  determined. 
It  is  pointed  out  that  this  model,  initi¬ 
ally  chosen  for  the  aerodynamics 
formulation,  is  not  unique.  It  is  ade¬ 
quate  for  tuned  system  SDOF  analysis. 

The  aeroelastic  eioe-.value  problem  can 
be,  and  is,  reformulated  in  terms  of  in¬ 
dividual  blade  coordinates.  When  this  is 
done  the  aerodynamic  influence  coefficient 
matrix  which  results  has  a  high  degree  of 
symmetry,  depending  on  the  degree  of  geo¬ 
metric  uniformity*.  Each  element  is 
obtained  from  a  discrete  Fourier  transform 
of  the  complex  force  co<  fficient  obtained 
from  the  conventional  travelling  wave 
formulation.  In  this  second  form  (i.e., 
individual  blade  coordinates)  the  aero¬ 
elastic  equation  demonstrates  that  a  given 
blade  is  strongly  affected  only  by  its 
most  immediate  neighbors. 

A  third  alternative  formulation  is  in 
terras  of  the  standing  waves,  or  twin 
orthogonal  modes  introduced  earlier  in 
Chapter  15  for  the  discussion  of  forced 
vibration.  The  aeroelastic  e’genvalue 
problem  expressed  in  this  form  allows  the 


*For  complete  uniformity  the  matrix  is 
circulant,  the  properties  of  which  were 
first  exploited  by  Lane  (1956). 
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use  of  experimentally  determined  standing 
wave  structural  modes. 

These  results  are  subsequently  gen¬ 
eralized  for  two  degrees  of  freedom  per 
blade,  e.g . ,  coupled  bending  torsion,  and 
then  to  multiple  degrees  of  fr6?don.  In 
broad  terms  this  amounts  to  replacing 
single  elements  in  the  previous  formu- 
letion  by  sub-matrices  and  sub-vectors. 
Furthermore,  modal  coordinates  are  usually 
adopted  for  the  multiple  degree  of  freedom 
model.  The  transformation  of  the  blade 
aerodynamic  forces  is  detailed  in  an 
appendix.  In  all  these  developments 
Professor  Crawley  makes  numerous  qualita¬ 
tive  comments  concerning  the  properties  of 
the  various  matrices  and  describes  under¬ 
lying  physical  characteristics  of  the 
aeroelastic  system. 

Solution  of  the  various  problem  formu¬ 
lations  are  then  exemplified  by  expressing 
the  aerodynamic  forces  in  travelling-wave 
form  (sinusoidal  motion)  and  restricting 
the  analysis  to  one  or  two  degrees  of 
freedom  for  a  cascade  of  characteristic- 
section  blades.  Traditional  methods,  such 
as  the  V-g  and  p-k  methods  are  then  dis¬ 
cussed  for  solution,  and  subject  to 
special  conditions  such  as  the  very  large 
mass  ratio  of  blade  to  air.  I.e.,  the 
real  part  of  the  aeroelastic  eigenvalue  is 
very  close  to  the  natural  frequency  in 
vacuo.  The  character  of  the  eigenvalue 
plots  is  discussed  givinq  some  insight  as 
to  how  these  may  be  expected  to  differ 
from  fixed  wing  results.  Naturally,  the 
interblade  phase  angle  is  a  key 
parameter. 

For  the  first  time  in  the  Manual  the 
need  is  described  for  obtaining  the  ex¬ 
plicit  time  dependence  of  the  aerodynamic 
forces  for  arbitrary  blade  motions.  This 
form  of  the  aerodynamic  operators,  for 
studying  response  to  tip  rubs  or  surge  for 
example,  is  theoretically  derivable  by  a 
complex  inverse  Fourier  integral  from  the 
frequency  domain  expression.  In  practice 
this  is  accomplished  by  using  the  so- 
called  Fade*  approximation,  whose  deriva¬ 
tion  is  outlined. 

The  analytical  methods  described  up  to 
this  point  are  applied  next  to  a  short 
discussion  of  trends  in  aeroelastic  sta¬ 
bility  of  turbomachine  rotors.  Analyzing 
a  simplified  system,  it  i3  demonstrated 
that  a  necessary  but  not  sufficient  condi¬ 
tion  for  aeroelastic  stability  is  that  the 
blades  be  self-damped;  i.e.,  the  effect  of 
a  blade's  motion  upon  itself  must  be  to 
contribute  positive  aerodynamic  damping. 
The  unsteady  interactions  amongst  or  be¬ 
tween  blades  in  the  cascade  are  destabi¬ 
lizing  for  at  least  one  possible  inter¬ 
blade  phase  angle.  This  blade-to-blade 
destabilizing  influence  is  reduced  by 
mistuning,  and  is  hence  desirable. 
Mistuning,  however,  can  never  produce 
stability  when  the  self-damping  is 
negative.  With  nonzero  structural  damping 
blades  of  larger  (blade  to  air)  mass  ratio 
are  relatively  more  stable. 

The  effect  of  coupling  is  qualitative¬ 
ly  discussed  and  it  is  noted  that  kine¬ 
matic  coupling  (e.g.,  the  presence  of  some 
bending  displacements  in  a  predominantly 
torsional  natural  mode)  may  be  quite  im¬ 
portant  in  determining  stability  whereas 


the  dynamic  coupling,  e.g.  through  the 
aerodynamic  reactions,  is  usually  not 
strong  enough  to  be  of  significance.  Tfc« 
effect  of  loading  is  speculated  as  being  a 
possible  source  of  flutter  near  stall,  and 
the  stability  trends  with  reduced  velocity 
are  discussed  qualitatively,  noting  both 
structural  and  aerodynamic  implications  of 
the  reduced  frequency  parameter. 

The  remainder  of  the  chapter  is 
concerned  with  mistuning  for  stability 
enhancement.  Using  «  simplified  example 
for  a  supersonic  fan  with  structural 
(mass)  mistuning  and  restricted  to  tor¬ 
sional  motion,  it  is  shown  that  optimal 
mistuning  is  more  effective  than  alternate 
mistuning  which  night  intuitively  be 
chosen.  The  details  of  the  optimal  mis¬ 
tuning  patterns  are  then  discussed,  where 
the  optima  have  been  obtained  by  mini¬ 
mizing  a  penalty  function  using  nonlinear 
programming  techniques  detailed  elsewhere. 


Basically  the  optimum  patterns  are 
'almost1  alternate  mistuning,  i.e.,  with 
important  exceptions  on  one  or  two  blades. 
Practical  considerations  devolve  upon  the 
accuracy  with  which  an  intentional  mis¬ 
tuning  pattern  can  ta  effectuated  due  to 
errors  in  measurement,  manufacture,  or 
solective  assembly.  Based  on  considera¬ 
tion  of  this  nature,  alternate  mistuning 
is  more  robust  and  may  be  the  method  of 
choice.  The  detailed  analysis  of  mistun- 
inq  patterns  and  their  practicality  in  the 
manufacturing  phase  forns  a  fitting  con¬ 
clusion  to  this  extremely  important 
concept  which  is  one  of  the  dominant  areas 
of  practical  application  in  turbomacmne 
roelasticity  today.  More  research  on 
i...stuning  may  be  expected  to  yield  in¬ 
creasingly  practical  results. 


Aeroelastic  Research  in  Rotors.  In 
Chapter  20,  Fan  Flutter  Test,  by  Hans 
Stargardter,  aeroelastic  instability  in  a 
turbomachine  is  investigated  experimental¬ 
ly.  In  this  sense  it  epitomizes  the 
purely  experimental  approach  to  the  sub¬ 
ject  of  the  Manual. 

Usiog  an  existing  single  stage  fan 
research  rig,  a  great  deal  of  sophisti¬ 
cated  instrumentation  was  installed  for 
the  measurement  of  steady  and  unsteady 
aerodynamic  quantities  as  well  as  blade 
deflect. on  and  deformation.  (Deformation 
measurements  were  limited  to  steady  un¬ 
twist  and  uncambering  due  to  centrifugal 
effects.)  In  order  to  emphasize  the  range 
and  complexity  of  the  instrumentation, 
these  systems  are  simply  listed  here; 
their  frequency  response,  accuracy,  and 
modes  of  operation  are  detailed  in  the 
text  of  the  Chrpter. 

Instrumentation:  Strain  gages,  laser 
beams  and  blade-mounted  mirrors,  semicon¬ 
ductor  pressure  transducers,  hot  film 
gages  (probes  and  anemometers),  time  code 
generator  and  revolution  counter,  wedge 
probes,  static  taps  and  thermocouples. 
Most  unique  was  the  large  number  of  small 
mirrors  fixed  to  the  rotor  blades  in  a 
variety  of  radial  and  chordwise  positions. 
By  recording  the  position  of  reflected 
laser  light  beams  it  was  posssible  to  re¬ 
duce  the  data  to  yield  blade  deflection, 
both  steady  and  unsteady  (i.e.,  mode 


•napes)  as  well  as  stadc  untwist  and 
uncaaber.  The  acquisition  of  reliable 
blade  surface  pressures  and  the  recon¬ 
struction  of  passage  pressure  distribution 
near  the  housing  are  described.  Of  equal 
importance  was  the  recording  and  elec¬ 
tronic  reduction  of  these  data.  Sophisti¬ 
cated  enhancement  and  spectral  processing 
of  the  periodic  signals  was  employed,  and 
analysis  of  the  on-rotor  data  as  a  super¬ 
position  of  backwt.i  and  forward  rotating 
harmonic  waves,  allowed  comparison  and 
correlation  with  other  data  measured  in 
absolute  coordinates,  i.e..  relative  to 
the  fixed  housing  of  the  fan.  Phasing  wa3 
obtained  using  cross-spectral  density 
techniques.  These  overall  data  reduction 
methods  are  unique.  As  noted  throughout 
the  Manual,  the  phasing  of  certain  param¬ 
eters  along  the  cascade,  e.g.,  the  inter¬ 
blade  phase  angle,  is  of  supreme  impor¬ 
tance  in  understanding  and  describing 
aeroelastic  phenomena  in  turbomachines. 

Using  this  powerful  system  for  the  ac¬ 
quisition  of  flutter-related  data  the  ex¬ 
perimental  exploration  of  fan  flutter  led 
to  some  interesting  results.  The  flutter 
region  of  the  fan  was  mapped  out.  Aero¬ 
dynamic  work  computation  led  to  the  deter¬ 
mination  of  mo  lal  aerodynam'c  damping 
values  and  are  shown  to  be  negative  in 
flutter.  The  historic  correlation  of  the 
flutter  region  in  incidence  versus  reduced 
velocity  coordinates,  and  as  depicted 
somewhat  humorously  in  Figure  2  of  Chapte  t 
1,  is  confirmed  experimentally  in  the 
final  figure  of  Chapter  20.  A  number  of 
other  observations  are  made  concerning  the 
steady  pressure  distribution,  the  passage 
Mach  number  distribution,  the  localization 
of  instability  influence  near  the  leading 
edge  and  the  roles  of  uncamber  and  untwist 
in  flutter. 

Perhaps  the  most  important  contribu¬ 
tion  of  the  Chapter  is  the  detailed  infor¬ 
mation  concerning  blade  frequency,  vibra¬ 
tion  amplitude,  and  iuterblade  phase 
angle.  For  this  type  of  flutter,  identi¬ 
fied  as  the  subsonic/transonic  flutter  of 
region  I  in  Figure  1  of  Chapter  1,  the 
frequencies  of  all  blades  are  identical; 
there  is  a  single  flutter  freuqency,  i.e., 
“frequency  entrainment"  has  taken  olace. 
Thus  the  interblade  phase  angle  between 
any  two  blades  is  well-defined  and  remains 
constant  in  time.  However,  the  value  of 
the  interblade  angle  varies  from  passage 
to  passage  on  the  rotor  and  concomitantly, 
the  vibration  amplitudes  vary  from  blade 
to  blade  (but  not  in  time).  This  detailed 
experimental  revelation  of  the  fluttor 
mode  goes  beyond  the  analytical  or  com¬ 
putational  description  of  the  flutter 
mode  in  a  mistuned  stage.  Histuning,  as 
characterized  by  the  assembled  blade 
natural  frequency  distribution,  is  shown 
to  correlate  with  the  blade  amplitude  at 
flutter.  Thus,  it  is  suggested  by  Hans 
Stargardter,  that  the  analysis  of  flutter 
in  mistuned  stages  consider  the  following 
models  The  blade  amplitude  pattern  repre¬ 
sents  “a  family  of  spatial  harmonics 
described  by  the  superposition  of  a  number 
of  rotatinq  nodal  diameter  patterns,  each 
characterized  by  a  different  number  of 
nodal  diameters  with  different  but  uniform 
amplitudes  and  different  but  uniform  phase 
indexing,  with  each  pattern  rotating  at  a 
speed  that  results  in  toe  same  flutter 
frequency  «4*  In  Chapter  20  these  pat¬ 


terns  are  identified  by  spectral  process¬ 
ing  of  the  Experimental  data.  The 
guidance  that  this  result  provides  for  the 
theoretical  computational  aeroelastic  an 
is  profound.  It  will  be  interesting  to 
see  in  the  future  how  this  mutual  stimula¬ 
tion  of  theorv  and  experiment  will  help  to 
define  the  most  realistic  and  therefore 
most  useful  aeroelastic  model  for  a  row  of 
turbomachine  blades  which  are  always 
mistuned  to  some  extent. 

Effects  of  Ambient  Variables.  In 
Chapter  21,  Aeroelastic  Thermal  Effects, 
by  James  D,  Jeffers,  II,  the  effect  on 
flutter  of  variable  inlet  stagnation  tem¬ 
perature  and  pressure  is  reported.  These 
experimentally  derived  results  were  ob¬ 
tained  in  a  sequence  of  tests  beginning 
with  a  heavily  instrumented  fan  rig,  pro¬ 
gressing  on  to  a  full-3cale  engine  program 
and  concluding  with  a  full  parametric 
flutter  mapping  of  the  engine  under  NASA 
auspices. 

The  3-staqe  fan  rig,  operated  under 
standard  sea  level  static  inlet  conditions 
demonstrated  a  first  stage  stall  flutter 
boundary  referred  to  a  representative 
span,  similar  to  Figure  2  of  Chapter  1. 
The  mode  was  predominantly  with  a  5  nodal 
diameter  system  mode,  and  classified  in 
region  la  of  Figure  1  in  Chapter  1.  The 
important  conclusion  that  the  operating 
line  of  the  fan  component  would  not  pene¬ 
trate  the  stall  flutter  region  was  a 
factor  in  clearing  the  engine  for 
fabrication.  Subsequently,  simulated 
flight  ti sting  of  the  full  engine  which 
included  high  Mach  number  conditions  at 
altitude,  uncovered  a  flutter  condition. 
However,  the  mode  was  predominantly  above 
shroud  torsion  at  a  slightly  higher  fre¬ 
quency  corresponding  to  the  next  higher 
natural  mode.  This  important  and  unex¬ 
pected  result  was  then  mapped  in  great 
detail  using  the  high  altitude  facility  at 
NASA  Lewis. 


In  this  program  the  imposition  of 
higher  inlet  stagnation  temperature,  and 
to  a  lesser  extent  h  gher  inlet  stagnation 
pressure,  were  found  to  be  destabilizing. 
Although  the  effect  was  quantitatively 
measured  for  the  particular  flight  article 
of  the  test,  no  theoretical  underlying 
explanation  was  offered.  Flutter  has 
multiple-parameter  dependence  and  when 
there  is  a  validated  analytical  theory, 
these  dependencies  are  made  explicit. 
However,  the  theory  of  unsteady  stalled 
aerodynamics  is  still  in  a  deficient 
state,  particularly  with  respect  to  Mach 
number  and  Reynolds  number  dependence  (see 
Chapter  8).  Thus,  the  results,  reported 
for  the  first  time  in  Dr.  Jeffers' 
chapter,  are  quantitatively  useful  as  the 
basis  for  a  semi-empirical  model  for  un¬ 
steady  stalled  aerodynamics. 

Perhaps  of  most  importance  was  the 
experimental  confirmation  of  the  stall 
flutter  mode  as  described  in  the  previous 
chapter;  the  vibration  at  a  single  fre¬ 
quency  in  rotor-fixed  coordinates  is  com¬ 
posed  of  a  number  of  different  nodal 
diameter  mode  shapes  travelling  in  both 
forward  and  backward  directions  in  these 
coordinates.  As  noted  in  the  previous 
chapter,  the  blade-to-blade  vibration  am¬ 
plitudes  vary  around  the  rotor  circum- 


ference  as  does  the  interblade  phase 
angle.  In  essence,  the  present  chapter 
demonstrated  that  the  contribution  of  each 
complex  mode  to  the  overall  aeroelastic 
mode  is  dependent  as  well  upon  inlet  and 
engine  operating  conditions.  A  reliable 
stall  flutter  prediction  system  in  a  prac¬ 
tical  sense  remains  somewhat  elusive. 

Aeroelastic  Design.  The  terminus  of  the 
Manual  Is  Chapter  22,  entitled  Forced 
Vibration  .-mi  Flutter  Design  Methodology, 
authored  by  Lynn  Snyder  and  Donald  Burns. 
The  focus  here  is  on  summarizing  what  is 
known  about  aeroelasticity  in  axial  turbo¬ 
machines  and  bringing  it  to  bear  on  the 
process  of  design.  The  procedure  may  be 
iterative  in  the  sense  that  a  candidate 
design  which  fails  flutter  or  fatigue  cri¬ 
teria  is  redesigned  and  then  re-analyzed 
or  re-tested.  Whereas  flutter  is  to  be 
avoided  entirely,  the  criterion  for  forced 
vibration  is  to  limit  the  stresses  to  some 
fraction  of  the  endurance  limit.  These 
two  contrasting  criteria  have  been  noted 
previously  in  the  Manual.  Prediction  is 
based  on  empirical  correlation  and  semi- 
empiricism  for  certain  phenomena  while 
some  types  of  flutter  are  assessed  on  a 
theoretical/analytical  basis. 

In  order  to  limit  forced  vibration 
response  at  the  design  staqe  it  is  neces¬ 
sary  to  first  identify  the  sources  of  ex¬ 
citation  by  constructing  a  Campbell  dia¬ 
gram  based  on  calculated  natural  modes  and 
on  noting  potential  mechanical  and  aero¬ 
dynamic  periodic  forces.  This  is  followed 
by  an  assessment  of  stresses  as  the  inter¬ 
sections  on  the  diagram  in  the  running 
range.  This  assessment  is  based  mostly  on 
empirical  correlation  for  each  mechanism, 
e.g.,  rotor  blade  excitation  in  the 
torsional  mode  from  upstream  struts.  The 
predicted  stresses  are  then  entered  into  a 
modified  Goodman  diagram  for  several  high 
stress  points  on  the  blade,  taking  into 
account  stress  concentration  factors, 
notch  sensitivity,  temperature  distribu¬ 
tion  and  scatter  of  fatigue  data  (a  factor 
of  safety  amounting  to  three  standard 
deviations  typically  is  used).  If  a  blade 
is  found  deficient  in  this  assessment,  or 
for  that  matter  at  a  later  stage  in  the 
course  of  subsequent  experimentation, 
there  are  a  number  of  corrective  meas  ’res 
that  can  be  taken  in  the  redesign  effort. 
These  range  from  weakening  the  effective 
source  of  excitation,  to  changing  the 
forcing  and/or  natural  frequencies,  to  the 
introduction  of  increased  mechanical 
damping.  An  example  is  given  of  the 
assessment  of  a  particular  turbine  rotor 
row.  This  was  found  to  have  an  adequate 
vibratory  stress  margin,  and  hence,  re¬ 
design  was  not  required. 

In  the  discussion  of  flutter  assess- 
meit,  five  different  types  of  mechanisms 
are  discussed  by  Dr.  Snyder  and  Mr.  Burns. 
These  correspond  roughly  to  the  regions  in 
Pigure  1  of  Chapter  1.  Each  of  the  five 
phenomena  are  discussed  with  respect  to 
changes  in  five  dominant  flutter  design 
parameters:  reduced  velocity,  Mach  num¬ 

ber,  steady  loading,  mode  shape,  and  pres¬ 
sure  or  density  level.  In  the  last 
parameter  the  effect  of  temperature  is 
subsumed  in  pressure  and  density  through 
the  perfect  gas  law  and  the  effect  of 
temperature  is  felt  also  in  the  Mach  num¬ 
ber  through  the  acoustic  velocity. 


Each  of  the  five  types  of  flutter  are 
then  discussed:  3ubsonic/transonic  stall 
flutter,  unstalled  supersonic  flutter, 
supersonic  torsional  flutter,  choke 
flutter,  and  supersonic  stall  flutter. 
The  characteristics  with  respect  to  unique 
frequency  and  interblade  phase  angle,  mode 
shape  and  operative  mechanism  are  dis¬ 
cussed  at  length.  Corrective  actions  that 
may  be  taken  by  the  designer,  such  as 
lowering  the  reduced  velocity  for  example, 
are  presented  in  the  concluding  sections 
of  the  chapter.  In  a  sense  this  final 
section  of  Chapter  22  of  Volume  II  and  of 
the  entire  Manual,  is  the  most  immediately 
useful  to  the  operator  or  designer  faced 
with  self-excited  aeroelastic  instability 
in  an  axial  turboraachine.  Although  the 
chapter  is  rife  with  practical  explanation 
of  vibration  mechanisms  and  the  means  to 
ameliorate  or  eliminate  the  resulting 
fatigue  damage,  this  is  most  particularly 
true  of  the  final  section.  Although  there 
is  always  need  for  further  research,  this 
final  chapter  indicates  that  much  is  known 
about  aeroelastic  problems  in  axial  turbo¬ 
machines  and  much  can  be  done  of  a  practi¬ 
cal  nature  to  eliminate  its  harmful 
aspects.  It  is  always  nice  to  close  on  an 
optimistic  note. 
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INTRODUCTION 

We  now  turn  our  attention  to  the 
other  major  aspect  of  this  work:  namely, 
the  structural  dynamics  effects  which  com¬ 
bine  with  the  aero/fluid  phenomena  pre¬ 
viously  detailed  in  Volume  I  to  constitute 
the  complete  aeroelastic  problem.  The 
objectives  of  this  present  chapter  are  to 
provide  the  necessary  introduction  for  the 
following  three  chapters  which  deal  with 
the  purely  structural  dynamic  aspects  of 
blade  and  bladed  assembly  vibration. 
These  chapters  will  in  turn  be  followed  by 
others  describing  methods  which  enable  us 
to  combine  both  the  aero-and  the  struc¬ 
tural  dynamic  characteristics,  thereby 
describing  the  full  aeroelastic  phenomena. 
Throughout,  we  shall  be  examining  the 
problem  from  the  viewpoint  of  the  analyst 
wishing  to  predict  the  magnitude  and 
nature  of  blade  vibration  in  order  to 
assess  the  damage  incurred  by  the  blades 
as  a  result.  Thus,  we  shall  be  concerned 
with  two  complementary  aspects:  the  vi¬ 
bration  properties  of  a  blade  or  bladed 
assembly  and  its  response  characteristics. 
Of  course,  these  are  closely  related  but 
it  is  very  important  to  establish  at  the 
outset  that  they  are  not  one  and  the  same 
thing. 

In  this  chapter,  we  shall  be  intro¬ 
ducing  both  the  concepts  applicable  to  the 
structural  dynamics  aspects  and  the  pro¬ 
perties  of  interest  as  well  as  summarizing 
the  appropriate  analysis  methods  which  are 
available  for  deriving  the  required  infor¬ 
mation  in  specific  cases.  As  it  is 
intended  to  provide  a  summary  applicable 
to  the  most  general  cases,  it  will  be 
necessarily  concise  and  readers  requiring 
a  more  exhaustive  treatment  are  referred 
to  a  suitable  text.  One  the  other  hand, 
readers  already  familiar  with  structural 
dynamic  analysis  methods  might  only  need 
to  consult  later  sections  of  this  chapter. 
Subsequent  chapters  will  assume  famili¬ 
arity  with  the  contents  of  this  one. 

We  shall  begin  by  discussing  the 
first  task  of  the  structural  dynamicist 
-that  of  formulating  a  suitable  mathema¬ 
tical  model.  This  amounts  to  specifying 
the  distribution  of  mass  and  stiffness 
and,  if  appropriate,  the  mechanical  damp¬ 
ing  effects  as  well  (although  this  is 
usually  rather  more  difficult  to  do).  A 
separate  section  deals  with  the  now  wide¬ 
spread  use  of  finite  element  methods  for 
this  modelling  task.  Following  this 
modelling  stage,  a  set  of  equations  of 
motion  can  be  developed  and  then  solved  in 
different  forms  to  determine  the  various 
characteristics  required.  The  first  of 
these  is  the  undamped  free  vibration 
solution,  yielding  the  fundamental  vibra¬ 
tion  properties  of  natural  frequencies  and 
mode  shapes  for  the  basic  structure  (the 
'modal  properties').  Modified  values  for 
these  data  can  be  derived  if  damping 


parameters  are  introduced  to  the  model. 
The  final  analysis  stage  is  that  for  a 
forced  vibration  response  and  this  task 
requires  the  introduction  of  additional 
information  in  the  shape  of  the  forcing 
function.  Here,  it  can  be  seen  that  the 
forced  vibration  response  depends  not  only 
on  the  structure  itself  (as  is  the  case 
for  the  modal  properties)  but  also  on  the 
additional  factors  contained  in  the  forc¬ 
ing  or  excitation  function(s). 

Finally,  in  the  section  "Dynamic 
Analysis  Method  for  Structural  Assemblies" 
we  shall  outline  some  of  the  special  anal¬ 
ysis  methods  which  are  especially  appro¬ 
priate  for  dealing  with  the  particular 
structural  forms  common  in  bladed 
assemblies.  It  will  be  seen  that  in  most 
luch  cases  it  is  essential  that  all  the 
olades  in  one  row  or  stage  be  analyzed 
simultaneously  in  a  single  model  and  not 
treated  independently  as  individual 
blades.  This  often  results  in  rather 
large  models,  especially  for  those  stages 
with  many  blades.  Not  only  is  this  ex¬ 
pensive  but  since  the  blades  are  generally 
(assumed  to  be)  identical  it  is  inef¬ 
ficient  unless  the  multi-component  and 
repeated  symmetry  characteristics  of  the 
assembly  are  exploited.  Methods  to 
achieve  this  are  discussed  in  this  con¬ 
cluding  section. 

STRUCTURAL  DYNAMIC  CHARACTERISTICS 
Modelling 

The  first  task  in  any  vibrat  i  anal¬ 
ysis  is  the  definition  of  a  suitable 
mathematical  model  upon  which  the  required 
analysis  can  be  based.  In  the  present 
case,  we  seek  to  describe  first  the  mass 
(or  inertia)  and  stiffness  properties  of 
the  structure  in  question,  and  then  -  if 
possible  -  to  include  some  consideration 
of  the  mechanical  damping  effects.  It  is 
usually  the  case  that  the  mass  and  stiff¬ 
ness  effects  can  be  much  more  readily 
represented  than  can  those  for  the  damping 
and  so  many  dynamic  analyses  are  performed 
including  only  these  two  primary  struc¬ 
tural  elements.  However,  although  it  is 
true  that  the  damping  often  has  a  rela¬ 
tively  minor  effect  on  the  basic  modal 
properties  (which  are  determined  ignorinq 
damping),  it  must  also  be  noted  that  it  is 
of  particular  importance  in  determining 
vibration  response  levels,  especially 
around  resonance.  Furthermore,  it  is 
found  that  one  of  the  major  contributions 
of  the  aerodynamic  effects  to  blade  vibra¬ 
tion  characteristics  is  in  respect  of  the 
contribution  to  the  damping  levels.  Thus, 
due  consideration  must  be  given  in  our 
studies  of  the  structural  dynamics  to  the 
consequences  and  methods  of  including 
damping  in  the  models. 

Although  the  analysis  methods  which 
follow  are  general,  and  apply  to  all  types 


a 


of  structure,  it  is  appropriate  and  help¬ 
ful  if  we  confine  our  interpretation  and 
application  of  them  to  blade-and  bladed 
assembly-like  structures,  (By  bladed 
assembly,  we  refer  to  a  bladed  disk,  or  to 
a  set  of  stator  vanes  attached  to  an  annu¬ 
lar  casing,  or  to  a  group  of  blades  inter¬ 
connected  by  a  shroud  band,  as  shown  in 
Figure  1.)  Before  presenting  the  formal 
analysis  procedures  in  current  usage,  it 
should  be  noted  that  there  are  two  funda¬ 
mentally  different  approaches  to  the  task 
of  describing  the  dynamics  of  a  structure. 
These  approaches  are  embodied  in  the  two 
types  of  model  which  will  be  referred  to 
as  'Continuous'  and  'Discrete'.  Although 
the  development  of  finite  element  methods 
has  resulted  in  an  emphasis  on  the  latter 
type  of  modelling,  both  have  a  role  to 
play  and  will  be  included  in  this  review. 


x(y,t) 


a)  Single  Blade 


(b) 


b)  Unshrouded  Bladed  Disk 


d)  Stator  Row 


Continuous  Models 

If  we  wish  to  describe  the  vibration 
behaviour  of  a  beam-like  structure  such  as 
that  sketched  in  Figure  1(a),  then  it  is 
clear  that  we  need  to  be  able  to  define 
the  motion  of  all  points  of  the  structure 
at  all  times  and  thus  that  a  varibale 
functiu'  of  the  type  x(y,t)  would  form  the 
basis  of  an  analysis.  If  we  extend  this 
concept  to  a  more  complex  configuration, 
such  as  the  bladed  disk  in  Figure  1(b), 
then  the  variable  function  would  need  to 
become  x(r,e,t).  In  this  type  of  formula¬ 
tion,  it  is  necessary  to  find  expressions 
for  the  mass  and  stiffness  distributions 
which  are  also  continuous  functions  of 
position.  These  expressions  are  then  used 
to  determine  inertia  forces  and  stiffness 
forces  (or  kinetic  energy  and  strain 
energy)  which  are  combined  to  develop 
governing  equations  of  motion  for  the 
system.  As  will  be  seen  later,  these  are 
in  the  form  of  partial  differential  equa¬ 
tions  for  which  closed  form  analytic  solu¬ 
tions  are  only  available  under  special  and 
rather  restricting  conditions.  If  these 
conditions  -  which  generally  demand  much 
simpler  and  more  uniform  geometries  than 
are  used  in  practice  -  are  not  applicable, 
then  approximate  numerical  solutions  must 
be  sought.  Because  of  this  limitation, 
and  the  non-optimal  format  of  the  equa¬ 
tions  thus  generated  for  efficient  numeri¬ 
cal  solution,  the  alternative  procedure 
employing  discrete  models  such  as  the 
finite  element  model  i3  standard  practice 
for  most  practical  applications.  Never¬ 
theless,  the  continuous  type  of  model  does 
have  advantages  and  is  particularly  useful 
for  qualitative  and  comparative  studies. 


c)  Shrouded  Bladed  Disk 


e)  Blade  Packet 


Figure  1.  Basic  Structural  Configurations  for  Bladed  Systems 
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Discrete  Wodglg  example,  we  shall  later  refer  to  a  lumped 

mass-spring  model  for  a  bladed  assembly  In 
The  basis  of  the  discrete  model  is  which  each  blade  is  represented  by  just 

the  separation  of  the  inertia  and  stiff-  one  or  two  masses)  clearly,  this  is  too 

ness  (and  damping)  effects  so  that  the  coarse  a  model  to  describe  the  deflection 

model  consists  of  a  collection  of  separate  pattern  across  the  whole  blade  but  it  is 

components,  each  of  which  is  either  a  mass  adequate  to  describe  the  relative  dis- 

or  a  spring  (or  a  damper)  -  see  Figure  placement  from  one  blade  to  the  next  in 

2(a).  This  process  necessarily  reduces  the  assembly, 
the  continuum  of  the  previous  form  to  a 
finite  set  of  discrete  elements  and  so  the 
variable  function  which  is  used  to  Damping 

describe  the  motion  of  the  system  now  con¬ 
sists  of  a  finite  set  of  individual  It  is  also  appropriate  to  mention 

parameters  of  the  form  xi(t),  j»l,N,  where  here  the  question  of  including  damping 

N  is  the  order  of  the  discrete  model  and  effects  in  che  mo^jl.  In  the  present  ap¬ 
is  its  number  of  degrees  of  freedom.  plication,  any  damping  effects  which  are 

(Note  that  a  continuous  system  thus  has  an  provided  by  the  aero  -  or  fluid  dynamic 

infinite  number  of  degrees  of  freedom.)  effects  will  be  introduced  separately  and 

Describing  the  various  forces  or  energy  it  is  necessary  to  include  here  only  those 

terms  in  this  case  leads  to  a  set  of  damping  effects  which  are  of  a  mechanical 

linear  ordinary  differential  equations  origin  -  material  hysteresis,  friction  in 

which  can  be  conveniently  formulated  in  joints,  etc.  Unfortunately,  it  is  not 

matrix  notation,  thereby  rendering  them  possible  to  introduce  these  effects  in  an 

amenable  to  numerical  solution.  accurate  way  since  almost  all  3uch  mechan¬ 

isms  are  non-linear  and  thus  not  easily 
The  development  of  a  discrete  model  accommodated  in  our  equations  of  motion, 

for  a  given  structure  can  be  undertaken  in  Two  types  of  damping  model  are  used  in  an 

various  ways.  In  the  limit,  we  can  envis-  attempt  to  simulate  the  energy  dissipating 

age  the  representation  of  each  component  effects  of  the  actual  mechanisms  which  ob- 

of  the  structure  by  a  large  number  of  sep-  tain,  but  neither  is  a  'correct*  model, 

arate  mass  and  spring  elements  following  The  first  of  these  is  the  traditional  vis- 

closely  the  geometry  of  th'e  structure.  cous  dashpot  model,  consisting  of  a  damper 

This  is,  in  effect,  the  finite  element  ap-  element  which  generates  a  force  propor- 

proach  and  results  in  a  very  large  number  tional  to  the  relative  velocity  across  its 

of  degrees  of  freedom  and  thus  equations  ends.  '"he  second  is  known  as  the  'struc- 

of  motion  -  see  Section  "Finite  Element  tural'  oi  'hy-  cerctic’  damper  model  and  is 

Modelling".  Alternatively,  it  is  possible  similar  to  the  viscous  one  except  that  the 

to  devise  rather  more  schematic  models  of  damping  rate  is  not  constant  (as  is  the 

much  lower  order  which  are  capable  of  case  for  visous)  but  varies  invert -..y  with 

describing  adequately  the  global  behaviour  the  frequency  of  v'bration.  This  alter- 

of  the  model  -  i.e.,  its  major  mode  shapes  native  model  was  developed  as  a  result  of 

and  their  natural  frequencies  -  but  is  not  the  inability  of  viscous  damping  to  repre- 

capable  describing  in  detail  what  is  hap-  sent  correctly  the  observed  phenomenon 

pening  in  every  part  of  the  system.  For  that  energy  dissipation  mechanisms  in  most 

structures  are  vibration  am/>litude- 
dependent  but  not  f requency-dep  ndent. 


a)  Schematic  Model 


(b) 


Flgurj  2.  Discrete  Model  of  Beam-Like  Structure. 
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However,  the  drawback  to  the  structural 
damping  model  is  its  presupposition  that 
vibration  is  taking  place  at  a  prescribed 
frequency,  or  set  of  frequencies:  a  situ¬ 
ation  not  strictly  true  for  transient 
vibration.  Having  said  that,  use  of  one 
of  these  two  models  is  almost  essential  if 
the  equations  of  motion  are  to  remain 
linear:  more  accurate  descriptions  of  the 
damping  effects  (and,  to  some  degree,  the 
stiffness  effects)  would  lead  to  a  non¬ 
linear  model,  the  added  complexity  of 
which  is  almost  certainly  not  practicable 
in  the  present  case. 


Vibration  Properties 

Once  the  model  has  been  established 
and  used  to  generate  a  set  of  equations  of 
motion,  these  are  then  analysed  for  two 
types  of  solution.  The  first  of  these  is 
the  free-vibration  solution,  which  yields 
the  intrinsic  modal  properties  possessed 
by  the  structure.  Most  important  amongst 
these  are  the  natural  frequencies  -  those 
frequencies  at  which  vibration  will  take 
place  in  the  absence  of  any  continuing  ex¬ 
citation.  Associated  with  each  such 
natural  frequency  is  a  corresponding  mode 
shape  which  describes  how  the  displacement 
of  the  system  varies  from  point  to  point 
across  its  geometry,  see  Figure  2(b).  It 
is  an  important  feature  of  these  modal 
properties  that  free  vibration  can  take 
place  in  any  one  of  the  ' n-rmal '  modes 
(natural  frequency  and  mode  onape  combina¬ 
tion)  completely  independently  of  all  the 
other  modes. 


when  the  system  is  undamped,  the 
modal  properties  are  quite  straight¬ 
forward,  and  easy  to  interpret,  but  when 
damping  is  added,  they  become  rather  more 
complex.  The  natural  'frequency'  itself 
becomes  complex  with  both  an  oscillatory 
component  (as  for  the  undamped  case)  and  a 
decay  component,  the  latter  being  due  en¬ 
tirely  to  the  damping.  The  mode  shapes 
can  also  become  complex  in  that  they 
describe  not  only  the  relative  amplitudes 
of  vibration  for  the  different  positions 
on  the  system  but  also  introduce  phase 
differences.  This  means  that  when  vibrat¬ 
ing  in  one  such  complex  mode,  each  part  of 
the  system  reaches  its  maximum  displace¬ 
ment  at  a  different  instant  to  its 
neighbour.  In  a  classical  or  undamped 
system  normal  mode,  all  parts  reach  their 
maximum  excursion  simultaneously. 


Response  Characteristics 

While  the  modal  properties  are  an 
essential  part  of  the  structural  dynamic 
analysis  of  any  system,  they  do  not  pro¬ 
vide  the  whole  picture  and  in  order  to 
complete  the  analysis  it  is  generally 
necessary  to  undertake  also  the  second 
type  of  solution:  namely,  that  for  forced- 
vibration  response.  At  this  stage  in  the 
analysis,  it  is  necessary  to  introduce 
some  additional  information  in  the  form  of 
the  excitation  or  forcing  function  (and  it 
is  just  this  fact  that  makes  the  response 
solution  fundamentally  different  from  the 
free-vibration  analysis).  This  generally 
falls  into  one  of  two  types  -  steady,  or 
continuous,  excitation  and  transient 


excitation.  It  is  the  former  which  leads 
to  the  description  of  the  resonance  phe¬ 
nomenon  which  is  the  forced  vibration  man¬ 
ifestation  of  a  natural  frequency  or  mode 
of  vibration.  However,  it  is  most  impor¬ 
tant  to  establish  that  not  all  modes  of 
vibration  will  necessarily  exhibit  a 
resonance  under  forced  vibration  condi¬ 
tions:  the  nature  of  the  excitation  func¬ 
tion  is  just  as  important  in  determining 
resonance  as  are  the  modal  properties  of 
the  system  itself. 

In  the  case  of  transient  response 
calculations,  interest  is  very  often  con¬ 
fined  to  what  happens  immediately  after 
such  an  excitation  has  been  applied.  If 
the  combined  effect  or  all  the  damping 
elements  is  negative,  then  vibration  will 
tend  to  grow  uncontrollably  once  started 
by  some  transient  disturbance:  otherwise, 
it  will  tend  to  die  away. 


Summary 

Thus,  to  summarize-  the  main  features 
of  a  structural  dynamic  analysis  are: 

-  the  construction  of  a  suitable  mathe¬ 
matical  model; 

-  the  derivation  of  a  set  of  governing 
equations  of  motion; 

-  the  free  vibration  solution  to  yield 
the  intrinsic  modal  properties  of  the 
structure;  and 

-  the  forced  vibration  solution  to 
describe  the  actual  displacements  (and 
stresses,  etc.)  under  some  specified 
excitation  condtions. 


STRUCTURAL  DYNAMIC  ANALYSIS  METHODS 

Derivation  of  Equations  of  Motion  for 
Discrete  Systems 


Having  developed  a  discrete  model  for 
a  qiven  structure,  the  derivation  of  its 
equations  of  motion  is  a  routine  task.  It 
should  be  noted  at  the  outset  that  there 
is  no  unique  set  of  such  equations.  First 
of  all,  the  variables  chosen  to  describe 
the  system's  behaviour  (the  coordinates) 
are  themselves  not  unique,  but  even  given 
a  specific  set  of  these  variables,  then  we 
may  develop  an  infinity  of  equally  valid 
sets  of  equations  of  motion.  The  one 
thing  all  these  different  equation  sets 
share  is  the  solution. 

A  valid  set  of  equations  can  be  de¬ 
rived  by  one  of  two  methods,  based  respec¬ 
tively  on  equilibrium  and  energy 
principles.  In  both  cases,  the  starting 
point  is  to  assume  that  the  system  is  in  a 
state  of  general  motion,  with  displace¬ 
ments,  velocities  and  accelerations  in  all 
its  coordinates,  x,  x,  x.  Following  this 
assumption,  it  is  possible  to  define  all 
the  forces  which  are  acting  upon  each  com¬ 
ponent  of  the  model  and  by  applying  equi¬ 
librium  conditions  at  all  junctions 
between  components,  we  can  derive  a  set  of 
governing  equations  -  the  equations  of 
motion.  In  the  case  of  free  vibration. 


13-5 


with  no  externally  applied  forces,  the 
equations  contain  only  the  system  para¬ 
meters  and  the  (unknown)  displacement 
variables  of  each  component. 

Alternatively,  expressions  for  the 
instantaneous  energy  levels  -  kinetic, 
stored  and  dissipated  -  can  be  derived 
from  the  same  starting  point  and  by  apply¬ 
ing  the  principle  of  conservation  of 
energy,  a  similar  and  equally  valid  set  of 
equations  can  be  derived. 

In  all  cases,  it  is  convenient  to 
write  the  equations  in  matrix  form  and 
thus  to  describe  the  mass  and  stiffness 
properties  of  the  system  in  terms  of  a 
mass  matrix  [M]  and  a  stiffness  matrix 
[K] .  A  corresponding  viscous  damping 
matrix  [C] ,  or  structural  damping  matrix 
f HJ  may  be  defined  as  well,  if  the  damping 
effects  are  included.  The  general  form  of 
the  equations  of  motion  is  then: 

[Ml  (x)  +  [KJ  {x)  +  [C]  {*} 

(1) 

+  i(HJ  {x}  =  (f(t) } 

Once  again,  it  is  important  to  note 
that  these  system  matrices  apply  only  when 
the  coordinate  set  is  (x)  and  are  not  a 
unique  description  of  the  system's  charac¬ 
teristics.  The  system  matrices  must  ex¬ 
hibit  certain  properties  and  in  many  cases 
they  will  be  symmetric  matrices.  Even  if 
the  equations  as  derived  are  not  sym¬ 
metric,  they  can  often  be  rearranged  so  as 
to  become  symmetric.  However,  under  con¬ 
ditions  where  gyroscopic  inertia  effects 
are  present,  or  where  certain  hydrodynamic 
or  aerodynamic  effects  apply,  then  some  of 
the  system  matrices  may  be  non-symmetric, 
with  a  consequent  increase  in  the  complex¬ 
ity  of  the  ensuing  analysis  and 
properties.  We  shall  concentrate  here  on 
the  standard  case  where  symmetry  of  the 
system  matrices  is  obtained. 


Free  Vibration  Solution  for  the 
Undamped  System 


The  basic  system  properties  can  be 
derived  from  the  equations  of  motion  for 
the  undamped  system  in  the  absence  of  any 
excitation.  For  this  case,  the  equations 
of  motion  reduce  to: 

(Ml  {x}  +  [K]  (x)  =  {0}  (2) 


and  the  method  of  solution  is  to  assume 
that  simple  harmonic  motion  is  possible  of 
the  form: 

<x( t) }  =  {x}eiut  (3) 


Substitution  into  the  Equation  (2) 
shows  that  this  is  indeed  a  valid  solution 
to  the  equations,  provided  that  the  fre¬ 
quency  is  one  of  a  finite  set  of  specific 
values  («r)  and,  further,  that  the  dis¬ 
placements  of  different  parts  of  the  sys¬ 
tem  conform  to  a  specific  pattern.  The 
specific  values  of  frequency  -  the  natural 
frequencies  -  are  determined  by  solving 
the  deterrainantal  equation: 

det | IK)  -  w2  [M] |  -  0  (4) 


and  the  corresponding  patterns,  or  mode 
3hapes  (f}r  ,  by  solving  the  homogeneous 
equations: 

UK]  -  er2  CM]  )  (T]r  =  (0)  (5) 

(NOTE  that  this  does  not  give  a  unique 
answer  for  the  displacement  amplitudes  of 
the  individual  variables,  <x}.  Because 
the  equations  are  homogeneous,  only 
RELATIVE  amplitudes  are  obtained  and  as  a 
result  it  is  appropriate  to  assign  them  a 
different  parameter,  {4}  ,  which  reflects 
this  indeterminancy  of  scale.) 

The  mode  shapes  have  important  pro¬ 
perties  of  orthogonality  which,  concisely 
stated,  are: 

{»>rT  (Ml  {»}s  =  “*s“r  *  “s  (5a) 
and 

(t)rT  IK]  rns  -  j^:"r  *  "s  (5b) 


These  can  be  grouped  into  the  simple  ma¬ 
trix  expressions: 

I*)T  IH]  [?]  =  [mrI 

„  (6) 

It]T  [K]  It)  =  [kr] 

where  the  individual  elements  mr  and  kr 
are  referred  to  as  the  'modal  masses'  and 
'modal  stiffnesses'.  As  mentioned 
earlier,  the  coordinates  used  are  not  the 
only  variables  which  can  be  used  to 
describe  the  system's  behaviour.  We  could 
rewrite  the  equations  of  motion  using  a 
different  set  of  coordinates,  such  as  Ip) 
which  are  defined  as 

Ip)  *  If)-1  (x)  (7) 

Substituting  into  (2)  and  premultiplying 
by  I*]  r  leads  to: 

If)T  [Ml  [t]  (p)  +  [t]T  [k]  It)  Ip)  =  10} 

(8) 

which  reduces  to: 

[mr]  (p)  +  [krJ  {p}  =  (0}  (9a) 

It  is  clear  from  this  that  each  indi¬ 
vidual  equation  contained  in  the  comolete 
set  takes  on  the  simple  form: 

mr  Pr  +  kr  Pr  s  0  (9b) 

leading  directly  to  the  solution  that 

wr2  *  kr/mr 

It  may  be  seen  that  the  values  for  mr 
and  kr  will  vary  according  co  the  scaling 
used  for  the  mode  shapes,  and  so  these 
parameters  are  not  unique.  However,  their 
ratio  -  the  square  of  the  natural  frequen¬ 
cy  -  ^s  unique.  It  is  found  convenient  to 
scale  the  modes  in  a  particular  way  known 
as  mass-normalization.  This  requires 
simply  the  rescaling  of  all  the  elements 
in  {+)r  by  /mr  to  give: 

{♦>r  -  <mr)-V2{*}r  (10) 
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This  leads  to  a  more  covenient  form  of  tha 
orthogonality  statement  In  (6): 

U1T  [Ml  (*]  -  Ml 

m  ,  (ID 

[♦JT  ( K]  (+]  -  Ur2J 


Free  Vibration  Solution  for  Damped 
Systems 

When  damping  is  added  to  the  systemf 
a  similar  type  of  result  is  obtained  to 
that  described  above  but  each  of  the  modal 
parameters  becoros  complex.  The  natural 
frequencies  become  complex  so  that  the 
solution  postulated  in  (2)  takes  tha 
form: 

ix(t) >  -  {x)est  =  (x)e'at  eiut  (12) 

indicating  not  only  oscillation  (at  fre¬ 
quency  w)  but  also  an  exponential  decay 
(rate  »  a  ).  Thus,  free  vibration  of  a 
damped  system  also  consists  of  a  number  of 
independent  inodes,  each  of  which  has  this 
type  of  complex  natural  frequency. 

Similarly,  the  mode  shapes  may  become 
complex,  indicating  phase  differences  be¬ 
tween  one  point  and  the  next,  in  addition 
to  the  amDlitude  differences. 

The  exact  form  of  the  modal  proper¬ 
ties  varies  with  the  type  of  damping.  For 
viscous  damping,  the  analysis  becomes 
rather  lengthy  but  a  set  of  natural  fre¬ 
quencies  and  mode  shapes  are  obtained  in 
the  form  of  complex  conjugate  pairs: 


f  *r  •  *r*  1 

(  e  I 

'  *****  I 

iSr*r  •  sr  »r*J 


(13) 


If  structural  damping  is  used,  the 
algebra  is  simpler  although  the  mathemati¬ 
cal  rigour  is  less,  and  a  set  of  complex 
natural  frequencies  and  mode  shapes  are 
obtained: 


[ lr2]  i  (T)  (complex)  (14) 

where 

Xr2  *  gjr2(l+inr> 

(x(t) )  *  A(  +  )r  eixrfc 


In  practice,  it  is  found  that  for 
systems  with  relatively  light  damping  (the 
case  for  most  applications  to  blade  sys¬ 
tems),  the  inclusion  of  damping  has 
virtually  no  effect  on  the  oscillatory 
component  of  the  natural  frequency  and  is 
only  effective  at  introducing  the  decay 
rate.  If  the  damping  is  'proportional'  - 
i.e.,  is  distributed  in  a  similar  way  to 
the  mass  and/or  stiffness  -  then  the  modes 
of  the  damped  system  are  not  complex,  and 
are  in  fact  identical  to  those  of  the  sys- 
te  without  damping.  However,  it  is  par¬ 
ticularly  relevant  to  note  here  the 
conditions  under  which  the  mode  shapes 
become  noticeably  complex,  and  thus  differ 
significantly  from  the  undamped  system 
properties.  This  is  found  to  happen  when 


the  damping  is  relatively  localized  AND 
when  the  system  has  close  natural  frequen¬ 
cies.  This  last  characteristic  is  of 
particular  relevance  here  because  ax i sym¬ 
metric  hladed  assemblies  possess  most  of 
their  modes  in  pairs  with  identical  or 
very  close  natural  frequencies.  Such 
modes  may  thus  be  particularly  prone  to  a 
high  degree  of  complexity. 


Forced  Vibration  Solution 


Although  we  are  likely  to  be  con¬ 
cerned  with  response  prediction  for  any 
type  of  excitation,  we  shall  show  that 
undertaking  an  analysis  for  the  frequency 
response  properties  (response  to  individ¬ 
ual  point  harmonic  excitation  forces)  per¬ 
mits  the  extension  to  any  more  general 
excitation  conditions.  Thus,  we  shall 
concentrate  on  this  particular  form  of 
response  prediction. 


The  basic  relationships  are  simply 
stated:  if  the  excitation  forces  can  be 
represented  by  the  simple  harmonic  func¬ 
tion 


(f(t)>  *  (fie1"* 


(15a) 


then  it  may  reasonably  be  assumed  that  the 
response  will  be  similarly  sinusoidal  and 
have  the  form: 


(x(t))  «=  (xleiwt 


(15b) 


These  response  and  excitation  func¬ 
tions  are  related  by  the  frequency  re¬ 
sponse  function  matrix  [H ( u) ]  as  follows: 


(x)eiut  =  (HU)]  {f)eiut  (16) 


Substituting  (15)  into  the  basic 
equation  of  motion  (1),  first  for  the  un¬ 
damped  case,  gives: 


(HU)J  =  UK]  -  wUMJ)-1  (17) 


which,  while  correct,  is  not  very  conven¬ 
ient  for  numerical  application.  It  re¬ 
quires  the  inversior  of  a  large  matrix  at 
each  frequency  cf  interest  and  does  not 
readily  permit  the  calculation  of  just  one 
or  two  of  the  frequency  response  elements 
in  the  matrix.  Following  the  simplifying 
effect  of  transforming  the  equations  of 
motion  by  the  mode  shape  matrix  (Equations 
(8)  and  (9)),  we  find  that  if  we  premul¬ 
tiply  both  sides  of  Equation  (17)  by  (+]  , 
and  introduce  (4l(4!_*=[ll  ,  then  it  may 
be  replaced  by 


[H(w)J  =  (4]  (Ur2-w2)]-1  U)T 


(18a) 
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which  is  both  easier  to  compute  and  con¬ 
siderably  easier  to  interpret.  Speci¬ 
fically.  it  is  possible  to  extract  just 
one  element  Hj^lw)  from  the  frequency 
response  function  matrix,  which  provides 
the  (harmonic)  response  at  point  j  per 
unit  (harmonic)  excitation  at  point  kt 


Those  excitations  which  do  not  re¬ 
spond  to  this  approach,  such  as  tran¬ 
sients,  may  be  more  amenable  to  a  time  do¬ 
main  analysis.  This  is  typically  stated 
as  follows:  the  time  history  response 
x(t)  caused  by  a  force  f(t)  can  be  ex¬ 
pressed  by  the  integral  equation: 


If  damping  is  added,  the  expression 
changes  only  slightly  in  form,  becoming 
complex  to  reflect  the  additional  influ¬ 
ence.  For  structural  damping,  the  matrix 
equation  becomes 


x(t)  -  /  f ( t • )h(t-t' )dt' 


where  h(t)  is  the  unit  impulse  response 
function.  This,  in  turn,  may  be  shown  to 
be  related  to  the  frequency  response  func¬ 
tion  via  another  Fourier  transform: 


h(t)  =  2V~  /  HfaOeiutdu 


IH( w) )  -  U)  (Ur2-!-2)]-1  U)T  (19a) 


and  the  individual  element: 


Thus,  the  frequency  responses  provide 
all  the  necessary  information  to  evaluate 
the  forced  response  of  a  system  to  any 
type  of  excitation. 


Hjk<">  *  L 


For  viscous  damping,  the  expressions  are: 


fH( w) ]  -  tf](  (iw-sr)l-l[»l  ‘  (20a) 


2N  H-i  r*k 


=  i.1  Tli^T 


Continuous  System  Analysis 

It  was  mentioned  earlier  that  at¬ 
tempts  to  describe  the  dynamic  behaviour 
of  systems  with  continuously-distributed 
mass  and  stiffness  resulted  in  partial 
differential  equations  which  lacked  con¬ 
venient  analytic  solutions  in  the  general 
case.  We  shall  summarize  one  particular 
case  here  to  illustrate  the  nature  of  the 
equations  produced  and  to  show  some  of  the 
potential  advantages  of  this  type  of  ap¬ 
proach:  for  a  more  detailed  development 
of  the  analysis,  reference  should  be  made 
to  a  standard  vibration  text,  such  as 
Thompson  (1981)  or  Bishop  t  Johnson  (I960). 


=  f r  r*i  t1*1*  +  r*1*  r»k*  s 
'£■1  lirsc  1  U-Sf*  J 


Wnere  *  denotes  complex  conjugate. 


Consider  the  case  of  bending  of  a 
beam,  such  as  that  shown  in  Figure  1(a). 
If  we  3tudy  an  element  of  the  beam  while 
it  is  undergoing  free  vibration  (Figure 
3),  we  find  that  the  equation  of  equili¬ 
brium  can  be  stated  as: 


Lastly,  it  remains  to  deomonstrate 
the  applicability  of  these  frequency  re¬ 
sponses  to  more  general  types  of  excita¬ 
tion  than  harmonic  ones  (even  though  these 
latter  may  constitute  the  majority  of 
cases  for  bladed  assemblies). 


87*  (EI  <ly*))  +  pA  'It*' 


If  the  excitation  is  periodic,  but 
not  harmonic,  then  it  can  generally  be 
described  by  a  Fourier  series: 


£<t>  -  JU  £n  ?  wn  =  (21a) 


as  also  tan  the  resulting  response: 


x(y.t) 


x ( t )  =  £  Xnei^n1 


Each  of  the  constituent  components, 
fn  and  xn  ,  are  then  related  by  the  cor¬ 
responding  frequency  response  function: 


xn  -  H(«n)fn 


Figure  3.  Continuous  Model  of  Beam-Like 
Structure. 


If  we  now  assume  simple  harmonic 
motion,  as  before,  but  this  time  with  the 
specific  form  x(y,t)  »  +(y)  exp(iot),  the 
this  equation  becomes: 


ay 


(El  ♦* '  (y) )  -  pA«2*(y)  »  0 


(25) 


Solution  of  this  equation  requires  the 
specification  of  some  boundary  conditions 
and  of  the  variation  of  the  section  pro¬ 
perties  along  the  length  of  the  beam.  The 
latter  requirement  means  that  the  solution 
is  difficult  to  obtain  in  a  closed  ana¬ 
lytic  form  if  the  section  proportion  vary 
along  the  beam,  as  is  the  case  in  most 
practical  blades.  However,  for  the  cases 
which  can  be  solved  analytically  (constant 
section  properties),  we  find  that  our 
assumption  of  simple  harmonic  vibration 
was  a  valid  solution,  provided  that  a  cer¬ 
tain  conditon  is  satisfied.  This  condi¬ 
tion  varies  with  the  boundary  conditions, 
but  is  usually  similar  to  the  specific 
example  shown  below  for  the  case  of  a 
cantilever  beam  of  length  L  (clamped  at 
one  end,  free  at  the  other  1: 


1  +  cos  (  1L )  cosh  (  XL )  »  0  ; 

X« 


M2pA 


(26) 


El 


Clearly,  solving  thi3  equation  leads 
to  an  infinity  of  roots,  Xc  ,  or  natural 
frequencies,  ur  ,  and  each  of  these  may  be 
back-substituted  to  determine  the  corre¬ 
sponding  mode  shape,  or  tr(y)  ,  such  as 


(26) 


♦r(y)=  {(sinxry-sinhxry) 

+  <cosxry-coshxry>i 

for  the  cantilever  example. 


A  forced  vibration  analysis  may  also 
be  made  using  thi3  type  of  model  and  leads 
to  closed  form  expressions  Cor  individual 
frequency  response  functions.  As  an  ex¬ 
ample,  we  quote  the  tip  response  function 
for  the  cantilever  example: 


h  ( -  sin( lL)cosh( XL)-cos( lL)sinh( XL) 

LL  "  EIXJ(l+cos(XL)cosh(XL)) 

(27a) 


FINITE  ELEMENT  MODELLING 
(contributed  by  R.  Henry, 

Institut  National  des  Sciences  Appliquees) 

So  far,  we  have  not  explained  how  the 
basic  modelling  and  derivation  of  the 
equations  of  motion  is  approached  and  it 
is  now  appropriate  to  address  this  task, 
using  finite  element  methods. 


The  finite  element  method  (FBM)  i3  a 
powerful  numerical  procedure  for  solving 
the  mathematical  problems  of  engineering 
and  physics  and  is  particularly  well 
suited  for  complex  structures  such  as  the 
bladed  assemblies  with  which  we  are  con¬ 
cerned  here.  The  mathematical  foundations 
of  the  finite  element  method  are  unques¬ 
tionably  an  important  area  but  are  beyond 
the  scope  of  this  text,  where  the  tech¬ 
nique  has  to  be  considered  simply  as  a 
tool  for  a  specific  practical  engineering 
problem.  In  the  following  paragraphs,  we 
present  a  brief  review  of  the  method  as 
it  would  be  applied  to  analyze  a  bladed 
assembly  including,  where  appropriate,  the 
effects  of  rotation  -  not  easily  accommo¬ 
dated  in  the  preceding  analyses.  in  the 
finite  element  method,  considerations  of 
energy  are  generally  used  in  order  to  de¬ 
velop  the  equations  of  motion  and  so  this 
section  will  concentrate  on  that  process: 
once  the  equations  are  available,  they  may 
be  used  to  study  the  structural  dynamics 
as  outlined  in  the  preceding  sections. 


General  Method  for  Analysis  of 
Rotating  Structures 

The  analysis  of  rotating  structures 
has  to  take  into  account  the  centrifugal 
effects  in  addition  to  the  inertia  and 
stiffness  terms  which  are  applicable  to 
all  structures  and,  as  a  result,  the  po¬ 
tential  and  kinetic  energies  are  a  little 
more  complicated  to  derive  than  for  non¬ 
rotating  structures.  Assuming  that  the 
material  is  homogeneous,  continuous, 
linearly  elastic  and  undamped,  a  general 
procedure  can  be  simply  presented,  as 
follows. 


Expressions  for  the  Strains  and  Stresses. 
The  strain  vector  U)  related  to  the  dis- 
placement  ix)  of  a  typical  point  is  de¬ 
rived  according  to  the  type  of  structure 
(one-,  two-,  or  three-dimensional).  In 
matrix  form,  it  reduces  to: 


This  can  also  be  presented  in  a  series 
form: 


HLL<«>  Vi  <27b) 


noting  the  infinite  limit  on  the  series. 
Similar  analyses  may  be  made  for  the  tor¬ 
sional  and  axial  vibration  of  beams  ant. 
for  two-dimensional  bending  of  plates,  re 
suiting  each  time  in  partial  ditferential 
equations  of  motion  of  various  forms.  The 
general  solution  takes  a  different  form  in 
each  case,  but  there  is  a  generic  similar¬ 
ity  between  all  of  them. 


U)  *  (el)  +  Uni,) 


where  (e^)  is  the  linear  classical  strain 
vector  and  (eNt-)  a  non-linear  geometric 
strain  vector  representing  the  geometric 
coupling  due  to  rotation.  Assuming  the 
validity  of  Hooke's  law,  the  stress  vector 
is: 


tu)  =  !D)  (  t}  (29) 


Strain  Energy:  Analytical  Form. 
Integrating  over  the  whole  structure  gives 
an  expression  for  the  total  strain  enerqy 
(0): 
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1/2  /  ie)T  (old 

T 

1/2  /  <e}T  [D]  {e>dt 

T 

(30a) 

substituting  (28)  in  (30). 

leads  to: 

Ur  (£L'fL*  +  UG  (eL'€NL^ 

(30b) 

+  Oq  <€NL'eNL> 


where  UK,  UG,  a*J  U0  are,  respectively, 
the  classical  linear  elastic  strain 
energy,  the  strain  energy  due  to  the  geo¬ 
metric  coupling  (tension  and  bending;  and 
a  term  of  higher  order  that  will  be 
neglected. 


Absolute  Velocity.  Writing  the  absolute 
velocity  of  a  typical  point  M  in  a  moving 
coordinate  system  (0)  linked  to  the  axis 
of  rotation  of  the  structure  rotating  at 
an  angular  velocity  0  ,  which  gives: 


Discretisation.  The  magnitudes  of  the 
continuous  variables  (such  as  displacement 
(x>)  at  the  nodes  are  denoted  by  a  vector 
(xe),  whose  components  are  called  the 
nodal  values  or  nodal  degrees  of  freedom, 
and  these  are  to  be  determined.  The  con¬ 
tinuous  displacement  (x)  is  then  approxi¬ 
mated  over  each  element  by  a  polynomial 
expression  [N]  that  is  defined  using  the 
nodal  values.  A  different  polynomial  is 
defined  for  each  kind  of  element,  but  it 
must  be  selected  in  such  a  way  that  conti¬ 
nuity  is  maintained  along  the  element 
boundaries.  The  general  form  for  the  dis¬ 
placements  of  an  element  e,  is  given  by: 


(x)  *  [N]  (xa) 


(33a) 


and  in  the  same  way  for  the  velocity: 


(x)  =■  !KJ  (xe) 


(33b) 


and  for  the  strains  (28): 


VM 


dt 


(OH)  +  n  X  OM 


(31) 


{«)  »  IB]  (xe) 


(33c) 


and  this  can  be  expressed  in  term  of  the 
displacement  (x)  and  velocity  Ik). 


Kinetic  Energy:  Analytical  Form. 
Integrating  over  "the  whole  component  gives 
the  kinetic  energy  of  the  structure: 


T  »  1/2  Jp  VM-VM  dt  (32a) 

T 


(assuming  a  uniform  mass  density,  p). 


Substituting  (31)  into  (32a)  leads 
to: 


T  *  Tm(x2)  +  Tc( x, x ) 

(32b) 

+  Ts(x2)  +  Tf(x)  +  T0 


where  TM  ,  Tc  ,  Ts  ,  and  Tp  are  respec¬ 
tively  the  contributions  to  the  kinetic 
energy  from  the  inertia  or  mass  effect, 
the  coriolis  effect,  the  supplementary 
centrifugal  effect  and  the  centrifugal 
forces  effect  respectively.  T0  is  a  con¬ 
stant  terra  which  cancels  in  later 
calculations. 


It  must  be  noted  that  the  matrix  (B] 
includes  both  the  linear  and  the  non¬ 
linear  parts  of  the  strain  definition 
(Equation  28). 


Finite  Element  Expression  for  the 
Potential  EnerqyT  Using  equation  (30a) 
for  a  typical  element  e  and  substituting 
(33c)  leads  to: 


2  Ue  =  {/e)T  [KLB]  (xe) 
+  {xe)T  [KGe]  (xe) 


where  (KL«)  is  the  element  linear  stiff¬ 
ness  matrix  and  [Kg„]  the  element  geoir- 
et  c  stiffness  matrix  which  is  linked  to 
the  initial  stress  vector  (o0)  due  to  the 
centrifugal  forces. 


nodes 


Beam  Rate 

Element  Element 


In  most  practical  cases,  the  complex 
geometry  and  non-classical  boundary  con¬ 
ditions  of  real  structures  require  U  and  T 
to  be  evaluated  using  an  approximate 
numerical  method,  such  as  the  finite  ele¬ 
ment  method.  Here,  the  structure  is 
divided  into  simple  elements  of  finite 
site  (the  finite  elements)  that  are  con¬ 
nected  at  certain  points,  called  nodal 
points  or  'nodes’,  which  are  generally 
(though  not  always)  situated  on  the  bound¬ 
aries  of  the  elements  (Figure  4). 


□ement 


Figure  4.  Basic  Finite  Elements. 


/ 


Finite  Element  Expression  for  the  Kinetic 
Energy.  Substituting  (33a)  and  (33b)  into 
the  general  equation  (32a)  for  an  element 
e  leads  tot 


2Te  *  (xe>T  [Ke)  (xe)  +  2{xe)T  (Gg)  (xe) 

+  (Xg}T  (Kgg)  (Xg  }  +  (Xg)T  (P^ffl2)} 


where  (Mg)  is  the  mass  matrix  of  the  ele¬ 
ment  e,  [Gg)  the  gyroscopic  Coriolis 
matrix,  [Kse)  the  supplementary  stiffness 
due  to  rotation  which  is  of  the  form 
[n2MQgI  (where  (MG?)  is  called  centrifugal 
mass).  (Fce(fl2)}  iS  the  vector  of  element 
nodal  forces  equivalent  to  the  centrifugal 
volumic  forces. 


Assembly.  If  the  structure  is  composed  of 
n  elements,  and  remembering  that  energies 
are  scalar  quantities,  expressions  for  the 
potential  and  kinetic  energies  of  the 
whole  structure  can  be  derived: 


The  continuity  of  the  nodal  displace¬ 
ments  (xe)  at  the  connecting  nodes  in  now 
prescribed,  and  so  0  and  T  are  expressed 
in  terms  of  independent  degrees  of  freedon 
(x),  which  are  the  unknowns  of  the 
problem. 


Governing  Eq"ations  of  Motion.  Applying 
Lagrange's  equation: 


static  centrifugal  force  distribution.  P 
can  be  any  other  static  or  dynamic  excita¬ 
tion  force,  such  as  the  aerodynamic  forces 
that  will  be  detailed  in  other  chapters. 
However,  we  shall  concentrate  here  on  the 
basic  case  where  rotating  structures  such 
as  blades  or  bladed  disk  assemblies  are  to 
be  considered  purely  from  a  structural 
dynamics  standpoint  and  where  such  addi¬ 
tional  excitation  forces  are  not 
considered. 


Static  and 
Structures 


ynamic  Solutions  for  Rotating 


d  ,11  ,  ,)T  u,)»  ,  ,  . 
dt  IxY  ~  3x^  ^axj^  °i 


The  general  form  of  Equation  (38a) 
applies  to  all  rotating  structures,  what¬ 
ever  is  their  physical  shape.  The  finite 
element  model  is  able  to  include  and  to 
combine  unidimensional,  twc-or  three- 
dimensional  components. 


Static  Solution.  It  is  ot  practical  in¬ 
terest  for  the  designer  to  know  the  stress 
distribution  due  to  centrifugal  forces. 
For  this  case,  the  equation  of  motion  re¬ 
duces  to: 

(38b) 

[KL  +  KG(o0)  -  n2MG) (x)s  =  {FC(S>2)} 


where  o0  is  linked  to  (x}?  via  Hooke'3  law 
(29)  and  the  strain-displacement  relation 
(33c),  Noting  that  (38b)  is  non-linear, 
since  u0  i'-  unknown  a  priori,  the  solution 
needs  an  iterative  process,  such  as  the 
Newton-Raphson  method.  In  practice,  just 
a  few  iterations  (two  or  three)  are  suf¬ 
ficient  to  obtain  good  estimates  for  the 
centrifugal  stresses  in  the  finite  ele¬ 
ments  (at  the  center  of  gravity,  or  at 
nodes)  and  the  corresponding  principal 
stresses  (oj,  02,  03).  A  yield  criterion 
such  as  von  Mises  can  be  used  to  determ- ie 
whether  the  elastic  limit  (oG)  has  ben 
reached: 


to  the  expressions  in  (36)  gives  a  set 
of  equations  of  motion  for  the  whole 
structure,  including  the  effects  of 
rotation  The  general  form  of  these  equa¬ 
tions  is: 


°VM  =  ~-Uv1-a2)2+(02-03:2 
/2 


+( 03-03 ) 2}l/2  < 


[Ml  (x)  +  (GJ(x)  +  [KL+KG(o0)-n2MGJ  (x) 

-  (Fc(  «2)  +  F(t,x,x) }  °8a> 


Equation  (38a)  has  the  same  general 
form  as  that  quoted  for  discrete  systems 
(see  Equation  1)  although  here  containing 
additional  terms  due  to  the  rotation 
effects.  It  is  important  to  note  that  the 
matrix  [G]  is  not  a  viscous  damping 
matrix,  but  the  so-cailed  Coriolis  matrix 
which  is  antisymmetric  and  which  repre¬ 
sents  the  gyroscopic  effects.  As  to  the 
stiffness,  some  special  terras  are  added 
allowing  for  the  centrifugal  stiffening, 
[Kg1 ,  and  the  centrifugal  softening  due  to 
the  centrifugal  mas3  effect,  [MGJ. 
(FcO2)}  is  the  nodal  equivalent  force 
vector  which  is  the  disc-ete  form  of  the 


Dynamic  Solution.  In  order  to  construct  a 
diagram  which  sKows  how  the  natural  fre¬ 
quencies  vary  with  speed  of  rotation  (a 
Canpbell  diagram  -the  usual  format  for 
presenting  the  basic  dynamic  properties), 
these  frequencies  and  their  associated 
mode  shapes  have  to  be  extracted  assuming 
that  the  displacement  vector  (x)  is  the 
superposition  of  the  static  displacements 
(x }g  and  the  dynamic  displacement  (x}d. 
In  other  words,  the  system  is  assumed  to 
vibrate  about  the  equilibrium  position 
determined  by  the  static  solution,  (38b). 
In  this  case,  the  governing  equations  for 
the  dynamic  analysis  are  derived  from 
(38a!  and  (38b)  and  reduce  to: 


(Ml [x)d  +[GJ  <*}d+IKL+KG(0o)-q2MGJ [x)d«[o) 
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and  the  ~y  to  obtain  the  solution  has 
been  outlined  in  the  section  “Free  Vibra¬ 
tion  Solut  on  for  Damped  Systems." 

If  the  Coriolis  effects  can  be  ne¬ 
glected  -and  this  is  usually  so  for  radial 
or  quasi  radial  blades  -then  (G)  is  disre¬ 
garded  and  (38c)  reduces  tos 

( 38d) 

[M]  {*)d+IKL+KG(o0)-02MGl  (x)d  =  (o) 

which  is  the  governing  equation  of  motion 
for  a  classical  undamped  system.  The 
motion  is  assumed  to  be  simple  harmonic 
and  the  method  of  solution  has  been  de¬ 
tailed  in  section  “Free  Vibration  Solution 
for  the  Undamped  System."  At  this  stage, 
it  should  be  noted  that  the  finite  element 
approach  may  involve  a  very  large  number 
of  degrees  of  freedom  and,  consequently, 
the  extraction  of  the  eigenvalues  and 
eigenvectors  can  be  a  formidable  task.  In 
this  case,  instead  of  solving  the  deter- 
minantal  equation  (4),  it  is  often  more 
convenient  to  use  special  numerical 
methods  such  as  the  Sturm  Sequences 
(Gupta,  1973)  or  the  Simultaneous 
Iterative  Method  (Jennings  &  Clint,  1970). 


Conclusion 

The  general  theory  developed  in  this 
section  can  be  adapted  for  the  dynamic 
analysis  of  any  rotating  structure.  Some 
special  treatment  of  the  equations  (38) 
can  be  outlined  to  particular  systems, 
i.e.,  axlsymmetric  or  repetitive  struc¬ 
tures,  but  the  present  generality  is  not 
affected. 


DYNAMIC  ANALYSIS  METHODS  FOR  STRUCTURAL 
ASSEMBLIES 

Introduction 

Although  there  are  a  number  of  situa¬ 
tions  in  which  it  is  useful  to  study  the 
behaviour  of  a  single  blade  at  a  time,  in 
most  practical  applications  the  blades 
interact  with  each  other  and  must  be 
treated  a3  a  complete  assembly.  Perhaps 
the  most  common  of  the  bladed  assembly 
configurations  is  the  complete  bladed 
disk.  Figure  lb,  where  the  flexibility 
and  inertia  of  the  disk  serve  to  couple 
the  vibration  of  the  individual  blades.  A 
variant  on  this  arrangement  is  where  the 
blades  are  additionally  interconnected 
through  a  shroud,  which  may  be  situated  at 
the  blade  tips  or  at  a  midspan  station, 
Figure  lc.  In  some  cases,  the  disk  may 
be  so  stiff  as  to  provide  virtually  no 
coupling  and  it  is  then  the  shroud  which 
takes  on  that  role.  In  some  special 
cases,  we  may  be  concerned  with  a  group  of 
blades  spanning  an  arc  of  less  than  the 
complete  360'.  This  refers  to  a  'packet' 
of  blades  in  which  the  interconnection  is 
applied  between  just  a  few  blades  at  a 
time  (Figure  le). 

All  these  assemblies  of  blades  ex¬ 
hibit  vibration  characteristics  which  are 
very  much  more  complicated  than  are  those 
of  the  individual  blade  upon  which  the 
assembly  is  based.  He  shall  be  describing 


their  different  types  of  vibration  mode 
and  response  in  Chapter  15,  but  it  is 
appropriate  here  to  review  some  of  the 
methods  which  are  used  for  analyzing  such 
a  system  as  a  bladed  assembly.  The  need 
for  special  methods  of  analysis  arises 
from  the  inefficiency  of  the  direct  solu¬ 
tion  of  constructing  a  single  model  for 
the  whole  structure  without  taking  advan¬ 
tage  of  its  high  degree  of  symmetry. 
Also,  it  is  sometimes  found  that  different 
types  of  model  are  appropriate  for  the 
different  parts  of  the  assembly  (blades, 
disk,  shroud)  and  if  these  components  can 
be  treated  independently,  at  least  in  a 
first  stage,  a  more  optimal  analysis  may 
be  possible. 


Thus,  we  shall  outline  some  methods 
of  analysis  which  respond  to  these  re¬ 
quirements:  one  which  requires  the  dif¬ 
ferent  components  to  be  analyzed  sepa¬ 
rately  as  a  first  stage  -  substructuring  - 
and  another  which  seeks  to  exploit  the 
repetitive  symmetry  of  a  complete  bladed 
disk  -  cyclic  symmetry. 


Substructure  Methods 

The  basic  concept  of  substructuring 
is  that  a  more  efficient  analysis  of  a 
complex  structural  assembly  can  be  ob¬ 
tained  if  it  is  first  considered  in  its 
constituent  component  parts,  or  substruc¬ 
tures.  By  analyzing  each  of  these  as  a 
separate  system  and  determining  its  indi¬ 
vidual  vibration  properties,  we  can  (a) 
use  the  most  appropriate  type  of  model  for 
each  subsystem  and  (b)  reduce  the  size  of 
each  model  (if  required)  by  retaining  only 
the  primary  or  major  vibration  modes  of 
the  component.  In  this  way,  we  can  ensure 
that  the  results  from  different  types  of 
analysis  are  presented  in  a  standard  for¬ 
mat  and  are  thus  suitable  for  combining  in 
an  analytical  equivalent  of  the  physical 
connections  by  which  the  actual  assembly 
is  formed. 


There  are  essentially  two  different 
approaches  to  this  procedure.  The  first 
is  that  in  which  the  modes  of  each  compo¬ 
nent  are  first  obtained  by  separate  sub¬ 
system  analyses  and  are  then  combined  to 
predict  the  modes  of  the  complete 
assembly.  The  second  approach  uses  the 
frequency  response  properties  and  by  de¬ 
riving  these  characteristics  for  each  com¬ 
ponent  individually,  and  then  combining 
them,  it  is  possible  to  determine  directly 
the  corresponding  frequency  responses  for 
the  complete  assembly.  of  course,  since 
we  have  seen  from  earlier  sections  that 
the  frequency  responses  may  be  derived 
from  the  modal  properties,  these  two 
approaches  are  effectively  different  ways 
of  organizing  the  same  data  and  do  not  in¬ 
volve  any  fundamentally  different  assump 
tions.  Where  they  do  differ  is  in  the 
facility  with  which  one  or  other  type  of 
result  is  obtained:  if  the  modes  of  the 

assembly  are  the  essential  end  result, 
then  a  modal  coupling  approach  is  more 
appropriate  but  if  it  is  the  responses 
which  are  ultimately  of  interest,  then  the 
response  coupling  approach  is  perhaps  more 
effective.  The  two  approaches  differ  in 
their  sensitivity  to  errors  or  approxima¬ 
tions  introduced  into  the  component 
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models,  a  point  to  be  borne  In  mind  when 
condensing  or  reducing  a  large  component 
model  in  pursuit  of  computational 
economy. 


Modal  Coupling  Methods 

The  first  method  of  subsystem  coup¬ 
ling  makes  use  of  the  modal  properties  of 
each  component  and  arranges  the  analysis 
in  such  a  way  that  the  coordinates  used  to 
set  up  the  equations  for  the  coupled 
structure  are  modal  coordinates  and  not 
spatial  coordinates,  as  is  the  case  in 
other  methods.  Further,  this  method 
allows  for  the  introduction  of  springs 
and/or  dashpots  in  between  the  subsystems 
at  points  where  they  are  attached  to  each 
other. 

The  general  arrangement  is  shown  in 
Figure  5.  The  equations  of  motion  for 
subsystem  A  are: 


[MA]  (xA)  +  (Ka)  (xa)  =  (fA) 


which  can  then  be  solved  for  the  modal 
properties  of  the  complete  structure. 

The  second  modal  method  to  be  con¬ 
sidered  is  that  used  for  most  analytical 
substructure  analyses,  and  is  based  on 
'constrained'  and  'constraint*  modes  of 
the  subsystems.  The  analysis  is  outlined 
below,  using  the  same  notation  as  above. 
For  subsystem  A,  with  coordinates  j  at 
junction  points  and  coordinates  a  else¬ 
where,  we  can  write: 


which  can  be  transformed  into  modal  coor¬ 
dinates: 


1  1  HPA)+t“A2HpA)  “  UAlTtfA)  (39a) 


Similarly  for  B. 


Now  define  a  new  coordinate  vector  by 


[  X  ]  {Pb>+[wb21  <PB>  "  (♦b)T  <£B>  (39b) 


Combining  these  equations,  we  have 


(44) 


[*.:.?!  fpAl 

!o  :  ij  [o  (we*]  \pbJ 

(40) 

«=  4at  0  "|  /£a1 

o  4bTJ  ■fBj 

but  through  the  connections,  we  can  relate 
the  forces  to  the  responses,  thus: 


(!*)  -  (Kc) 

fB  c  xB 


(41) 


where  [Kcl  is  the  stiffness  matrix  for  the 
connection  and  (xA)  and  (xB)  are  the  geo¬ 
metric  coordinates  of  the  attachment. 
These,  in  turn,  are  related  to  the  modal 
coordinates  by 


(xA)  *  (4aJ  (pA)  etc. (see  Equation  7) 


So,  if  there  are  no  external  forces 
applied  to  the  coupled  structure,  then  we 
have  an  equation  of  motion  for  the 
assembly 


Figure  5.  Coupled  Structure  Analysis 
Concepts. 
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where 


( 4AC1  "  'constrained*  nodes  of  system 
grounded  at  junction  points. 


Inverting  each  of  these  equations  leads 
to: 

(fA)  »  tHAU))-l{xA)=lZA(u)l  {xA>  (48) 

and  then  the  application  of  compatibility 
{Xc>  *  {XB }  ■  {xc}  and  equilibrium  { f A >  + 
{f B }=  (fc)conditions  as  the  common  coor¬ 
dinates  generate  a  new  equation: 


(4as!  *  'constraint'  modes  (deflections 
of  nonjunction  coordinates  for  a 
unit  displacement  in  one 
junction  coordinate) 

Using  these  transformations,  the 
equation  of  motion  for  component  A  can  be 
rewritten 


{fC> 


[H^( w) J “ 1 {x^}  +  [Hb( w) J ~ 1 {xB) 
[Hc(u))-1{xc) 

(49) 


or 


(Hc(  <*»)]“ 1  =  [Ha(w))“1  +  (Hb(  w) ] “ 1 


which  thereby  permits  direct  derivation  of 
the  frequency  response  function  properties 
of  the  assembled  structure,  described  by 
[Hc] .  While  the  more  representative  sys¬ 
tems  consist  of  more  numerous  and  complex 
configurations  than  this,  the  principle  of 
the  method  is  exactly  that  illustrated 
here. 


["”j  "  («AJ1  +  f*A  l[MAa)['*A  1 


Cyclic  Symmetry  Methods  - 
Axisymmetric  Modelling 


A  similar  expression  can  be  written 
for  a  second  component  B  and  the  two  sets 
of  equations  combined,  again  using  the 
commonality  (compatibility)  of  the  junc¬ 
tion  coordinates,  i.e.  (xA3  =  xBl).  Thus, 
we  obtain: 


( 


v.  o 

_  -  - - 

0  0 

o"  !“o1<KAi7  "J 


+K, 


0>2 

:_l  '  0 

”Aja;  i~ 

} 

/ 

x3 

L 

(46) 


(0) 


As  stated  earlier,  it  is  often  bene¬ 
ficial  to  seek  a  means  of  exploiting  the 
repetitive  symmetry  of  a  complex  bladed 
assembly.  If  the  disk  and  blades  for  a 
given  assembly  have  similar  stiffness, 
their  motions  are  strongly  coupled  and 
simple  calculation  of  the  individual 
blade's  properties  would  lead  to  false 
results.  Bladed  disk  assemblies  can  ef¬ 
fectively  be  classified  into  two  groups 
according  to  their  structural  dynamic 
properties.  In  the  first  group  are  those 
assemblies  having  an  axisymmetric  be¬ 
haviour  characterized  by  mode  shapes 
formed  by  simple  diametral  and  circular 
nodal  lines  (lines  of  zero  displacement). 
The  structures  in  this  group  are  usually 
characterized  by  a  large  number  of  blades 
mounted  on  a  flexible  disk,  i.e.,  turbine 
wheels  of  jet  enqines  and  eventually  some 
thick  disks  which  have  the  blades  con¬ 
nected  in  a  radial  plane. 


<lB 


{0} 


Frequency  Response  Coupling  Methods 


The  basis  of  this  method  may  be  quite 
simply  stated  again  using  the  example  in 
Figure  5:  its  implementation  to  practical 
structures  requires  appropriate  organi¬ 

zation  of  the  data  from  the  various  compo¬ 
nent  models.  Turning  to  the  example  in 
Figure  5,  we  can  see  that  the  (harmonic) 
response  at  the  various  coordinates  of 

interest  on  subsystem  A  can  be  related  to 
the  (harmonic)  forces  which  are  assumed  to 
act  at  the  same  points  by: 

<xA}ei“t  =  (HA(«)J  (fA)  eiwt  (47a) 

and  similarly  for  subsystem  F. 

(x8>ei“t  =  (hb(u>)  (fB)  eiwt  (47b) 


The  second  group  includes  the  rota- 
tionally  periodic  structures  such  as 
bladed  disks  or  centrifugal  impellers  hav¬ 
ing  few  blades  with  or  without  casing  or 
shroud.  This  type  of  structure  does  not 
exhibit  purely  axisymmetric  mode  shapes, 
but  includes  some  pseudo-axisymmetric  and 
some  repetitive  modes  showing  "scalloped" 
patterns  (Henry,  1980).  In  this  case, 
classical  axisymmetric  theory  can  no 
longer  be  applied  and  one  has  to  introduce 
the  cyclic  symmetry  methods  using  expli¬ 
citly  or  implicitly  the  wave  propagation 
concept  (Henry  and  Ferraris,  1984).  This 
group  of  structures  is  excluded  from  dis¬ 
cussion  here. 

In  typical  gas  turbine  assemblies,  it 
is  found  experimentally  that  turbine 
stages  tend  to  have  axisymmetric  mode 
shapes;  that  is  to  say,  the  disk  and  blade 
displacement  follow  a  simple  cosine  fluc¬ 
tuation  both  in  time  and  in  angular 
position  around  the  circumference.  In 
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other  words,  the  structure  vibrates  with  a 
dominant  n  nodal  diateter  mode  shape  hav¬ 
ing  negligible  contributions  fronf  other 
disn?*™1  °fderf-  Thus,  for  example,  the 
wri^en  as?  °  blade  ca"  b« 


(xlj  »  (XnJj  cos  ■i-,n(3-U 


(50) 


where  n  and  H  are  the  numbers  of  nodal 
diameters  and  blades  respectively.  As  N 

^agenraUy.large'  the  can  bo  con¬ 

sidered  to  be  a  continuously  distributed 

5huf  3hitaf 8d  t0  the  rin  of  the  d?sk? 
Thus,  the  blade  array  strain  and  kinetic 

strIiieLrtB'kTB'  b®  obtained  fr°™  the 
strain  3n<i  kinetic  energies  of  a  slnole 
blade  (Uo,  To),  as  follows:  single 


N 

2  "o 


For  the  symmetric  case,  i.e.,  when 
the  number  of  nodal  diameters  equals  0, 

T^s  N/2  is  replaced**  by  n! 

Thus,  noting  that  Uo  and  To  are  indepen- 
of the  Stiffness  and  mass  matrices 
°L„,tb  grating  blading  are  those  of  a 
®^9i*  bifde  «®ighted  by  the  factor  N  or 

'i-art 

7S;:lis;hiSi^?S‘;1,an;|ST-;;:-Sf 

rived  and  the  complete  structure  finite 
element  energies  U  and  T  are  obtained  by 
simple  summation.  Applying  Lagrange's 
equation  as  described  previously  lead!  to 
an  individual  governing  equation  for  the 

Ihen^H^T1?"  38a)  f°r  8acb  vLue  Of 

dynamic  solutions  are 
performed  as  detailed  in  Equations  38b  and 
f*  A  Pfacbfcal  application  on  a  jet 

"Ipt^r  15?rbine  31396  13  reb°rted  in 


2  o 


(51) 
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INTRODUCTION 

Objective.  The  objective  of  this 
chapter  is  to  provide  the  necessary  intro¬ 
duction  and  grounding  for  a  study  of  the 
vibration  characteristics  of  individual 
turbomachine  blades.  We  are  concerned 
here  with  the  structural  dynamic  proper¬ 
ties  only  and  we  shall  concentrate  on  the 
two  most  important  of  these  -  the  natural 
frequencies  and  the  corresponding  mode 
shapes.  Although  some  consideration  will 
also  be  given  in  later  chapters  to  the 
damping  properties,  these  cannot  be  treat¬ 
ed  in  the  same  analytical  way  as  is  pos¬ 
sible  for  predicting  the  natural  frequen¬ 
cies  and  mode  shapes.  Knowledge  of  these 
two  properties  is  a  primary  requirement 
for  a  valid  analysis  of  the  aeroelastic 
behaviour  of  blades  and  most  of  the  struc¬ 
tural  dynamicist's  efforts  are  directed 
towards  their  reliable  identification  and 
prediction. 


Having  first  outlined  the  basic  char¬ 
acteristics  of  blade  vibration  properties, 
we  shall  then  identify  those  design  fea¬ 
tures  which  have  an  influence  on  their 
values.  This  is  important  since  an  appre¬ 
ciation  of  these  effects  aids  our  under¬ 
standing  of  how  the  various  vibration 
problems  and  phenomena  can  arise  in 
service  (often  against  our  initial  expec¬ 
tations)  and,  more  importantly,  how  they 
may  be  treated. 

For  these  earlier  sections  of  the 
chapter  we  shall  use  relatively  simple 
models  of  blades  but  will  then  progress  to 
outline  the  methods  which  are  available 
for  the  calculation  of  the  structural  dy¬ 
namic  properties  of  real  blades,  as  re¬ 
quired  for  design  purposes.  Throughout 
this  chapter,  we  shall  be  dealing  with  in¬ 
dividual  blades  only  and  it  must  be  noted 
at  the  outset  that  in  most  applications 
the  blades  are  grouped  together  in  stages 
or  assemblies  and  that  this  feature  will 
also  have  an  influence  on  the’r  vibration 
properties. 

Indeed,  in  many  cases,  the  natural 
frequencies  and  mode  shapes  of  a  blade  in 
its  operational  environment  (e.g.,  as  one 
of  a  set  on  a  disk)  may  differ  consider¬ 
ably  from  those  calculated  for  the  same 
blade  as  an  isolated  component.  This 
topic  is  dealt  with  in  detail  in  the  next 
chapter  (Structural  Dynamic  Characteris¬ 
tics  of  Bladed  Assemblies)  but  it  can  be 
noted  here  that  it  is  usually  convenient 
in  that  more  complex  situation  to  relate 
the  complete  assembly's  vibration  proper¬ 
ties  to  those  of  the  single  blade.  Hence, 
there  is  considerable  advantage  in  under¬ 
taking  an  individual  blade  analysis  first, 
and  that  is  the  scope  of  the  present 
chapter. 


Outline.  Before  proceeding  to  a  dis¬ 
cussion  o?  methods  for  predicting  the 
structural  dynamic  properties  of  an  indi¬ 
vidual  turbomachine  blade,  it  is  appropri¬ 
ate  to  present  a  summary  of  the  basic 
nature  of  these  characteristics  and  this 
can  conveniently  be  done  using  simple 
models  of  blades.  Although  the  detailed 
geometry  of  a  given  blade  will  have  a 
major  influence  in  determining  the  exact 
values  for  its  natural  frequencies  and 
mode  shapes,  these  properties  will  be 
found  to  fall  into  one  of  a  small  number 
of  categories,  or  families,  which  can  be 
related  to  those  of  rather  simpler  struc¬ 
tures  than  the  blades  themselves.  Indeed, 
we  can  learn  much  about  the  vibration  pro¬ 
perties  of  blades  by  studying  first  those 
of  simple  beams  and  plates.  These  will  be 
presented  in  the  next  section. 


Following  this  basic  groundwork,  the 
influence  of  a  number  of  relevant  design 
features  is  examined  with  a  view  to  estab¬ 
lishing  which  parameters  can  have  a  marked 
effect  on  the  actual  values  of  natural 
frequency  or  mode  shape.  These  factors 
include: 

-  complex  cross  section  properties 

-  flexibility  of  root  and/or  shroud 
fixtures 

-  speed  of  rotation  (of  the  blade  in  the 
machine) 

-  static  loads 

-  temperature  variations. 


Latet  sections  deal  with  prediction 
methods  used  for  design  calculations. 
These  are  not  intended  to  provide  a  com¬ 
prehensive  review  of  the  very  marv  differ¬ 
ent  methods  or  programs  which  ate  avail¬ 
able  for  this  purpose  but  rai her  to 
illustrate  ways  of  dealing  with  a  number 
of  the  difficulties  often  encountered  in 
the  process  of  predicting  blade  vibration 
properties  by  referring  to  a  number  of 
differing  case  studies.  Perhaps  the  most 
important  point  to  be  made  is  the  need  for 
an  appreciation  of  what  to  expect  (from  a 
calculation  process)  and  of  how  to  set 
about  confirming  or  validating  its 
results.  It  is  with  this  aspect  in  mind 
that  the  early  sections  of  the  chapter  are 
presented . 


The  study  and  analysis  of  the  blade 
vibration  characteristics  has  led  to  the 
publication  of  a  great  many  technical 
papers,  only  a  handful  of  which  will  be 
referenced  here.  However,  there  are  a 
number  of  review  articles  which  provide 
useful  surveys  of  different  aspects  of  the 
subject  together  with  comprehensive  lists 
of  references,  such  as  those  by  Rao  (1973 
and  1980)  and  Leissa  (1981). 
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VIBRATION  PROPERTIES  OF  UNIFORM  BEAMS  AND 
PLATES 

Basic  Structural  Models  for  Blades. 
Although  usually  very  complex  in  their 
geometric  form,  most  turbomachine  blades 
can  generally  be  regarded  as  beam-like  or 
plate-like  in  respect  of  their  dynamic  be¬ 
haviour.  If  we  review  the  wide  range  of 
different  blade  configurations  used  in 
practice,  we  find  that  the  vibration  modes 
of  many  of  these  can  be  well  represented 
by  a  one-dimensional  or  beam-like  model 
(cross  section  remains  undeformed  during 
vibration  and  deflection(s)  are  a  function 
of  longitudinal  position  only  -  or  radial, 
in  terms  of  the  machine  coordinates), 
while  others  with  different  aspect  ratios 
require  the  extra  dimension  provided  by  a 
two-dimensional  or  plate-like  model  (for 
which  the  cross  section  deforms  and  the 
dellection  is  a  function  of  both  radial 
and  chordwise  positions);  see  Figure  1.  In 
both  these  cases,  the  vibration  is  effec¬ 
tively  normal  to  the  blade  longitudinal 
axis.  There  exist  also  a  number  of 
special  cases  in  which  there  is  a  signifi¬ 
cant  vibration  displacement  in  the  longi¬ 
tudinal  (or  radial)  direction  as  well  as 
the  other  two  normal  directions  and  the 
dynamics  of  such  blades  are  generally  not 
well  represented  by  beam  or  plate  models. 
These  are  usually  very  thick  and/or  very 
short  blades  and  must  be  described  by  a 
full  three-dimensional  or  solid  model. 
However,  such  cases  represent  only  a  small 
fraction  of  practical  blades  and  the  pre¬ 
dominance  of  the  two  former  categories 
provides  the  basis  for  classifying  most 
blades  as  'beam-like'  or  'plate-like.' 


Beam-like  blades  are  those  which  are 
essentially  long  and  slender  and  so  have  a 
high  length-to-chord  aspect  ratio  (L/c>>l) 
and  a  low  thickness-to-chord  ratio 
(d/c«l)  -  see  Figure  1.  During  vibration, 
the  time-varying  deflection(s)  of  any 
point  on  the  blade  (x,y,z, 8X, 8y, ez)  depend 
only  upon  its  longitudinal  location  (i.e., 
they  are  functions  only  of  coordinate  u). 
This  is  a  consequence  of  an  essential  fea¬ 
ture  of  beai..-like  vibration,  namely  that 
the  cross  section  remains  undeformed  dur¬ 
ing  vibration. 


Plate-like  characteristics  are  found 
in  those  blades  which  have  a  lower  aspect 
ratio  (typically,  L/c<5)  but  are  still 
'thin'  (d/c<<l).  The  main  difference 
between  these  blades  and  the  beam-like 
ones  is  that  the  cross  section  itself  dis¬ 
torts  during  vibration  with  the  result 
that  the  deflection! s)  of  any  point  on  the 
blade  are  now  dependent  on  both  its  longi¬ 
tudinal,  and  also  its  chordwise  positions, 
coordinates  u  and  v. 

The  vibration  characteristics  of 
blades  of  both  types  can  be  studied  using 
simple-profile  beams  and  places  for  which 
there  is  considerable  data  already  in 
existence  (see,  for  example,  Blevins  1979) 
and  for  which  additional  calculations  are 
easy  to  perform. 

Structural  Dynamics  of  Simple  Beams. 
The  methods  of  dynamic  analysis  for  struc- 
tural  elements  such  as  uniform  beams  have 
already  been  summarized  in  the  previous 
chapter  and  so  we  need  only  present  some 
appropriate  numerical  results  here. 

Two  sets  of  results  are  presented. 
The  first  set  -presented  in  Tables  1  and  2 
-give  general  non-dimensional  natural  fre¬ 
quency  and  mode  shape  parameters  for  the 
bending  and  torsion  modes  of  vibration  of 
a  uniform  beam  and  are  obtained  from  di¬ 
rect  closed-form  solution  to  the  equations 
of  motion  presented  in  the  previous 
chapter.  Values  for  the  vibration  proper¬ 
ties  of  any  specific  beam  can  be  deduced 
from  these  tabulated  data  by  using  the 
appropriate  scaling  constant,  as  specified 
in  the  table.  The  second  set  of  results 
-Tables  3  and  4,  and  Figure  2  -relate  to  a 
specific  beam  model  and  have  been  computed 
using  a  simple  finite  element  analysis, 
also  summarized  in  the  previous  chapter. 
Results  for  this  particular  case  may  also, 
of  course,  be  obtained  from  the  non- 
dimensional  data  in  the  first  table  and 
the  small  differences  which  can  be  ob¬ 
served  in  results  derived  from  the  two 
sources  reflect  the  errors  associated  with 
finite  element  modelling  assumptions. 
However,  this  particular  example  is  intro¬ 
duced  here  in  order  to  provide  a  reference 
case  against  which  to  compare  the  proper¬ 
ties  of  variations  on  the  basic  model 
later  in  the  chapter. 


DEFLECTION 


GEOMETRY 


(b) 


Figure  1.  Essential  Features  of  Blade  Vibration  Analysis 


END  CONDITIONS  (ROOT-TIP) 


MODE 

c-r 

p-r 

r-r 

C-P 

C-C 

1st  Band 
2nd  Band 
3rd  Band 

3.516 

22.03 

61.70 

15.42 

49.96 

104.25 

22.37 

61.67 

120.90 

15.42 

49.96 

104.25 

22.37 

61.67 

120.90 

1st  Tors 
2nd  Tors 

1.57 

4.71 

1.57 

4.71 

3.14 

6.28 

3.14 

6.28 

3.14 

6.28 

VALUES  OF  X2 


To  obtain  natural  frequencies  (Hz)  of  a  specific  rectangular-section 
beam  with  dimensions:  Length  L,  width  w,  thickness  (in  direction  of 
bending)  t,  and  material  properties:  elastic  modulus  E,  shear 
modulus  G,  density  p,  polar  moment  of  area  I c,  use  the  following 
formulae : 

fbend  m  (1/2*)  ^  bend  ^  ^  t2/l2p)  Hz 
^tors  **  (1/2*)  X  r o r s  (G*~/ pip)  Hz 

Table  1.  Dimensionless  Natural  Frequency  Parameters  for  Uniform  Section  Beams 


In  the  tables  and  figures  below, 
natural  frequencies  and  corresponding  mode 
shapes  are  given  for  uniform  rectangular 
section  beams  with  five  different  sets  of 
end  conditions  (the  first  of  these  at  the 
root  -  the  second  at  the  tip  -  see  Figure 
2): 

(a)  Clamoed-Free  (C-F) 

(b)  Pinned-Free  (P-F) 

(c)  Free-Free  (F-F) 

(d)  Clampcd-Pinned  (C-P) 

(e)  Clamped-Clamped  (C-C) 


These  represent  different  conditions 
under  which  the  blade  might  be  analyzed  or 
tested:  (a)  considered  to  be  rigidly 
clamped  or  grounded  at  the  root:  (b) 
attached  at  the  root  but  only  restrained 
laterally  -  not  in  rotation;  (c)  suspended 
as  a  free  object;  (d)  and  (e)  with  addi¬ 
tional  constraint  at  the  tip,  such  as 
might  be  provided  by  interconnecting  tip 
shrouds. 


The  next  set  of  results  refers  to  a 
specific  example  consisting  of  a  beam  of 
length  250  mm,  width  (chord)  30  mm  and 
thickness  10  mm  made  from  a  material  with 
elastic  modulus  of  207  GN/m2  and  density 
7850  kg/m^.  This  beam  has  second  moments 
of  area  Ij  =  C  '"E-S  and  I2  =  0.225E-7m4 
and  a  polar  mo  c  area  J  =  0.7902E-8 
m*. 

The  natural  frequencies  for  the  first 
few  modes  computed  using  a  finite  element 
model  of  this  beam  are  presented  in  Table 
3(a)  and  the  corresponding  mode  shapes 
plotted  in  Figure  2.  For  each  case,  we 
find  the  modes  of  vibration  to  be  grouped 
into  three  families:  flapwise  bending 
(F),  edgewise  bending  (E),  and  torsion 
about  the  longitudinal  axis  (T)  with  the 
mode  shape  corresponding  to  each  natural 
frequency  consisting  of  deflections  in 
only  one  of  these  three  directions.  Also 
shown  for  reference  is  the  first 


longitudinal  mode  (A)  natural  frequency, 
although  this  is  usually  so  much  higher 
than  those  of  the  bending  or  torsion  modes 
that  it  is  of  relatively  little  interest 
in  practice. 


In  fact,  for  each  case  considered, 
two  results  can  be  quoted  for  the  natural 
frequencies  of  the  be.  ding  modes,  as  shown 
in  Table  3(b).  These  are  found  using  (1) 
Bernoulli-Euler  theory  (B-E)  and  (ii) 
Timoshenko  theory  (T)  which  respectively 
exclude  and  include  the  second-order  ef¬ 
fects  of  shear  deflection  (as  well  as 
bending  deflections)  and  rotatory  inertia 
(as  well  as  translational  inertia).  From 
these  results  it  is  seen  how  the  second- 
order  terms  become  increasingly  important 
as  the  thickness  of  the  beam  relative  to 
its  length  becomes  greater  and  the  defor¬ 
mation  shape  becomes  more  complex.  In  all 
cases,  the  result  of  including  the  second- 
order  terms  is  a  lowering  of  the  natural 
frequencies. 


ROOT  (clamped ) 

Figure  2.  Mode  Shapes  of  Uniform  Beams 


14-5 


Figure  2.  Mode  Shapes  of  Uniform  Beams 
(e)  clamped-clamped 


Structural  Dynamics  Properties  of 
Uniform  Plates.  As  the  aspect  ratio  of 
the  blade  changes  so  that  the  chord  width 
(c)  approaches  the  length  (L),  the  assump¬ 
tion  of  beam-like  behaviour  becomes  less 


applicable  and  it  becomes  necessary  to  ex¬ 
tend  the  model  to  that  of  a  plate  in  order 
to  include  the  section  deformation  which 


will  be  present  in  such  cases.  Many  stud¬ 
ies  have  been  reported  on  this  approach  to 
blade  vibration  analysis,  ranging  from 
early  work  by  Dokainish  and  Rawtani  (1973) 
and  MacBain  (1975)  to  more  recent  work  by 
Ramamurti  and  Kielb(198«).  A  survey  of  the 
use  of  plate  models  for  blade  vibration 
analysis  is  presented  by  Leissa  (1980). 


In  order  to  illustrate  the  particular 
characteristics  which  apply  to  plates,  a 
series  of  case  studies  are  presented  based 
on  a  blade  similar  to  that  used 
previously.  This  blade  is  250  mm  in 
length,  has  a  uniform  rectangular  cross 
section  of  10  urn  thickness  and  width  vary¬ 
ing  from  30  to  250  ran  (aspect  ratio  L/c 
varying  from  8  to  1)  -3ee  Figure  3.  The 
material  properties  are  as  used  previously 
(modulus  ■  207  x  109  N/m^,  density  «  7850 
kg/ra9)  with  a  Poisson's  ratio  of  0.3,  and 
the  blade  is  clamped  at  its  root.  Once 
again,  the  vibration  characteristics  for 
this  case  are  presented  ir,  tabular  and 
graphical  form  with  the  fundamental 
natural  frequencies  given  in  Table  4  and 
the  mode  shapes  displayed  in  Figure  4. 


From  these  results  it  is  seen  that 
the  modes  become  rather  more  complex  in 
shape  than  for  the  beam  model  and  are  more 
difficult  to  classify.  Accordingly,  it  is 
generally  found  that  the  most  convenient 
way  of  describing  mode  shapes  of  blades 
such  as  these  is  by  specifying  the  nodal 
lines  -loci  of  points  which  have  zero  de¬ 
flection  during  vibration.  In  any  event, 
it  is  general’ y  possible  to  follow  the 
evolution  of  each  mode  of  the  reference 
case  (30  mm  wide)  as  the  blade  or  plate 
width  is  increased,  thereby  permitting  the 
tabulation  shown  below. 


FACTORS  WHICH  INFLUENCE  THE  VIBRATION 
PROPERTIES  OF  BLAPES 


Int  ,-oduction.  Real  blades  are  gen¬ 
erally  rather  more  complex  than  the  simple 
beam  and  plate  models  which  have  been  used 
so  far  to  introduce  the  basic  types  of  vi¬ 
bration  characteristic.  In  this  next 
section,  we  shall  seek  to  build  on  the 
preceding  groundwork  by  examining  the  in¬ 
fluence  of  a  number  of  typical  blade 
design  features  which  can  have  an  influ¬ 
ence  on  the  structural  dynamic  properties 
of  interest  here  -  primarily,  the  natural 
frequencies  and  the  corresponding  mode 
shapes.  Although  the  vibration  character¬ 
istics  of  actual  blades  are  similar  to 
those  already  discussed,  the  precise 
natural  frequency  and  mode  shape  data  are 
of  vital  importance  to  the  analyst  seeking 
to  predict  a  blade's  vibration  behaviour 
under  operating  conditions.  Hence,  all 
such  influencing  factors  must  be  taken  in¬ 
to  consideration  at  the  design  prediction 
stage.  While  the  finite-element  based 
prediction  methods  widely  used  today  do 
permit  the  inclusion  of  these  various 
effects,  as  will  be  illustrated  in  the 
next  section,  it  is  appropriate  first  to 
extend  the  beam  and  plate  models  in  order 
to  explore  some  of  the  phenomena  of  par¬ 
ticular  interest,  as  has  been  done  by  many 
workers  including:  Jacobsen  (1938), 

Carnegie  (1966),  Montoya  (1966),  Rao 
(1980),  Irretier  and  Marenholtz  (1981)  and 
Afolabi  (1986). 


In  this  section  we  shall  review  a 
number  of  the  particular  features  of  real 
blades,  including: 


-  complex  geometry  (including  the  non- 
symmetric  and  non-uniform  cross 
sections  which  are  found  on  tapered 
and  twisted  blades  and  those  designs 
for  which  'simple'  beam-  or  plate¬ 
like  models  are  not  adequate); 


-  attachment  flexibility  (the  compli¬ 
cations  which  arise  at  junctions 
between  the  blade  and  the  disk  and 
shroudband,  or  connecting  blades); 


-  special  effects  of  operating  condi¬ 
tions  (including  the  quasi-static 
load  induced  by  gas  pressure,  cen¬ 
trifugal  and  Coriolis  effects  caused 
by  rotation  and  by  thermal  effects 
at  extreme  temperatures). 


Figure  3.  Uniform  Plate  Models 
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59 

-12 

56 

56 

-12 

69 

-27 

0.4 

-52 

92 

23 

46 

-40 

80 

60 

-40 

92 

-52 

0.5 

-61 

100 

34 

34 

-58 

96 

96 

-58 

100 

-61 

0.6 

-52 

92 

46 

23 

-66 

100 

100 

-66 

92 

-52 

0.7 

-27 

69 

59 

14 

-62 

91 

91 

-62 

69 

-27 

0.8 

10 

39 

73 

6 

-48 

69 

69 

-48 

39 

10 

0.9 

54 

12 

86 

2 

-26 

37 

37 

-26 

12 

54 

1.0 

100 

0 

100 

0 

0 

0 

0 

0 

0 

100 

2nd  BENDING  MODI 

BOOT-TIP  F-r  C-F  P-F  C-P  C-C 


Freq 

7.853205 

4. 

694091 

7. 

068583 

7. 

068583 

7. 

853205 

X/L 

DISP 

STRESS 

DISP 

STRESS 

DISP 

STRESS 

DISP 

STRESS 

DISP 

STRESS 

0.0 

100 

0 

0 

100 

100 

0 

0 

100 

0 

100 

0.1 

23 

30 

9 

52 

30 

26 

26 

30 

30 

23 

0.2 

-40 

80 

30 

7 

-29 

72 

72 

-29 

80 

-40 

0.3 

-66 

100 

53 

-32 

-63 

100 

100 

-63 

100 

-66 

0.4 

-48 

69 

68 

-59 

-SO 

88 

88 

-60 

69 

-48 

0.5 

0 

0 

71 

-71 

-26 

38 

38 

-26 

0 

0 

0.6 

48 

-69 

59 

-68 

23 

-28 

-28 

23 

-69 

48 

0.7 

66 

-100 

32 

-53 

61 

-80 

-80 

61 

-100 

66 

0.8 

40 

-80 

-7 

-30 

70 

-93 

-93 

70 

-80 

40 

0.9 

-23 

-30 

-52 

-9 

46 

-61 

-61 

46 

-30 

-23 

1.0 

-100 

0 

~ioo 

0 

0 

0 

0 

0 

0 

-100 

Table  2.  Mode  Shapes  for  Uniform  Beams 


3rd  hoIDXMG  MODS 


ROOl-TIF 

f-f 

C-F 

F-F 

C-F 

C-C 

Freq 

10. 

995608 

7. 

854757 

10. 

.210176 

10.210176 

10.995608 

X/L 

DISP  STRESS 

DISP  STRESS 

DISP  STRESS 

DISP 

STRESS 

DISP 

STRESS 

0.0 

100 

0 

0 

100 

100 

0 

0 

100 

0 

100 

0.1 

-5 

51 

23 

23 

2 

47 

47 

2 

51 

-5 

0.2 

-64 

100 

60 

-39 

-61 

100 

100 

-61 

100 

-64 

0.3 

-40 

58 

76 

-66 

-51 

76 

76 

-51 

58 

-40 

0.4 

33 

-42 

53 

-47 

12 

-14 

-14 

12 

-42 

33 

0.5 

71 

-93 

2 

2 

66 

-88 

-88 

66 

-93 

71 

0.6 

33 

-42 

-47 

S3 

57 

-77 

-77 

57 

-42 

33 

0.7 

-40 

58 

-66 

76 

-6 

8 

8 

-6 

58 

-40 

0.8 

-64 

100 

-39 

60 

-63 

85 

85 

-63 

100 

-64 

0.9 

-5 

51 

23 

23 

-60 

82 

82 

-60 

51 

-5 

1.0 

100 

0 

100 

0 

0 

0 

0 

0 

0 

100 

l*t  TORSION  modi 

root-tip  r-r  c-r  c-o 


Freq  3.141592654  1.570796327  3.141592654 


X/L 

DISP 

STRESS 

DISP  STRESS  DISP 

STRESS 

DISP 

0.0 

100 

-100 

0 

0 

0 

0 

0.1 

95 

-95 

16 

-16 

31 

-31 

0.2 

81 

-81 

31 

-31 

59 

-59 

0.3 

59 

-59 

45 

-45 

61 

-81 

0.4 

31 

-31 

59 

-59 

95 

-95 

0.5 

0 

0 

71 

-71 

100 

-100 

0.6 

-31 

31 

81 

-81 

95 

-95 

0.7 

-59 

59 

89 

-89 

81 

-81 

0.8 

-81 

81 

95 

-95 

59 

-59 

0.9 

-95 

95 

99 

-99 

31 

-31 

1  0 

-100 

100 

100 

-100 

0 

0 

Data  for  each  Casa 

Heading  :  Dimensionless  natural  frequency  parameters 

Column  1  :  Position  as  fraction  of  beam  length 

Cols  2,  4,  etc:  Relative  displacement  amplitudes 
Cols  3,  5f  etc:  Relative  stress  amplitudes 


TAB  LX  2  MODS  SHAPES  FOR  UNIFORM  SECTION  BEAMS 


END  CONDITIONS  (ROOT-TIP) 


IF 

132.7 

582.2 

845.0 

582  2 

845.0 

2F 

832.2 

1891 

2335 

1891 

2337 

3F 

2337 

3972 

4608 

3977 

4627 

IE 

398.2 

398.2 

2535 

2535 

2535 

2E 

2497 

2497 

7006 

7012 

7012 

3E 

7012 

7012 

13824 

IT 

1807 

1807 

3658 

3658 

3658 

2T 

5600 

5600 

7675 

7675 

7675 

1A 

5156 

5156 

10440 

10440 

10440 

“  See  Mode  Shape  Figures  for  details.; 

TABLE  3(a)  NATURAL  FREQUENCIES  FOR  UNIFORM  SECTION 
BEAMS  (Hr) 


END  CONDITIONS  (ROOT-TIP) 


*T  (B-E)  132.7 

(T)  132.6 

(%diff)  0.081 

2F 

832.2 

827.8 

0.5% 

3F 

2337.. 

2310. 

1.2% 

IE 

398.2 

395.4 

0.7% 

2E 

2497.. 

2386. 

4.7% 

3E 

7012. 

6359. 

10.3% 

TABLE  3(b)  NATURAL  FREQUENCIES  OF  BEAM  BENDING  MODES  (Hz) 
WITH  SECOND-ORDER  EFFECTS  INCLUDED 


PLATE  WIDTH  (ASPECT  RATIO) 


Moda 

Beam 

30(8.3:1) 

62.5(4:1) 

125(2:1) 

250(1:1) 

IF 

132.7 

134.1  1 

134.8  1 

135.9 

137.0 

2F 

832.2 

843.3  | 

846.0  , 

848.1 

843.3 

3F 

2337. 

2382.-  | 

2388. 

2381.: 

2398. 

IE 

398.2 

396.1  | 

797.0  1 

1430. 

2208 . 

2* 

2497 . 

2370.,  | 

4118.  \ 

IT 

1807. 

2196. 

1095.  I 

590.6 

340.4 

2T 

5600., 

6634.  | 

3386.  1 

1929. 

1240. 

3T 

| 

5963.;  | 

3714. 

2830 . 

1A 

5156. 

5153.  | 

5176. 

5185.; 

33  98 , 

TL1 

- 

1 

3689. 

1078. 

TL2 

_ : _ L 

1 

5033. 

2167. 

F  =  Flap;  E=Edga;  T=Torsion;  A=Axial;  TL=Tramlina 
TABLE  4  NATURAL  FREQUENCIES  (Hz)  OF  CLAMP  ED-FREE  PLATES 


CLAMPED-FREE  BEAM 


Mod#  No 


1 

2 

3 


UNIFORM 

132.7 

F 

398.2 

E 

832.2 

F 

1807. 

T 

2337. 

F 

2497. 

E 

4617. 

F 

5156. 

A 

5600. 

T 

7012 ., 

E 

192.4 

F 

576.7 

E 

73C.0 

F 

TABLE  5  NATURAL  FREQUENCIES  (Hz)  OF  TAPERED  AND  TWISTED 

CLAMPED-FREE  BEAMS 
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Complex  Geometry.  The  first  compli¬ 
cation  to  be  considered  is  that  arising 
from  the  complex  geometry  demanded  by  the 
aerodynamic  performance  requirements  for 
the  blade.  In  general,  this  results  in  a 
blade  whose  section  varies  along  its  lon¬ 
gitudinal  axis  in  one  or  several  respects 
(as  illustrated  in  Piqure  5(a)): 

-  the  section  area  varies  (if  the  blade 
is  tapered); 

-  the  centroid  of  each  section  may  not 
lie  on  the  same  longitudinal  axis  as 
the  others; 

-  the  stagger,  or  principal  axes,  of 
each  section  may  vary  in  orientation 
(if  the  blade  is  twisted). 

In  addition  to  these  features,  the 
cross  section  itself  is  unlikely  to  be 
symmetric,  as  was  the  case  in  the  uniform 
beam  and  plate  models  discussed 
previously.  Work  by  Carnegie  (1966), 
Montoya  (1966),  Rao  (1980),  Irretier  et. 
al  (1981),  arid  others  has  demonstrated  how 
the  beam  model  can  be  extended  and  refined 
to  include  these  various  effects  and  the 
reader  is  referred  to  their  publications 
for  full  details.  also,  some  recent 
studies  of  plate  models  by  Leissa  et.  al 
(1986)  have  highlighted  some  of  the  diffi¬ 
culties  encountered  when  trying  to  include 
correctly  the  effects  of  twist  on  the  vi¬ 
bration  properties  of  otherwise  simple 
cantilevered  plates. 


In  this  section,  it  is  proposed  sim¬ 
ply  to  illustrate  some  of  the  effects 
which  can  arise  from  the  complexity  of 
blade  geometry  but  without  making  any 
attempt  to  provide  a  comprehensive  cover¬ 
age  of  the  wide  range  of  possibilities 
which  are  dealt  with  in  the  literature. 
We  shall  consider  the  changes  that  would 
he  found  in  the  previously-quoted  vibra¬ 
tion  properties  (for  a  uniform  beam)  if 
certain  types  of  nonuniformity  are  intro¬ 
duced  into  the  model.  Two  specific  varia¬ 
tions  on  the  clamped-free  beam  configu¬ 
ration  are  considered:  (i)  taper  and  <ii) 
twist. 

In  the  first  of  these  cases,  the  rec¬ 
tangular  cross  section  is  reduced  linearly 
from  the  root  (where  it  is  30x10  mm)  to 
the  tip  (where,  in  the  extreme  case,  it  is 
reduced  to  15x5  mm),  all  ether  properties 
remaining  unchanged:  see  Figure  5(b). 

In  the  second  case,  the  cross  section 
is  kept  constant  (at  30x10  mm)  but  is  pro¬ 
gressively  rotated  (about  the  longitudinal 
or  radial  axis)  so  that  the  tip  section  is 
aligned  with  a  stagger  angle  of  up  to  60° 
rela.ive  to  that  at  the  root  of  the  blade, 
as  shown  in  Figure  5(c). 


Results  for  these  two  cases  -which 
may  be  taken  to  demonstrate  the  trends 
caused  by  the  common  geometric  features  of 
cape  and  twist  -are  summarized  in  Table  5 
and  graphically  in  Figures  6  and  7.  In 
the  table,  an  indication  is  given  of  the 
di _ection.  in  which  vibration  is  taking 
place.  T  ■  essential  results  observed  are 
(i)  that  t.,e  natural  frequencies  (but  not 
the  mode  shapes)  are  significantly  af- 
feeved  by  the  reduced  section  present  in 


the  tapered  ease  and  <  ii)  that  the  fre¬ 
quencies  in  the  twi'  .ed  case  are  less 
noticeably  affecte  ut,  in  this  case,  the 
mode  shapes  become  more  complex,  many  be¬ 
ing  combinations  of  motion  in  both  the 
flapwise  and  edgewise  directions  simultan¬ 
eously.  It  can  be  seen  that  if  the  beam's 
symmetry  were  disturbed  further  by  mis¬ 
aligning  the  centroids  of  successive 
sections  (up  to  now  they  have  been  thus 
aligned),  then  additional  coupling  would 
result  with  all  modes  exhibiting  some  con¬ 
tribution  from  each  of  the  flap,  edgewise, 
and  torsion  directions,  although  in  many 
modes  it  is  likely  that  just  one  of  these 
directions  would  predominate. 


Similar  considerations  apply 
plate-like  blades  as  well  and  referei 
can  be  made  to  the  recent  studies  by 
Kielb  et  al.  (1985)  who  have  examined 
the  change^  xn  natural  frequencies  and 
mode  shapes  for  a  rectanaular  uniform 
cross-section  cantilever  plate  as  it  is 
progressively  twisted  more  and  more.  The 
purpose  of  that  study  was  primarily  to  in¬ 
vestigate  the  difficu'ties  encountered  by 
different  methods  cf  analys’s,  and  to  cat¬ 
alogue  the  various  results  which  different 
prediction  methods  produce..  However,  it 
provides  a  convenient  series  of  examples 
for  the  present  discussion  and  a  selection 
of  results  are  included  in  Figure  8. 


Roof  Flexibility.  In  pursuit  of  an 
accurate  prediction  of  the  natural  fre¬ 
quencies  of  a  blade,  careful  consideration 
must  be  given  to  the  end  or  boundary  con¬ 
ditions  which  act  lally  obtain  in  practice.. 
It  is  common  to  assume  that  the  root  pre¬ 
sents  a  grounded  or  cantilever  base  to  the 
blade  but  this  is  often  not  at  all  realis¬ 
tic  for  actual  desiqns.  Clearly,  the 
material  of  the  root  itself  (whether  of 
ffr-tree,  pin  or  dovetail  type)  will  pos¬ 
sess  some  flexibility,  as  will  the  disk  or 
ring  onto  which  the  blade  is  mounted  but 
the*-e  will  also  be  a  ’junction  flexi¬ 
bility'  which  ic  determined  by  the  exact 
conditions  of  contact  that  exist  in  the 
joint.  These  various  features  all  serve 
to  reduce  the  rigidity  of  the  boundary 
condition(s)  for  the  blade  and  thus  to 
lower  its  natural  frequencies  from  those 
of  the  ideal  clamped  case. 


Whether  or  not  the  root  flexibility 
effects  will  be  significant  depends  on 
several  parameters  but  it  is  often  found 
that  the  errors  incurred  by  ignoring  them 
are  greater  than  others  in  the  prediction 
process  and  than  those  associated  with 
measurements.  Thus,  as  the  methods  for 
coping  with  the  complex  geometry  and  other 
effects  become  more  reliable,  the  effects 
of  root  flexibility  (or  at  the  tip,  where 
similar  comments  apply  to  shroud  attach¬ 
ments)  emerge  as  important  factors  and 
have  been  the  subject  mf  increasing  atten¬ 
tion  in  rer.  it  years:  Beglinger  et  al 
(1976),  Irretier  (1981),  Afolabi  (1986), 
for  example. 


A  clear  illustration  of  Hie  effect  of 
root  flexibility  can  be  provided  using  the 
simple  beam  model  of  a  blade.  Here,  we 
suppose  that  the  rigidity  of  the  root  end 
fixing  is  less  than  complete  and  represent 
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CIJkMPED-FREE  BEAM  WITH  TAPER  OR  TWIST 


TAPER  * 

TWIST  *• 

50.% 

33.% 

25.% 

17.% 

0.% 

15.° 

30.° 

45. ° 

o 

o 

10 

192.4 

166.6 

156.4 

147.6 

133.8 

133.8 

137.2 

143.0 

151.5 

596.7 

499.7 

469.3 

442.7 

398.2 

400.9 

409.0 

423.0 

443.3 

734.  C 

771.7 

788.2 

803  .,7 

832.2 

830.4 

825.2 

816.6 

804.9 

1769. 

1982. 

2077.- 

2144.. 

1807.- 

1807, 

1807. 

1807, 

1807. 

2202. 

2364. 

2579.. 

2167. 

2337. 

2335, 

2327. 

2311, 

2279, 

3144.- 

2347. 

2315. 

2411.- 

2497. 

2488- 

24  65, 

2429. 

2390, 

*  %  REDUCTION  IN  BOTH  WIDTH 

AND  THICKNESS  AT  TIP 
SECTION: 

LIN2AR  VARIATION 
AUNG  LENGTH 


**  TWIST  OF  TIP  SECTION  RELATIVE 
TO  ROOT: 

LINEAR  VARIATION  ALONG 
LENGTH 


Figure  6.  Natural  Frequencies  of  Tapered  and  Twisted  Beams 


50%  TAPER 


DATUM 


60-  TWIST 


Mode  1 


Mode  2 


TAPER 
NO  TWIST 


NO  TAPER  TWIST 

NO  TWIST  NO  TAPER 


Figure 


Typical  Mode  Shapes  of  Tapered  and  Twisted  Beams 


Figure  9 
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Figure  9. 


Root  Flexibility  Effects  on 
(a)  1-coordinate  flexibility; 


Beam  Natural  Frequency 
(b)  2-coordinate  flexibility 


this  effect  by  a  boundary  which  prevents 
translational  motion  (i.e.,  which  is  rigid 
laterally)  but  which  offers  a  finite 
stiffness  kt  to  any  rotation  of  the  end  of 
the  beam:  see  Figure  9(a).  If  the  natur¬ 
al  frequency  of  the  fundamental  mode  of 
vibration  is  calculated  for  a  range  of 
values  of  'root  flexibility'  (with  kt 
varying  between  0  and  «) ,  then  it  is  clear 
from  Figure  9(b)  that  two  regimes  of  vi¬ 
bration  mode  exist.  First,  for  very  low 
stiffness  values,  there  is  effectively  a 
rigid  b'idy  mode  with  the  inertia  of  the 
beam  combining  with  the  root  flexibility 
but  involving  very  little  bending  of  the 
beam  itself.  Then,  for  much  higher  values 
of  k(.  (much  less  flexibility  in  the  root), 
the  beam  is  found  to  approach  the  clamped- 
free  case  which  might  normally  be  assumed. 
However,  unless  the  stiffness  is  very 
high,  there  may  still  be  a  noticeable  re¬ 
duction  in  the  beam's  fundamental  natural 
frequency  from  that  of  the  fully  grounded 
case  and  if  this  discrepancy  is  more  than 
2  or  3%,  then  it  is  necessary  to  include 
the  root  flexibility  in  the  analysis  of 
the  blade  vibration  properties. 


In  practice,  of  course,  root  flexi¬ 
bility  effects  are  more  complex  than  the 
simple  model  presented  here  but  the  essen¬ 
tial  results  are  generally  similar  to 
those  shown.  If  we  extend  the  previous 
model  to  include  flexibility  in  both  the 
rotation  and  translation  directions 
(Figure  9(c)),  and  then  consider  ranges  of 
values  for  both  stiffness  elements,  we 


obtain  a  result  3uch  as  that  shown  in 
Figure  9(d),  which  clearly  demonstrates 
the  same  basic  trend  as  before. 

Analysis  of  real  blade  designs  tends 
to  indicate  that  it  is  the  rotational 
stiffness  elements  (or  flexibilities) 
which  are  most  likely  to  be  the  determin¬ 
ing  factors  in  root  flexibility  effects. 
Furthermore,  it  is  short  or  otherwise  very 
stiff  blades  which  will  be  most  affected 
by  the  non-rigidity  of  actual  blade  fix¬ 
tures  and  in  analyzing  these,  consider¬ 
ation  of  root  flexibility  is  a  primary 
requirement  if  the  natural  frequencies  and 
the  mode  shapes  are  to  be  correctly 
predicted. 

It  should  be  noted  that  as  consider¬ 
ation  of  the  root  flexibility  effects  be¬ 
comes  more  detailed,  a  point  is  reached 
where  it  is  desirable  to  include  the  flex¬ 
ibility  of  the  disk  also,  and  from  there, 
to  incorporate  the  interblade  coupling 
which  is  provided  through  the  disk.  At 
this  stage,  it  is  necessary  to  review  the 
whole  analysis  process  and  to  employ  a 
much  more  comolete  model  -  of  the  entire 
bladed  assembly,  or  row.  Such  considera¬ 
tions  are  the  subject  of  the  next  chapter 
and  will  not  be  considered  further  here. 
However,  in  order  to  define  a  suitable 
'boundary'  for  the  individual  blade 
analysis,  it  is  appropriate  to  include  all 
those  sections  of  the  blade  itself,  plus 
any  additional  flexibilities  which  are  in¬ 
troduced  at  the  junction  with  the  disk 
(e.g.,  fir-tree  'branch')  but  not  of  the 
disk  or  annulus  itself. 
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Effects  of  Rotation.  There  are  a 
number  of  additional  factors  which  apply 
when  the  blade  is  in  its  operational  en¬ 
vironment  and  which  influence  the  struc¬ 
tural  dynamics  properties  that  are  of  in¬ 
terest  to  us  here.  Probably  the  most 
important  are  tho.se  due  to  the  centrifugal 
forces  which  are  generated  by  the  rotation 
of  those  blades  on  moving  rows.  Very  con¬ 
siderable  forces  are  thus  generated  -  for 
example,  a  0.1  kg  blade  rotating  at  a  mean 
radius  of  0.3  m  with  a  speed  of  8,000 
rev/min  will  experience  a  radial  force  of 
more  than  2  tons  -  and,  as  a  result, 
these  can  have  a  marked  influence  on  the 
vibration  properties  of  some  blades. 


The  first  consequence  of  the  centri¬ 
fugal  force  (and,  incidentally,  the  other 
quasi-static  bending  forces  which  are  gen¬ 
erated  by  the  gas  pressure  on  the  surfaces 
of  the  blade)  is  to  influence  the  geome¬ 
tric  form  of  the  blade.  Those  blades 
which  are  heavily  twisted  or  which  have 
non-symmetric  cross  sections  are  liable 
to  suffer  a  change  in  their  geometric  form 
under  running  conditions  and  this  must  be 
duly  taken  into  account  in  making  the  de¬ 
sign  calculations  of  the  vibration  proper¬ 
ties  (see  the  example  in  the  next 
section) . 


However,  probably  the  most  important 
consequence  of  the  centrifugal  load  is  the 
stiffening  effect  it  has  on  the  blade  - 
■CF  stiffening'  -which,  in  turn,  causes  an 
increase  in  the  natural  frequencies  with 
some  corresponding  changes  in  mode  shapes. 
Once  again,  it  is  possible  to  demonstrate 
the  “ss. ntials  of  this  phenomenon  using 
simple  beara-iis"  models.  Upon  inspection 
of  the  mechanics  of  the  process,  it  can  be 
seen  that  there  is  a  subtlety  to  the 
effect  in  that  the  CF  loads  have  a  slight¬ 
ly  different  influence  on  a  blade  mode 
according  to  the  direction  of  its  vibra¬ 
tion:  relative  to  the  plane  of  the 
rotation.  Figure  10  illustrates  the  basis 
of  this  feature:  for  vibration  normal  to 
the  plane  of  rotation,  (a)  the  (radial) 
centrifugal  force,  which  provides  an  addi¬ 
tional  restoring  force  and  hence  stiffens 
the  structure,  acts  purely  along  the  blade 
longitudinal  axis,  whereas  for  vibration 
in  the  plane  of  rotation,  (b)  this  same 
restoring  force  has  a  (small)  unstiffening 
component  because  its  line  of  action 
(again  radial)  is  not  exactly  in  line  with 
the  blade  axis.  Hence,  the  stagger  atti¬ 
tude  of  the  blade  on  its  disk  will  have  a 
small  influence  on  exactly  how  much  the  CF 
stiffening  affects  the  blade  vibration 
modes. 


A  set  of  results  is  presented  for  the 
simple  bean  model  used  earlier  which  is 
now  assumed  to  be  clamped  to  the  rim  of  a 
rigid  disk  of  0.S6  m  outer  radius  and  ro¬ 
tating  at  speeds  of  up  to  8000  rev/min. 
The  'blade'  is  attached  such  that  the  flap 
direction  is  in  the  plane  of  the  disk  -  or 
tangential,  in  terms  of  the  disk  coor¬ 
dinates.  The  results  of  these  calcula¬ 
tions  are  shown  in  Figure  11(a)  in  a  plot 
of  natural  freojency  vs  speed  of  rotation. 


The  type  of  plot  just  introduced  -  a 
Campbell  Diagram  -  is  a  standard  format 
for  the  presentation  of  blade  (and  bladed 
assembly)  frequencies  under  operating  con¬ 
ditions  and  is  used  even  when  there  is  no 
significant  change  in  the  blade's  natural 
frequencies  with  running  speed.  It  is 
convenient  to  superimpose  on  the  basic 
graph  lines  of  different  'engine  orders' 
where  the  nfch  engine  order  line  shows  what 
frequencies  are  generated  by  a  disturbance 
which  occurs  n  times  per  revolution  of  the 
stage.  These,  in  turn,  can  help  to  iden¬ 
tify  potential  regions  of  resonance  - 
speeds  at  which  a  known  excitation  source 
will  excite  modes  of  the  blade  -  an  abil¬ 
ity  which  takes  on  an  even  greater  signif¬ 
icance  when  dealing  with  bladed  assemblies 
(next  chapter)  rather  than  individual 
blades . 

Temperature  Effect.  Another  effect 
which  is  present  under  operating  condi¬ 
tions,  and  which  may  have  an  influence  on 
the  vibration  modes,  is  a  variation  in  the 
temperature  of  all  or  part  of  the  blade. 
If  there  are  any  significant  temperature 
variations,  as  there  will  often  be  in  high 
pressure  turbine  stages,  then  these  may 
result  in  a  change  in  the  elastic  modulus 
of  the  blade  material  with  consequent 
effect  on  its  natural  frequencies.  If  the 
operating  temperature  profile  is  known, 
along  with  the  modulus-temperature  charac¬ 
teristics  of  the  blade  material,  then  it 
is  possible  to  account  tor  this  effect  in 
calculations  of  the  blade's  vibration 
modes  with  little  difficulty. 


(b)  (a) 


rigure  10.  Centrifugal  Stiffening  (CF) 
Effects 

(1)  axial  vibration; 

(2)  tangential  vibration 
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Figure  11.  Campbell  Diagram  Showing  Effects  of  CF  Stiffening 
on  Blade  Natural  Frequencies 


ANALYSIS  METHODS  FOR  PRACTICAL  BLADES 

Introduction.  In  this  section,  we 
turn  our  attention  to  the  analysis  methods 
which  can  be  used  in  order  to  calculate 
the  specific  values  for  the  dynamic 
characteristics  of  individual  blades  (as 
described  above)  for  the  case  of  practical 
designs.  It  is  first  appropriate  to 
recall  that  the  relative  stiffness  of  the 
disk  to  that  of  the  blades  is  of  impor¬ 
tance  in  the  mechanical  modelling  of  ro¬ 
tating  blading.  If  the  disk  and  blade 
stiffnesses  are  comparable,  then  their 
motions  will  be  strongly  coupled  and  dy¬ 
namic  analysis  of  the  components  indepen¬ 
dently  is  not  sufficient  to  provi'“  accu¬ 
rate  estimates  of  the  natural  freq..  'ci>-s 
and  mode  shapes  which  will  apply  u.  'c 
operating  conditions.  However,  if  the 
disk  is  very  stiff,  its  influence  can  be 
disregarded  and  just  a  single  blade 
modelled  and  analyzed  for  use  in  design 
predictions.  In  any  event,  the  properties 
of  an  individual  blade  are  evaluated  as  a 
first  step  in  most  cases,  even  the  disk 
effects  have  to  be  added  subsequently,  as 
described  in  the  next  chaoter. 


Different  Blade  Types.  As  indicated 
earlier,  blades  can  generally  be  classi¬ 
fied  into  three  types  according  to  their 
geometric  characteristics  such  as  length, 
chord  and  thickness.  If  the  length- 
to-chord  aspect  ratio  (L/c)  is  high 
-i.e.,  greatet  than  about  5  -and  the 
thickness  is  small  compared  with  the 
length,  then  tne  blade  may  be  considered 
as  a  unidimensional  structure  and  thus 
modelled  as  a  beam.  If  the  aspect  ratio 
is  low,  but  the  thickness  is  still  small 
when  compared  with  the  other  dimensions, 
then  the  blade  is  essentially  two- 
dimensional  and  should  be  modelled  as  a 
thin  plate  or  shell.  If  the  blade  has  a 
low  aspect  ratio  and  is  thick,  it  is  a 
three-dimensional  structure  and  must  be 
modelled  as  a  thick  shell. 


Whatever  blade  type  is  considered, 
the  natural  frequencies  and  mode  shares, 
together  with  stress  distributions,  are 
generally  determined  using  the  finite  ele¬ 
ment  method  outlined  in  the  orevious 
chapter.  A  parametric  study  of  finite 
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element  method  modelling  of  all  three 
types  of  blade  is  reported  by  Hitchings  et 
al,  (1980).  Other  methods  of  analysis, 
such  as  direct  integration  of  the  govern¬ 
ing  differential  equations,  the  transfer 
matrix  method,  and  others,  are  no  longer 
widely  used;  not  because  of  a  lack  of  pre¬ 
cision  but  because  their  implementation 
via  standard  computer  programs  is  not 
straightfotward. 

Blades  Modelled  by  Beam  Elements. 
Genurally,  a  beam  type  of  model  is  well 
suited  to  the  analysis  of  low  pressure 
turbine  blades.  This  kind  of  blade  may  be 
pretwisted,  have  an  asymmetrical  varying 
airfoil  cross  section  and  be  mourted  with 
a  stagger  angle.  Depending  on  its  de¬ 
tailed  geometric  characteristics,  the 
blade  can  execute  either  uncoupled  bending 
or  coupled  bending-torsion  vibrations,  the 
latter  occurring  when  the  shear  centre  (or 
centre  of  twist)  do°s  not  coincide  with 
the  centroid  of  the  blade  cross  sections, 
Saada  (1974),  Sokolnikoff  (1956).  Also, 
bending-bending  coupling  exists  due  to  the 
pretwist  and,  under  rotation  conditions, 
coupling  occurs  between  longitudinal  and 
torsion  motions  (untwist  due  to  centrifu¬ 
gal  effects)  and  between  longitudinal 
stress  and  bending  (centrifugal  stiffen¬ 
ing).  A  procedure  for  deriving  the  cor¬ 
responding  beam  element  with  two  nodes  and 
six  degrees  of  freedom  per  node  is  de¬ 
tailed  by  Ferraris  et  al  (1983)  and  repre¬ 
sents  a  finite  element  version  of  the 
classical  Montoya  analysis,  Montoya 
(1966). 


Blades  Modelled  by  Plate  or  Shell 
elements.  This  type  includes  fan  blades 
and  some  compressor  blades.  Doubly  curved 
thin  shell  elements  and  flat  plate  ele¬ 
ments  can  be  used  to  model  blades  in  this 
category.  The  only  requirement  is  that 
the  longitudinal  (membrane)  stress  and 
bending  motions  coupled  by  the  centrifugal 
effects  are  taken  into  account  (geometric 
and  supplementary  stiffness),  but  as  the 
b'ades  in  rotating  axial  machines  are  al¬ 
most  radial,  the  Coriolis  effects  can 
often  be  disregarded.  Some  studies  and 
checks  show  that  the  flat  plate  triangular 
element  with  three  nodes  and  six  degrees- 
of-freedom  per  node  still  remains  compet¬ 
itive  for  the  analysis  of  general  thin 
shells  tor  practical  engineering  applica¬ 
tions  in  spite  of  extensive  work  done  with 
refined  shell  elements,  Clough  (1980), 
Olsen  and  Bearden  (1979). 

Blades  Modelled  by  Thick  Tri- 
Dimensional  Elements.  All  blades  not  in- 
cluded  in  the  two  previous  types  must  gen¬ 
erally  be  modelled  as  three-dimensional 
structures,  e.g.,  short  and  thick  turbine 
blades  and  some  high  pressure  compressor 
blades.  A  thick  shell  isoparametric  ele¬ 
ment  with  24  nodes  is  widely  used  for  this 
type  of  componen.,  Trompette  and  Lalanne 
(1974). 

Accommodation  of  Special  Effects.  As 
already  noted  in  the  previous  section  some 
special  feactures  of  turbomachine  blades 
have  to  be  accounted  for. 

Complex  Cross  Section  Properties. 
The  first  of  these  requirements  concerns 
the  derivation  of  the  geometric  character¬ 
istics  of  the  cross  sections  for  the  beam 


finite  element.  These  characteristics  are 
the  area,  the  position  of  the  centroid  and 
that  of  the  center  of  twi3t,  the  second 
moments  of  area  and  their  principal 
values,  the  principal  section  axes  (gives 
the  pretwist),  the  torsion  constant  due  to 
warping  and  some  higher  order  moments  of 
area.  Some  of  these  quantities  result 
from  performing  integrals  of  the  forms 

Iran  *  //  *m  yn<*S  m,n  *  0,1,.. 4 
S 

The  other  parameters  (torsion  con¬ 
stant,  centre  of  twist)  are  quantities  re¬ 
lated  to  the  torsion  problem  of  airfoil 
cross  sections,  Ferraris  (1982). 

As  the  blade  profiles  are  usually  de¬ 
fined  by  a  set  of  points  resulting  from 
aerodynamic  design  calculations,  it  is 
convenient  to  solve  the  torsion  problem 
and  all  the  area  integrals  by  using  the 
boundary  integral  technique.  A  pre¬ 
processor  to  the  blade  analysis  program 
will  furnish  all  the  required  cross  sec¬ 
tion  properties,  Ferraris  et  al  (1983). 
Since  the  chord  and  pretwist  tend  to  have 
ratuer  smooth  variations  along  the  blade 
length,  linear  variations  of  the  geometric 
characteristics  are  assumed  for  the  blade 
stiffness  calculations. 


Root  Flexibility  and  Platform  Effect. 
Two  approaches  are  possible  to  take 
account  of  the  blade  platform  and  root 
effects:  the  first  consists  of  modelling 
the  root  with  a  large  number  of  finite 
elements,  while  the  second  consists  of 
using  an  equivalent  but  simple  model. 

"he  first  method  is  a  priori  more 
prec-se  but  is  much  more  costly  because  it 
increases  considerably  the  number  of  de¬ 
grees  of  freedom  in  tne  model.  The  second 
method  is  simpler  and  is  most  efficient 
for  three-dimensional  turbine  blades.  It 
consists  of  neglecting  the  mass  of  the 
root  (because  of  its  relatively  small 
motion),  and  deriving  equivalent  stiff¬ 
nesses  calculated  using  simple  formulas 
(tension,  bending,  and  shear)  for  the 
strengtn  of  materials  properties  of  an 
equivalent  parallelepiped  element.  These 
stiffnesses  are  then  distributed  to  the 
convenient  nodes.  The  platform  is  rela¬ 
tively  thin  and  as  such  acts  like  a  mass 
that  can  also  be  neglected  (see  the  sec¬ 
tion  "Three-Dimensional  Blade:  High 
Pressure  Turbine  Blade.") 


Shroud  Attachment.  Where  appro¬ 
priate,  an  integral  shroud  attachment  can 
be  modelled  by  equivalent  stiffnesses, 
masses,  end  inertias  distributed  on  the 
convenient  nodes.  The  restrictions  on  the 
displacements  are  imposed  by  the  limit 
conditions. 


Static  Loads.  When  using  the  finite 
element  method,  any  inertial  or  external 
surface  loads  must  be  expressed  in  terms 
of  equivalent  nodal  forces.  The  centrifu¬ 
gal  forces  are  derived  from  the  expression 
for  the  kinetic  energy  (see  the  previous 
chapter),  and  the  method  of  introducing 
the  aerodynamic  static  forces  as  the  pres¬ 
sure  loads  is  detailed  in  later  chapters 
dedicated  to  aeroelasticity. 
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Coriolis  Effect  -  Centrifugal  Stiffening. 
It  is  important  to  take  into  consideration 
the  effects  of  rotation  on  the  structure, 
namely:  the  Coriolis  effect  and  centri¬ 
fugal  stiffening.  Their  influence  is  re¬ 
ported  along  with  the  application  to  a  fan 
blade  in  the  following  section.  It  must 
be  pointed  out  that  provided  the  blade  is 
radial,  the  Coriolis  effects  are  generally 
negligible.  On  the  other  hand,  the  cen¬ 
trifugal  effects  on  the  stiffness  are  of 
great  importance  and  must  be  introduced, 
particularly  for  one-and  two-dimensional 
blades,  as  they  can  produce  a  significant 
stiffening  effect  on  the  frequencies  and 
on  the  untwist  in  rotation. 


Temperature  Effect.  As  will  be  seen 
in  the  following  section,  with  an  example 
on  a  turbine  blade,  the  effects  of  high 
temperatures  -generally  to  reduce  the 
material  stiffness  -can  be  estimated  prac¬ 
tically  by  using  Rayleigh's  quotients 
through  the  variation  of  stiffness  due  to 
changes  in  the  value  of  young's  modulus. 
In  some  circumstances,  the  temperature 
effect  can  even  overcome  the  centrifugal 
stiffening  and  result  in  a  net  reduction 
of  the  frequencies  at  operating  speeds. 
The  temperature  static  effects  require  the 
use  of  a  thermoelastic  program  that  gives 
an  initial  thermal  stress  distribution. 


REVIEW  OP  TYPICAL  BLADE  CHARACTERISTICS. 

Based  on  the  above  modelling  and 
’-.lysis  methods,  the  calculation  of  three 
ifferent  types  of  blade  is  now  reported 
long  with  some  experimental  verifications 
of  the  computed  results.  An  example  of  a 
uni-dimensional  blade  (from  a  low-pressure 
turbine)  is  used  to  illustrate  the  impor¬ 
tance  of  the  bending-bending-torsion  coup¬ 
ling  both  at  rest  and  when  rotating.  The 
two-dimensional  example  (a  fan  blade)  in¬ 
cludes  a  complete  set  of  results:  static 

stress  distribution  and  untwist  due  to 
rotation,  influence  of  the  geometric 
stiffness  on  the  static  displacements  and 
on  the  frequencies  related  to  the  speed  of 
rotation,  Henry  (1973),  Henry  and  Lalanne 
(1974).  The  influence  of  the  Coriolis 
effect  at  operating  speeds  is  also  inves¬ 
tigated.  The  last  examole  (a  high  pres¬ 
sure  turbine  blade)  shows  some  of  the 
practical  difficulties  of  including  the 
rotation,  temperature,  root  and  platform 
effects,  Trompette  and  Lalanne  (1974).  All 
the  applications  presented  use  the  finite 
element  modelling  methods  summarized  in 
Chapter  13. 


Uni-Dimensional  Blade.  Beam  Model  of 
an  LP  Turbine  Blade. 

Blade  Finite  Element  Modelling.  The  blade 
used  for  this  example  has  an  aspect  ratio 
of  just  over  6  and  a  maximum  angle  of  pre¬ 
twist  of  about  25"  and  this  is  suitable 
for  a  uni-dimensional  model  (figure  12). 
The  finite  element  used  is  a  straight 
twisted  beam  element  with  two  nodes  and 
six  degrees  of  freedom  per  node,  assigned 
to  the  cross  section  centroid,  (Figure 
13).  The  typical  element  is  calculated  in 
a  local  coordinate  system  R(Gx£n).  G? 
and  Gn  are  the  principal  inertia  axes  of 
the  cross  section  S.  The  cross  section 
geometric  characteristics  are  determined 


by  the  boundary  integral  technique,  since 
they  are  defined  by  points  (resulting  from 
aerodynamic  design  calculations).  The 
geometric  characteristics  are:  cross  sec¬ 
tion  area  S,  section  centroid,  G,  princi¬ 
pal  moments  of  area  1G,  and  1Gn  and  their 
principal  directions ,  leading  to  the  pre¬ 
twist  angle ,  X  •  The  center  of  twist 
position  T<£tfnt)  and  the  St#  Venant  tor¬ 
sion  coefficient  JT  are  determined  by 
solving  the  torsion  problem#  Finally#  the 
remaining  geometric  characteristics  for  a 
complete  bending-bendinq-torsion  vibration 
of  the  blade  at  rest  and  in  rotation  are 
determined.  They  are  of  the  form: 


Jr  s  /  n(  52Tr12)dS; 
S 

Jn  *  /  5 ( £  2+  n  2 ) dS  ? 
S 

J  =  J  U2+n2)2dS 
S 


and  are  called  higher  order  moments  of 
area  in  the  following  paragraphs. 

When  all  the  cross  section  character¬ 
istics  are  known,  a  refined  finite  element 
is  den>’a'i  considering  a  linear  variation 
of  these  characteristics  along  the  mean 
.line  of  the  element.  The  assembly  is  per¬ 
formed  using  a  global  coordinate  system 
XYZ  fixed  in  the  rotor,  where  X  is 
directed  radially  outward  along  the  mean 
line  of  the  blade,  Z  is  colinear  with  the 
rotor  axis  of  rotation  and  Y  is  chosen  to 
provide  a  right  handed  orthogonal  coor¬ 
dinate  system. 


Dynamic  Analysis  Coupling  Influence. 
The  low  pressure  turbine  blade  is  modelled 
with  12  beam  elements.  The  tip  shroud  is 
modelled  by  additional  masses  and  inertias 
and  the  blade  is  a  sjmed  clamped  at  the 
platform.  The  problem  results  in  a  model 
with  72  degrees  of  freedom  for  which  the 
first  six  natural  frequencies  are  calcu¬ 
lated  at  rest  (n  =  0  rev/min)  and  at  the 
the  operating  speed  (R  =  5000  rev/min). 


In  order  to  illustrate  the  various 
coupling  influences,  three  calculations 
are  performed  on  the  twisted  blade.  The 
first  is  made  with  the  "refined  coupling" 
model  (noncoincident  centroid  and  centre 
of  twist,  and  higher  order  moments  of  area 
noted:  T  *  G,  J?,  J„,  J  *  0).  The  second 
is  made  without  the  higher  order  inertia 
terms,  but  with  noncoinciding  T  and  G. 
This  case  is  referred  to  as  "weak 
coupling, "  (T  *  G  and  J^,  Jn»  J  =  0) . 
Finally,  the  blade  is  analyzed  as  a  simple 
twisted  beam:  T  and  G  are  coincident  (T  - 
G)  and  J,,  J„,  J  =  0.  This  last  case  is 
referred  to  as  "no  coupling."  It  must  be 
remembered  that  in  all  three  cases,  the 
pretwist  and  the  varying  cross  sections 
are  included  in  the  model. 

Table  6(a)  presents  the  results  ob¬ 
tained  for  the  blade  at  rest.  The  pei - 
centages  indicate  the  influence  of  the 
coupling  terms  relative  to  those  for  the 
refined  model  calculations.  Flapwise 
bending  modes  are  labelled  F,  edgewise 
bending  modes  by  E  and  torsion  modes  by  T. 


i 


Figure  12.  Low-Pressure  Turbine  Blade 


4R(GxSn) 


Figure  13.  Twisted  Beam  Finite  Element 
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Table  6(b)  presents  the  corresponding  re¬ 
sults  obtained  for  the  operating  speed 
while  Figure  14  shows  tha  node  shapes  ob¬ 
tained  at  rest  with  the  refined  model  i- 
.-),  with  the  so-called  “weak  coupling" 
(-X-)  and  with  the  refined  model  at 
operating  speed  ( - + - ). 

When  examining  the  mode  shapes  pre¬ 
sented  in  Figure  14  where  the  displacement 
of  the  mean  line  of  the  blade  are  pro¬ 
jected  onto  the  YZ  plane#  (X,  mean  line 
directed  out  of  the  plane)#  it  can  be  seen 
that  the  first  four  modes  are  respectively 
IF,  IE,  IT,  and  2FE  modes.  The  highly- 
coupled  bending-bending-torsion  modes  are 
numbers  5  and  6,  and  the  coupling  influ¬ 
ence  is  shown  in  Table  6(a)  and  (b)  at 
rest  and  at  the  operating  speed  respec¬ 
tively.  The  mode  shapes  are  only  slightly 
modified  by  rotation  but  are  very  sensi¬ 
tive  to  the  coupling  terms,  and  particu¬ 
larly  so  for  the  torsion  modes.  For 
example,  examining  modes  5  and  6  for  the 
same  scaling  factor,  ( 4X  =  1,  maximum  tor¬ 
sion  angle),  reveals  a  difference  in  the 
bending  motions  when  the  weak  coupling 
case  is  considered.  When  no  coupling  is 
considered,  it  becomes  impossible  to  make 
any  comparison,  since  the  5th  mode 

-  coupled  3PE/2T  -  becomes  3FE  uncoupled 
and  the  Cth  mode  -  coupled  2T/3FE 

-  becomes  a  purely  uncoupled  2T  mode,  with 
a  change  in  the  order  of  natural 
frequencies. 


Concluding  Remarks. 

(i)  Disregarding  the  various  coupling 
terms  gives  overestimates  for 

the  bending  frequencies  and 

underestimates  for  the  torsion 
frequencies. 

(ii)  The  influence  of  tt  i  coupling  terms 
is  quite  weak  for  those  modes  which 
are  quasi-pure  in  bending  or  in 
torsion,  but  is  significant  on  the 
highly  coupled  modes. 

(iii)  Introducing  an  incomplete  set  of 
coupling  terms  may  be  more  disadvan¬ 
tageous  than  calculating  with  an 
uncoupled  model. 

(iv)  The  lowest  bending  natural  frequen¬ 
cies  are  sensitive  to  rotation 
speed,  but  the  mode  shapes  are  only 
slightly  affected. 

(v)  Noting  that  the  aerodynamic  forces 
in  aeroelasticity  are  closely  re¬ 
lated  to  the  frequencies  and  the 
mode  shapes  of  the  structures,  it 
becomes  clear  that  it  is  very 
important  to  use  a  refined  finite 
beam  element  for  the  uni-dimensional 
blade  model,  particularly  when  the 
first  bending  and  torsion  modes  are 
highly  coupled. 


Mode 

Refined  Weak  t 

Coupling  Coupling  diff 

NO 

Coupling 

% 

diff 

Experimental 

(Clamped) 

I 

IT 

113.4 

115.2  +1.6 

115 

3+1.7 

113 

2 

IK 

455 

460 

+  1.1 

464 

+2.0 

455 

3 

IT 

601 

574 

-4.5 

581 

-3.3 

597 

4 

2FE 

80? 

814 

+1.5 

311 

+1.1 

717 

5 

3FE-2T 

1650 

1707 

+3.5 

1839 

+11.5 

1647 

6 

2T-3FE 

1983 

1872 

-5.6 

1790 

-9.8 

1967 

TABLE  6(a)  INFLUENCE  OF  COUPLING  EFFECTS  (AT-REST) 


Mode 

Refined  Weak 

Coupling  Coupling 

% 

diff 

NO 

Coupling 

% 

diff 

i 

165.7 

167.1  +0.8 

167.. 

+0.9 

2 

482 

486 

+0.8 

491 

+1.9 

3 

611 

585 

-4.3 

589 

-3.6 

4 

851 

863 

+1.4 

861 

+1.2 

5 

1697 

1738 

+2.4 

1909 

+  12.5 

6 

2034 

1939 

-4.7 

1814 

-10.8 

TABLE  6(b)  INFLUENCE  OF  COUPLING  EFFECTS 
(AT  OPERATING  SPEED) 


0xif  1.5  °/mm  in  y 


z 

1 


0X#  1.57mm 


Mode  1  s  1  F 


Mode  2  IE 


■* — Q  =  0  weak  coupling 


Figure  14. >  Mode  Shapes  of  LP  Turbine  Blade 


Two-Dimensional  Blade  Plate  "toae!  of  a  Fan 
Blade. 

Blade  Finite  Element  Modelling.  This 
blade  is  modelled  with  80  three-node  tri¬ 
angular  plate  elements,  with  six  degrees 
of  freedom  per  node.  The  blade  is  assumed 
to  be  clamped  at  the  platform,  leading  to 
some  300  effective  degrees  of  freedom 


(Figure  15).  The  plate  element  used  is 
partly  conforming:  the  displacements  are 
continuous  across  the  element  and  at  the 
boundaries;  the  interpolation  functions 
are  complete  and  the  slopes  are  continuous 
at  the  nodes,  but  not  on  the  interelement 
contours.  Kirshhoff  assumptions  are  used; 
i.e.,  constant  stress  in  membrane,  linear¬ 
ly  varying  stress  in  bending. 


a)  6r  reduced  b)  or  °U  on  the  c)  o r%  on  the 

isodisplacement  suction  surface  pressure  surface 

Figure  16.  Static  Isodisplacement  and  Stress  for  Fan  Blade  (at  operating  speed) 
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Stress  Analysis:  Displacements  an  tress 
Distribution 

At  a  typical  operating  speed,  (1,  the 
steady  displacements  4  and  the  Von  Mises 
stress  o vh  are  determined  following  the 
procedure  described  in  the  previous 
chapter. 

The  reduced  isodisplacement  lines  6r  as  a 
percentage  of  the  maximum  are  presented  in 
Figure  16(a)  and  one  can  see  clearly  the 
untwist  4  due  to  rotation  since  the  zero 
displacement  line  is  located  along  the 
blade  axis.  The  stress  distribution  on 
the  suction  and  pressure  surfaces  of  the 
blade  are  also  presented  in  terms  of  re¬ 
duced  stress  ar  in  Figures  16(b)  and  (c). 
When  examining  these  two  figures,  it  can 
be  seen  that  the  maximum  stress  is  not 
located  at  the  same  poirt  on  the  suction 
and  pressure  surfaces.  His  is  due  to  the 
fact  that  the  stresses  at  u  typical  poink 
are  the  superposition  of  a  membrane  stress 
(constant  across  the  thickress)  and  a 
bending  stress  (of  opposite  sign  on  the 
two  surfaces). 

These  results  are  ob.ained  when  taking  in¬ 
to  account  the  centrifugal  stiffening 
effect  but,  noting  that  these  calculations 
require  an  iterativa  procedure,  it  is  of 
some  practical  importance  to  examine  the 
extent  of  this  effect.  In  other  words,  in 
view  of  the  hiqher  cost  of  such  a  non¬ 
linear  calculation  process,  is  it  justifi¬ 
able  (by  an  improvement  in  the  precision 
of  the  results)  to  include  the  rotation 
effect  (Kg,  ks)  in  the  stiffness 
analysis? 


Let  us  consider  the  mean  untwist  4  and  the 
maximum  displacement  6  of  the  blade  tip 
section  in  terms  of  Si.  Firstly,  these 
quantities  are  calculated  with  the  non¬ 
linear  rotation  effects  Included  (Kg  *  0). 
Secondly,  the  same  quantities  are  calcu¬ 
lated  with  KG  neglected  (kg  *  0).  In 
Figure  17,  the  6  and  4  variations  are  pre¬ 
sented  in  reduced  form  (6r  =  {/5max>  *r  = 

♦/♦max*  where  smax  and  *max  are  tae  raaxi- 
mum  values  of  {  and  4  for  the  maximum 
speed  of  rotation  -non-linear  effects  in¬ 
cluded  -and  0-  is  the  non-dimensional 
speed  of  rotation  related  to  the  first 
natural  Frequency  of  the  blade  at  rest  (nr 
=  a/foi> .  It  is  clear  that  the  non-linear 
geometric  stiffness  kg  cannot  be  dis¬ 
regarded,  since  neglecting  the  centrifugal 
stiffening  will  lead  to  significantly 
overestimated  displacements.  Remembering 
that  the  stresses  are  directly  linked  to 
the  displacements  in  finite  element 
modelling  ,  errors  in  the  design  analysis 
could  follow,  not  only  in  the  static 
cases,  but  also  in  the  dynamic  ones. 


Dynamic  Analysis  Ten  natural  frequencies 
and  mode  shapes  are  calculated  for  a  range 
of  values  of  the  rotation  speed  and  a 
Campbell  diagram  is  plotted  and  presented 
in  Figure  18(a).  It  can  be  seen  that  the 
influence  of  rotation  is  noticeable  on  the 
bending  frequencies  but  is  relatively  weak 
on  the  torsion  modes .  Some  mode  shapes  - 
those  of  the  second  and  third  bending  and 
first  and  second  torsion  modes  -are  pre¬ 
sented  in  Figure  18(b).  The  calculated 


Figure  17.  Influence  of  the  CF  Stiffening  (KG)  on  Static  Deflection  of  Fan  Blade 


Comments 


nodal  lines  for  the  at-rerf  (ac  «  0)  and 
rotating  ( nr  *  1.5)  conditions  are  com¬ 
pared  together  with  some  experimental 
results  at  rest.  First,  it  is  seen  that 
good  agreement  exists  at  rest,  and  second, 
the  calculated  nodal  lines  in  rotation 
show  little  modification  when  comoared 
with  those  at  rest. 

All  the  preceding  results  have  been  ob¬ 
tained  with  the  Coriolis  effect  neglected. 
In  order  to  demonstrate  the  validity  of 
this  assumption,  the  first  ten  natural 
frequencies  are  re-calculated  including 
the  Coriolis  effect  for  a  speed  corres¬ 
ponding  to  ar  *  2,  which  is  somewhat 
higher  than  the  operating  speed.  The 
ratios  of  the  frequencies  calculated  with 
Coriolis  to  the  corresponding  frequencies 
without  Coriolis  are  in  the  range  0.95?  to 
1.0018:  that  is,  ±0.2*.  As  the  computa¬ 
tion  time  is  about  four  times  higher  for 
the  with-Coriolis  calculation,  it  can  be 
concluded  that  the  Coriolis  effect  can, 
and  indeed  should,  be  disregarded  in  the 
analysis  of  practical  radial  and  quasi- 
radial  blades. 


(i)  In  princiole,  a  "two-dimensional" 
blade  dynamic  analysis  could  be  per¬ 
formed  using  the  previously-presented 
beam  elements  but  the  designer  must 
bear  in  mind  that  only  the  lowest 
modes  -  those  which  are  close  to  beam 
modes  -  will  be  correctly  predicted 
(e.g.  the  first  four  or  five  modes  of 
the  fan  blade  presented  in  this 
section).  Other  more  complex  types 
of  mode  will  not  be  reliably  pre¬ 
dicted  by  a  beam  model. 

(ii)  As  was  seen  for  the  uni-dimensional 
blades,  centrifugal  effects  must  be 
included  in  the  FEM  model  of  two- 
dimensional  blades. 

(lii)  For  classical  blades  which  are 
directed  radially  outwards,  the 
Coriolis  effect  can  be  neqlected. 
However,  in  contrast  to  conventional 
blades,  some  new  designs  for  thin 
and  highly  swept  profiles  give  rise 
to  large  static  bending  and  twistinq 
deformations  and  also  to  complex 
vibratory  characteristics.  For 


Figure  18a.  Campbell  Diagram  for  Fan  Blade  Natural  Frequencies 


these,  estimating  the  static  condi¬ 
tions  produced  oy  the  centrifugal 
loading  using  t  ie  geometrically  non¬ 
linear  procedu  e  (Kq  -  fl  Hq)  might 
not  be  adequate,  since  large  dis¬ 
placements  occur.  A  full  ron-linear 
analysis,  using  an  updated 
Lagranqian  formulation,  or  equiva¬ 
lent,  might  be  required.  For  the 
same  reasons,  var  tions  in  the 
blades  natural  fi  quencies  with 
speed  of  rotation  mlqht  now  result 
from  the  Coriolis  effect  and  further 
investigation  of  this  feature  is 
strongly  recommended  for  this  type 
of  blade. 


Three-dimensional  Blade;  High  Pressure 
Turbine  Blade 

Blade  Finite  Element  Modelling  The  high- 
pressure  turbine  blade  shown  in  Figure 
19(a)  is  modelled  with  nine  24-node  isopa¬ 
rametric  thick  shell  elements,  with  three 
degrees  of  freedom  per  node.; 

The  blade  root  and  the  platform  can  also 
be  modelled  by  isoparametric  elements  but 
this  is  quite  cumbersome  and  increases 
significantly  (and  unnecessarily)  the 
total  number  of  degrees  of  freedom  in  the 
model.  It  is  generally  more  practical  and 


experiment 
at  rest 

finite  element 
at  rest 

finite  element 
at  operating 
speed 


Figure  18b.  f ode  Shapes  (nodal  lines)  for  Fan  elude  Modes 
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convenient  to  choose  a  simpler  way  of  tak¬ 
ing  into  account  the  root  effect  using  an 
equivalent  model  obtained  from  mechanical 
considerations .  First,  noting  that  the 
root  motion  is  generally  low,  it  is  rea¬ 
sonable  to  suppose  that  its  inertia  influ¬ 
ence  on  the  kinetic  energy  may  be 
neglected.  The  platform  is  thin  and  as 
such  acts  only  as  a  mass  (contributing 
negligible  stiffness)  and  so  may  also  be 
neglected.  Secondly,  the  root  is  modelled 
by  an  equivalent  rectangular  parallel¬ 
epiped  whoso  geometrical  and  mechanical 
characteristics  are  defined  as  follows. 
(Figure  19(b))i 

-  the  dimensions  are  Hie  mean  dimensions 
of  the  fir  tree  (or  other)  root, 
clamped  at  the  first  branch)  and 

-  the  stiffness  characteristics  in  the 
three  directions  are  obtained  from 
simple  strength  of  materials  formulae 
for  bending,  shear  and  longitudinal 
effects.  These  stiffnesses  are  equally 
distributed  to  the  convenient  nodes  of 
the  blade  base. 


Tt  Is  not  appropriate  to  present  again  the 
static  analysis  (for  centrifugal  stresses) 
thst  has  been  detailed  in  the  preceding 
section.  Hence,  in  the  following  sec¬ 
tions,  only  the  dynamic  analysis  Is  pre¬ 
sented  and  some  practical  considerations 
concerning  the  rotation  and  temperature 
affects  are  dlscussod. 


Dynamic  Analysis  The  finite  element  model 
results  In  384  denroes  of  freedom.  The 
first  three  natural  frequencies  and  asso¬ 
ciated  mode  shapes  are  calculated  at  rest 
(n  *  0)  and  at  room  temperature,  firstly 
with  the  blade  clamped  at  the  platform 
(root  affects  neglected  altogether)  and 
secondly  including  an  equivalent  root 
model.  The  natural  frequencies  are  com¬ 
pared  with  experimental  ones  measured  in 
situ  in  the  ortqine  (see  Table  7).  Good 
aqreement  is  obtained,  provided  that  the 
root  is  modelled,  albeit  with  a  relatively 
simple  model. 


Freq. (Hz) 

Mode 

Exp.f0* 

ft-  0 

FE.  % 

base  clamped 

FE  % 

.qulv.  root 

FE  ♦  root  % 

ft-  16000  rev/min 

i 

1368 

1588 

16.1 

1370 

0.2 

in 

6.0 

2 

3133 

3852 

23.0 

3354 

7.0 

1.4 

3 

4661 

524F 

12.6 

4755 

2,0 

KB9 

1.1 

*  mean  values  for  several  blades 


TABLE  7  TURBINE  BLADE  FREQUENCIES  AT  ROOM  TEMPERATURE 


springs  equivalent 
to  the  root  stiffness 


19a.  High  Pressure  Turbine  Hlade 


Figure  19b. 


Modelling  of  Hoot 
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The  first  mode  is  mainly  a  flap-wise  bend¬ 
ing  mode;  the  second  one  edgewise  bending 
and  the  third  one  is  predominantly 
torsion.  Still  at  room  temperature,  the 
blade  properties  are  next  calculated  for  a 
rotation  speed  of  16,000  rev/min. 
Examination  of  these  results  shows  clearly 
that  for  this  case  of  a  three-dimensional 
blade,  the  rotation  effect  on  the  natural 
frequencies  is  weak  and  almost  negligible 
on  the  mode  shapes  and  this  is  likely  to 
apply  to  most  other  blades  in  this 
category. 

In  practice,  it  is  often  recommended  that 
the  number  of  finite  elements  be  increased 
in  order  to  improve  the  accuracy  of  the 
analysis,  but  this  will  result  in  a  higher 
cost,  especially  if  several  different 
speeds  of  rotation  are  required.  However, 
noting  that  the  rotation  may  have  little 
or  no  influence  on  the  results,  a  good 
estimate  of  the  natural  frequencies  at 
various  non-zero  rotation  speeds  (8  >  0) 
can  be  obtained  at  low  cost  by  using  the 
at-rest  results  together  with  the  so- 
called  Rayleigh's  Quotients. 


Use  of  the  Rayleigh's  Quotients.  It  is 
well  known  that  for  a  slight  "modification 
[AK'  or  [AM)  to  the  stiffness  and  mass 
na  ices  IK ]  and  [H]  of  a  structure,  the 
eq  .at  on  for  free  harmonic  vibration: 

u2(M]  Jx)  =  [K]  (x) 

gives  a  first  approximation  to  the  natural 
frequency  variation  (if): 

Af  »  Au>/2ir 

«  (  {X}T(AKL(X)-W2(X>T[A!'I)  tx  )  ) 

/4wu<  UiMMl  ixi) 

This  expression  is  quite  general  and 
applies  to  whatever  is  the  cause  of  the 
structure  modification,  (rotation,  mass  of 
the  platform,  temperature  effect,  etc.). 


Estimation  of  the  Rotation  Effect  on  the 
frequencies.  Provided  that  the  at-rest 
natural  frequencies  are  determined  using 
the  appropriate  finite  element  mesh,  the 
mass  matrix  (M]  and  th  mode  shapes  I4J 
are  known.  At  rest,  th  stiffness  matrix 
C K )  is  the  linear  stiffness  [Kri .  In 
rotation,  the  stiffness  becomes  iKj  ■  [KjJ 
+  [KqI  -82[Mg),  (see  Chapter  13),  and  con¬ 
sequently  it  can  be  stated  that: 

t  AKI  =  |Kg]  -  82  [Mg]  (2) 

where  [Kq] ,  the  geometric  stiffness 
matrix,  and  Img] ,  the  centrifugal  mass 
matrix,  are  known  at  the  end  of  the  static 
analysis. 

Using  Equation  (1)  for  a  typical 
mode,  results  in: 

Aft(fl)  * 

^  ,  <3) 

( i *i  >TIKG-n 2MgJ  (♦i))/4wwi(  Uj.)T[M)  UiH 

or  f  i<  R)  =  (O)  +  Afjja;: 

The  results  presented  in  Table  9  for 
a  speed  of  16,000  rev/min  show  very  good 
agreement  when  compared  with  those  ob¬ 
tained  by  a  complete  finite  element  calcu¬ 
lation,  since  the  error  incurred  by  the 
Rayleiqh's  Quotient  calculation  is  less 
than  or  equal  to  0.5%. 

This  procedure  can  be  implemented 
directly  in  the  finite  element  program  and 
will  obviate  the  need  for  a  complete 
re-calculation  at  several  speeds  of  rota¬ 
tion,  thereby  resulting  m  a  considerable 
economy. 

Estimation  of  the  Platform  Mass  Effect. 
The  platform  mass  has  been  modelled  ap¬ 
proximately  and  distributed  equally  to  the 
appropriate  nodes  of  the  blade  base.  The 
resulting  (AM)  included  in  Equation  (1) 
gives  a  less  than  1Hz  variation  on  the 
first  three  natural  frequencies,  demon¬ 
strating  that  the  platform  may  be  ne¬ 
glected  -  at  least  in  this  case. 


Freq. (Hz) 

at  room 
temp 

FE  f0(0) 

fl  -  0 

FE. 

f2  -  16000  rev/min 

Rayleigh 

D  -  16000  rev/min 

1 

1370 

2 

3354 

3 

4755 

HhHHBI 

TABUS  8  RAYLEIGH '  S  QUOTIENTS  FOR  ROTATION  EFFECT  OETEWUMATIOR 


Freq  (Hz) 
t° 

n  -  16000 

rev/min 

f0  20° 

200°C 

400°C 

600°C 

700°C 

■ 

1 

Wm 

1440 

1401 

■ 

1334  | 

-8.4 

2 

BBH 

3359 

3259 

3084  I 

-9.3 

3 

mu 

4749 

4605 

131 

4355 

_ L 

-9.4 

TABLE  9  TEMPERATURE  MFLOENC*  AT  OPERATING  SPEED 


Temperature  Effect _  Large  temperature 
variations  modify  the  value  of  Young's 
modulus,  E.  Remembering  that  the  stiff¬ 
ness  IK]  is  proportional  to  E,  then  to  a 
first  approximation: 


1  AK] 


( 4E/E) [K] 


(4) 


(5) 


and,  finally, 

Afx  -  (  >T I AK)  {*!>)/ 

4«.i(U1>T[M]  {+i  >) 
or 

ft(fl)  =  f0(fl)  +  Aft 


In  Table  9  the  influence  of  tempera¬ 
ture  variations  on  the  natural  frequencies 
at  the  operating  speed  fl  is  presented. 
When  the  temperature  increases  to  a  typi¬ 
cal  turbine  operating  level#  the  natural 
frequencies  decrease  and  at  700°C  it  is 
clear  that  this  effect  is  more  important 
than  rotation,  since  the  frequencies  at 
operating  speed  and  temperature  are  lower 
than  those  at  rest  and  at  room  temperature 
( 20°C) . 


Conclusion  -  Practical  Recommendations  to 
the  Designer.  All  these  examples  show 
that  the  finite  element  modelling  is  an 
efficient  tool  for  practical  rotating 
blade  vibration  analysis.  However,  the 
designer  has  to  remember  that: 


the  choice  of  element  depends  pri¬ 
marily  upon  the  blade  geometry.  If 
a  beam  model  is  chosen,  the  bending- 
bending-torsion  coupling  must  be 
included  in  the  finite  element  theory? 

the  influence  of  rotation  has  to  be 
considered  through  both  the  geometric 
stiffness  and  the  centrifugal  mass 
effects.  The  Coriolis  effect  can  be 
neglected  if  the  blade  is  directed 
radially  outward.  For  prop  fan  blades, 
and  other  non-classical  forms,  further 
investigation  is  recommended  before 
ignoring  this  Coriolis  effect.  Also, 
full  non-linear  analysis  might  be 
necessary  for  static  behaviour  in 
rotation; 

some  account  .nay  be  taken  cf  the 
stiffening  effects  and  temperature 
effects  by  using  Rayleigh's  Quotients, 
resulting  in  savings  of  time  and  cost, 
provided  mode  shapes  are  little  modi¬ 
fied  by  rotation; 

considerable  attention  has  to  be  paid 
to  the  root  modelling  and  the  limit 
condition  situation.  Practically,  at 
the  operating  speed,  a  rotating  blade 
can  be  considered  clamped  if  the  root 
has  a  fir  tree  type  fixation  on  the 
disk;  and 

a  single  blade  calculation  is  appro¬ 
priate  only  if  the  disk  stiffness  is 
high  compared  with  that  of  the  blade. 
If  the  blade  and  the  disk  stiffnesses 
a*-e  comparable,  then  the  whole 
assembly  has  to  be  modelled. 
Appropriate  methods  for  this  case  are 
detailed  in  the  next  chapter. 
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INTRODUCTION 

Background 

It  is  clear  from  the  preceding  chap¬ 
ter  that  considerable  efforts  have  been 
expended  in  order  to  make  accurate  predic¬ 
tions  for  the  essential  structural  dynamic 
properties  of  typical  turbomachine  blades. 
These  components  generally  have  quite  com¬ 
plex  profiles  and  the  calculations  in¬ 
volved  are  often  lengthy  since  both  the 
natural  frequencies  and  the  mode  shapes 
are  required  with  some  accuracy:  the  fre¬ 
quencies  because  of  their  close  relation¬ 
ship  with  the  rotation  speed (s)  of  the 
machine  and  the  i.<ode  shapes  because  of 
their  direct  inf lienee  on  the  aerodynamics 
of  the  working  fluid,  one  other  struc¬ 
tural  characteristic  which  is  of  impor¬ 
tance  but  which  is  far  less  accessible 
than  the  mode  shapes  and  frequencies  is 
the  modal  damping  which  derives  from  the 
various  mechanical  sources  such  as  materi¬ 
al  hysteresis  and  slip  at  the  mating  sur¬ 
faces  in  joints.  This  property,  and 
especially  the  latter  effect,  is  very  dif¬ 
ficult  to  predict  and  few  attempts  to  do 
so  are  reported.  Our  comments  thus  con¬ 
centrate  on  the  two  primary  properties  of 
natural  frequency  and  mode  shape. 

In  our  pursuit  of  accuracy  in  these 
predictions,  we  have  so  far  neglected  one 
feature  which  may  -  in  certain  cases  - 
have  a  major  influence  on  the  actual 
values  of  the  vibration  properties  sought. 
That  factor  is  the  coupling  between  one 
blade  and  its  neighbours  via  the  struc¬ 
tural  connections  which  inevitably  exist, 
either  through  the  disk  or  annulus  which 
carries  the  blades,  or  through  a  shroud 
ring  which  may  be  incorporated  to  stiffen 
the  whole  assembly.  Although  we  may  have 
included  root  flexibility  in  our  single 
blade  model  (see  Chapter  14),  or  ensured 
the  addition  of  the  mass  of  a  shroud 
segment,  these  do  not  take  into  account 
the  possibility  that  one  blade  will  inter¬ 
act  with  its  neighbours  and  thereby  influ¬ 
ence  the  vibration  modes  of  the  whole  set. 
In  fact,  as  we  shall  see,  the  structural 
coupling  between  the  blades  comprising  one 
stage  will  usually  exert  a  significant  in¬ 
fluence  on  both  the  natural  frequencies 
and  the  mode  shapes  and  so  it  is  important 
that  we  extend  our  analysis  to  include  it. 
In  most  cases,  determining  the  properties 
of  a  single  blade  is  a  necessary  stage  in 
the  structural  dynamic  analysis  but  is  not 
sufficient  to  describe  the  blades'  vibra¬ 
tion  properties  in  their  operational 
environment:  for  that  we  must  analyze  the 
complete  assembly. 


Assembly  Configurations 

Before  developing  our  analysis 
fu  -ther,  it  is  appropriate  first  to 
identify  the  various  bladed  assembly 


configurations  with  which  we  shall  be 
dealing.  There  are  several,  although  they 
may  be  all  classified  into  one  of  two  dis¬ 
tinct  groups:  (a)  those  which  are  circum¬ 
ferentially  or  cyclically  symmetric  and 
(b)  those  which  are  not.  The  first  group 
comprises  those  assemblies  in  which  all 
the  blades  have  the  same  interconnections, 
and  include: 

1.  unshrouded  identical  blades  on  a 
flexible  disk  (or  drum); 

2.  continuously  tip-shrouded  blades  on  a 
flexible  disk; 

3.  mid-height-shrouded  blades  on  a  flex¬ 
ible  disk; 

4.  shrouded  blades  on  a  rigid  disk. 

The  second  group  contains  those 
assemblies  which  do  not  possess  complete 
circumferential  uniformity  and,  for  our 
purposes  here,  include: 

5.  groups  (or  packets)  of  shrouded 
blades  on  a  rigid  disk; 

6.  shrouded  blades  on  a  flexible  disk, 
where  the  shroud  connections  are  dis¬ 
continuous,  resulting  in  a  packeted 
bladed  disk;  and 

7.  assemblies  where  the  l lades  are  not 
identical  to  each  other. 

Although  most  current  designs'  tend  to 
fall  in  the  first  group,  the  second  is 
also  of  interest,  partly  because  of  the 
possible  advantages  which  these  configu¬ 
rations  may  enjoy  and  partly  because  im¬ 
perfect  or  non-uniform  assembly  conditions 
may  (inadvertently)  create  them. 

We  have  also  included  the  implica¬ 
tions  of  slight  variations  in  the  prODer- 
ties  of  the  blades  in  one  row  (7),  since 
this  characteristic  is  likely  to  arise  to 
some  degree  in  every  practical  assembly 
and,  also,  because  it  sometimes  has  a  very 
pronounced  effect  on  the  properties  oi 
interest. 

Obiectives  and  Outline  of  Chapter 

Following  the  pattern  set  in  the  pre¬ 
vious  chapter,  our  main  concern  here  will 
be  to  establish  the  essential  features  of 
the  structural  dynamic  properties  of 
bladed  assemblies.  We  shall  seek  to 
illustrate  the  patterns  of  both  natural 
frequencies  and  mode  shapes  for  various 
assemblies  and  to  identify  the  major  con¬ 
trolling  factors  in  each  case.  Thus,  it 
is  hoped  that  those  engineers  concerned 
with  the  complete  aeroelastic  analysis  of 
such  blading  will  be  provided  with  both 
insight  into  the  types  of  vibration  mode 
possessed  by  bladed  assemblies  and  to  the 
design  parameters  which  are  particularly 
important  for  their  exact  determination. 
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Much  of  this  chapter  will  make  use  of 
simplified  mathematical  models  of  a  bladed 
assembly  since  these  readily  permit  the 
detailed  parametric  studies  necessary  to 
determine  the  patterns  of  behaviour.  The 
design  analysis  for  an  actual  assembly 
will  necessarily  incorporate  all  the 
details  of  geometry  and  operating  condi--' 
tions  (as  was  the  case  for  the  single 
blade),  but  tnese  calculations  are  very 
expensive.  As  our  primary  interest  here 
is  to  understand  the  interaction  between 
the  various  blades,  it  is  appropriate  at 
each  stage  to  consider  only  those  features 
which  are  essential  and  so  a  number  of 
simplified  models  have  been  devised  and 
will  be  used  throughout  this  chapter. 
Accordingly,  the  first  discussion  will  be 
concerned  with  the  development  of  the 
models  themselves.  The  basic  model,  which 
is  very  simple,  admits  a  single  degree  of 
freedom  (or  mode  of  vibration)  for  each 
blade  and  includes  a  similarly  simplified 
representation  of  the  disk  and/or  shroud 
coupling.  The  resulting  discrete  lumped- 
parameter  (mass-spring)  model  permits 
rapid  and  cheap  calculation  of  its  vibra¬ 
tion  properties  and  is  ideal  for  a  para¬ 
meter  study  but  is  of  limited  application 
as  a  design  tool  since  the  model  para¬ 
meters  can  only  be  specified  after  a  com¬ 
plete  analysis  has  been  made  of  the  blade 
and  disk  separately.  A  second  group  of 
models  is  used  which  is  based  on  simple 
beam  and  plate  components.  Although,  once 
again,  not  directly  usable  for  design  pre¬ 
dictions,  these  models  are  more  represent¬ 
ative  of  the  actual  assemblies  than  are 
the  first  type  and  yet  are  still  rela¬ 
tively  inexpensive  to  analyze.  Both 
models  are  suitable  for  studies  of 
mistuned,  as  well  as  tuned,  assemblies. 
The  third  and  final  type  of  model  is  that 
which  contains  few  or  no  simplifications 
and  is  usually  based  on  finite  element 
techniques.  These  are  the  models  used  for 
direct  desiqn  predictions  but  are  suf¬ 
ficiently  expensive  in  computation  time  to 
be  inappropriate  for  exploratory  studies 
and  are  almost  always  limited  to  tuned 
and/or  cyclically  symmetric  assemblies. 
All  three  types  of  models  will  be  used  in 
this  chapter. 


STRUCTURAL  DfNAHICS  MODELS  .JR  BLADED 
ASSEMBLIES 

Lumped  Parameter  Models 

In  view  of  the  inherent  size  and  com¬ 
plexity  of  a  typical  bladed  assembly,  it 
is  necessary  to  reduce  the  system  model  to 
the  most  basic  form  which  is  appropriate 
for  the  study  in  hand.  Originally,  this 
meant  simplifying  the  usually  complex  geo¬ 
metry  so  that  the  blades  could  be  repre¬ 
sented  by  equivalent  beams  in  order  that 
the  complete  assembly  could  be  modelled 
Armstrong  (1255).  Even  then,  it  was 
necessary  to  assume  full  axisymmetry  (so 
that  the  basic  component  consisting  of  a 
single  blade/disk  sector  could  be 
modelled)  and  to  use  the  repetitive  nature 
of  the  actual  assembly,  together  with  some 
knowledgi  of  the  anticipated  results,  in 
order  to  extract  a  solution. 

Early  attempts  to  study  the  effects 
of  blade  mistuning  required  a  less  re¬ 
strictive  model  and  one  which  was  proposed 
for  this  purpose  Dye  and  Henry  (1969)  (and 
derived  from  an  earlier  concept.  Bishop 
and  Johnson  (I960))  now  provides  us  with 
the  basis  of  a  simplified,  but  nonetheless 
very  useful,  model  for  studying  bladed 
assemblies  of  all  types,  (Ewins  1980), 
Ewins  and  Han  (1983),  Griffin  and  Hoosac 
(1983).  The  model  is  a  standard  lumped- 
parameter  mass-spring  system  of  the  type 
introduced  in  Chapter  13  together  with  the 
basis  for  its  analysis.  Each  blade  is 
modelled  by  just  one  or  two  degrees  of 
freedom  although  later  applications  have 
taken  the  concept  rather  further,  Jones 
and  Muszynshka ( 1983) ,  and  the  disc  or 
shroud  by  equally  simple  spring  and  mass 
elements.  Figure  1  shows  the  basic  model 
plus  a  number  of  variants  which  have 
evolved  from  it.  It  should  be  noted  that 
the  model  can  be  readily  extended  to  in¬ 
clude  dampinq  elements  as  well,  and  some 
applications  have  made  use  of  this  facil¬ 
ity  albeit  only  in  a  rather  qualitative 
way. 

The  model  of  this  type  is  character¬ 
ized  by  a  mass  and  stiffness  matrix  pair 
such  as  the  example  which  follows  for 
model  (c)  in  Figure  1. 


The  studies  reported  here  will  con¬ 
centrate  on  natural  frequencies  and  mode 
shapes  but  some  consideration  will  be 
qiven  to  forced  vibration  response  charac-  [Ml 

teristics.  It  must  be  noted,  however, 
that  these  latter  studies  will  be  confined 
to  undamped  or  mechanically-damped  systems 
and  will  be  based  on  assumed,  nominal, 
excitation  forces.  No  attempt  will  be 
made  at  this  stage  to  analyze  the  actual 
damping  and  excitation  effects  of  the 
working  fluid.  (K) 
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Throughout  the  chapter,  our  main  aim 
is  to  demonstrate  and  to  illustrate  the 
essential  structural  vibration  properties 
of  various  bladed  assemblies.  The  calcu¬ 
lation  of  their  specific  values  in  a  prac¬ 
tical  case  is  largely  an  exercise  in 
numerical  analysis  and  it  is  probably  as, 
if  not  more,  important  to  know  what  to 
calculate  and  what  to  expect  .tor  the  com¬ 
puted  results  as  it  is  to  know  which  cod¬ 
ing  to  use  and  how  to  use  it.. 


The  main  limitations  of  this  model 
are  (1)  its  restriction  to  a  range  of  fre¬ 
quencies  around  the  blade  mode(s)  repre¬ 
sented,  and  (2)  the  difficulty  of  esta¬ 
blishing  suitable  mass  and  stiffness 
values  for  a  given  desiqn.  The  latter 
process  ^s  possible  if  the  actual  proper¬ 
ties  of  an  individual  blade  and  the  disk 
are  known,  Afolabi  (1982),  so  that  the 
model  can  be  used  for  parameter  studies, 
if  not  as  a  prediction  tool. 


Once  derived,  analysis  of  the  model 
is  straightforward,  involving  only  the 
classical  methods  outlined  in  Chapter  13. 
In  numerical  solution  for  large  assem¬ 
blies,  advantage  can  be  taken  of  the 
banded  nature  of  the  stiffness  matrix  and, 
indeed,  some  studies  have  shown  how  a  re¬ 
arrangement  of  the  sequence  of  the  coor¬ 
dinates  from  that  shown  above  can  compact 
the  stiffness  matrix  even  further  to  gain 
additional  computational  efficiency.  The 
model  can  be  used  gust  as  easily  for  mis- 
tuned  assemblies  as  for  the  perfectly 
tuned  version  and  is  capable  of  providing 
natural  frequencies,  mode  shapes  and 
forced  response  characteristics.  The  ad¬ 
dition  of  damping  terms  to  the  model  gen¬ 
erally  expands  the  computation  effort  by  a 
large  amount  and  in  view  of  the  uncertain¬ 
ty  of  their  magnitude  and  distribution, 
such  an  extension  is  seldom  made.  It 
should  be  noted,  however,  that  it  is  in 
the  modelling  -  the  definition  of  the 
appropriate  parameter  values  -  and  not  in 
the  analysis  of  that  model  that  the  diffi¬ 
culty  lies. 


Beam  and  Plate  Models 


where  the  six  elements  in  the  displacement 
vector  represent  motion  in  the  three 
translational  and  three  rotational 
directions.  6  represents  the  position 
around  the  disk  and  n  the  sinusoidal  order 
of  the  assumed  vibration  pattern  (and, 
also,  the  number  of  “nodal  diameters"). 
If  we  define  a  vector  {Fn:<j  For  t*'e 
corresponding  harmonic  forces  at  the  disk 
rim,  and  vectors  {Xn)br,  {Fn)br,  {Xn}bt, 
fFn-bt'  Wn)s>  <Fn)s  for  the  blade  root, 
blade  tip  and  shroud  respectively,  then  we 
can  relate  all  these  parameters  by  apply¬ 
ing  equilibrium  and  compatibility  at  the 
disk/blade  and  blade/shroud  junctions. 
Thus: 

fxn^d  =  ^xn^br  '  ^xn^bt  :  (xn^s 
ano 

{Fn>d  +  <Fn>br  *  <°>  >  3 

{Fn>bt  +  <Fn>s  =  (0) 

In  addition,  because  of  the  assumed 
harmonic  vibration,  the  displacements  and 
forces  for  each  component  are  related  by 
its  frequency  response  functions,  thus: 


A  number  of  models  based  on  beam  and 
plate  components  were  developed  prior  to 
the  widespread  availability  of  finite  ele¬ 
ment  methods.  Although  essentially  re¬ 
stricted  to  uniform  -  or  simple  geometry  - 
components,  these  models  are  more  repre¬ 
sentative  than  those  of  the  lumped  para¬ 
meter  type  but  are  still  relatively  inex¬ 
pensive  to  use.  One  of  the  earliest 
models  of  this  type  was  devised  for  an 
axisymmetric  unshrouded  bladed  disk  using 
the  receptance  (or  frequency  response) 
coupling  method,  Armstrong  (1955), and  sub¬ 
sequent  developments  have  extended  this 
type  of  model  to  'hrouded  assemblies, 
Ewins  and  Cottney  (1975),  and  to  mistuned 
and  packeted  configurations,  Ewins  (1973), 
Ewins  and  Imregun  (1983).  There  are  now 
two  derivatives  -  one  for  cyclically  sym¬ 
metric  configurations  and  the  other  for 
the  more  general  cases  where  blade- 
to-blade  variations  exist.  Figure  2  shows 
the  essential  features  of  each  type  of 
model  from  which  it  can  be  seen  that  a  de¬ 
gree  of  non-uniformity  (in  component 
geometry)  can  be  accommodated  although  not 
to  a  great  extent.  Much  the  same  comments 
concerning  derivation  of  the  model  para¬ 
meters  in  a  particular  case  apply  to  this 
type  of  model  as  well  as  to  the  previous 
one  although  its  ability  to  represent  the 
behaviour  of  actual  turbomachine  stages 
has  been  demonstrated,  Ewins  and  Cottney 
(1975). 


{Xn)d  *  tFn}d  (4) 

where  [an(m))  is  the  (receptance)  frequen¬ 
cy  response  function  matrix  for  the  disk 
when  vibrating  in  a  cos  n9  (or  n  nodal  di¬ 
ameters)  pattern.  Similar  expressions 
apply  for  the  shroud: 

{Xn)s  =  {Fn)s  (5) 

and  the  blade: 


f  *xn^br 

[8]rr  l3jrt 
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Combining  (2)  to  (6),  leads  to: 

( !  Bl  rr  +  f  ^n J )  l  B) rt 

( B)  tr  ( 1 8)  tt  +  [ini) 
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from  which  the  determinantal  eauation 
fUBlrr  +  la))  [8)rt  1 


The  method  of  analysis  is  similar  in 
the  two  types  of  model.  Considering  first 
the  fully  symmetric  or  tuned  case  (all 
blades  identical),  we  can  exploit  the  cir¬ 
cular  nature  of  the  structure  and  the 
known  properties  of  the  connecting  disk 
(or  shroud)  and  assume  that  the  variation 
in  displacement  around  the  assembly  is  es¬ 
sentially  sinusoidal.  (The  validity  of 
this  assumption  will  be  borne  out  by  later 
results  but  its  use  may  be  likened  to  that 
of  assuming  simple  harmonic  motio’  (in 
time)).  We  shall  thus  assume  tha ■  the 
motion  at  any  point  on  the  disk  rim  ma.’  be 
expressed  as 


(I) 


det 


-  0 


(  1 B)  tr  <  IBtt  +  l7n!  h 


(8) 


provides  a  method  for  finding  the  natural 
frequencies  and  -  by  back  substitution  in¬ 
to  the  earlier  equation  -  the  mode  shapes 
of  the  bladed  assembly.  (All  the  elements 
in  the  matrices  [ anl ,  [8),  and  [tt,,)  are 
frequency-dependent,  and  the  derivation  of 
their  individual  elements  are  detailed  in 
Ewins  and  Cottney  (1975)  and  Ewins  and 
Imregun  (1983). 


Analysis  of  the  other,  more  general 
model  follows  similar  lines  except  that  if 
*oes  not  presuppose  the  cosne  displace- 


(x(t)}  =  (Xn)d  cos  n0  cos  «t 


Finite  Element  Models 


ment  variation  around  the  disk.  If  we  let 
{Xj  }d  and  }(3  be  the  harmonic  displace¬ 
ment  and  force  vectors  at  position  i 
around  the  disk,  then  we  can  write 


lx)d 


(xi  }d' 
<*2  >d 

■f-  V 


=  [a(m)l  {F}d 


>dj 

where  N  is  the  number  of  blades. 


(9) 


(Note  that  the  disk  receptance  matrix  used 
here  (a(u)l  is  different  to,  and  more  gen¬ 
eral  than,  that  above  for  a  specific  modal 
diameter  pattern,  (an(  <■>)].  A  typical  sub- 
matrix  of  [a(u)J,  such  as  (<>ijl  relates 
the  displacements  at  position  i  to  a  set 
of  forces  applied  at  position  j.)  Using 
the  simple  case  of  an  un3hrouded  bladed 
disk,  we  derive  a  single  set  of 
equations: 


I  an +0i )  {  °12^  •  •  *  t  °1n1 

'{Fji 

[  a2l)  I  022+82!  •  •  •  I  “2n! 

(F2) 

f  «N1 1  t  <*N2J  •  *  (°NN+8nJ_ 

{fn  ) 

which  can  be  used  to  derive  a  determinrnt- 
al  frequency  equation,  as  before.  The 
essential  difference  between  this  equa¬ 
tion  and  the  previous  one,  (7),  is  that  in 
the  later  version,  no  prior  assumption  is 
made  about  the  mode  shapes  and,  also, 
every  blade  is  individually  represented  so 
that  the  resulting  matrix  is  N  times 
larger  than  tor  the  earlier  case.  Details 
for  derivation  of  the  individual  beam  and 
plate  receptances  may  be  found  in  Ewins, 
(1973)  although  a  more  general  formu¬ 
lation  using  the  modal  properties  of  the 
individual  components  (if  known)  is  out¬ 
lined  in  Ewins  and  Imrequn  (1983). 


It  should  be  noted  that  throughout 
the  preceding  analysis  it  has  been  assumed 
there  is  complete  coupling  at  the  disk/ 
blade  and  blade/shroud  junctions.  This 
may  not  be  appropriate  in  all  cases;  for 
example,  where  inter-shroud  slipping  is 
possible  or  where  pinned  blade  roots  are 
used.  In  such  cases,  the  coordinates 
which  are  not  coupled  are  simply  omitted 
from  the  coupling  analysis. 


As  noted,  the  analysis  of  this  type 
of  model  is  based  on  frequency  response 
methods  (see  Chapter  13)  and,  consequent¬ 
ly,  the  direct  'output'  is  itself  a  re¬ 
sponse  function.  While  this  can  be 
further  analyzed  to  yield  the  natural  fre¬ 
quencies  and  mode  shapes,  because  of  its 
format  it  is  sometimes  difficult  to  ensure 
the  identification  of  all  the  assembly's 
modes.  This  feature  is  seldom  a  probl*  . 
when  analyzing  the  fully  symmetric  assem¬ 
bly  but  can  present  difficulties  in  the 
other,  more  general,  type. 


One  of  the  first  published  finite 
element  models  for  a  bladed  assembly  ap¬ 
peared  in  1971  Kirkhope  and  Wilson  (1976), 
and  this  has  been  followed  by  several 
others  extending  the  capability  to  more 
and  more  complex  designs.  Undoubtedly, 
there  are  many  other  studies  and  methods 
developed  which  remain  unpublished.  How¬ 
ever,  as  the  basic  blade  and  disk  are 
modelled  with  increasing  accuracy,  the 
scale  of  model  required  to  represent  all 
the  blades  of  an  assembly  individually  re¬ 
mains  prohibitive  and  so,  here  in  particu¬ 
lar,  cyclic  symmetry  and  substructure 
methods  must  be  exploited  to  the  full. 
Thus,  the  simplest  type  of  model  is  one 
which  assumes  an  axisymmetnc  structure, 
and  this  is  achieved  by  assigning  negli¬ 
gible  circumferential  stiffness  to  the 
blading  but  otherwise  taking  uniform 
inertial  and  elastic  properties  throughout 
the  assembly.  This  type  of  model  is  more 
appropriate  for  assemblies  with  many 
blades  (say,  above  30)  but  becomes  less 
valid  as  the  blade  number  is  reduced. 

The  next  level  of  modelling  is  to 
construct  a  model  of  a  si  lie  blade  and 
its  corresponding  disk  (and  shroud)  sec¬ 
tion.  This  is  then  considered  as  the 
basic  element  in  a  cyclically  repetitive 
structure  which  may  be  analyzed  as  was  the 
cyclically  symmetric  beam  and  plate  model, 
above . 


Lastly,  a  more  extensive  sector  model 
can  be  developed,  embracing  several 
blades,  and  again  this  can  be  treated  as  a 
basic  substructure,  several  of  which  are 
connected  to  form  the  whole  assembly. 


BASIC  STRUCTURAL  DYNAMIC  PROPERTIES  - 
NATURAL  FREQUENCIES,  MODE  SHAPES 

All  bladed  assemblies  with  circumfer¬ 
ential  symmetry  exhibit  certain  well- 
defined  types  of  vibration  mode  and  these 
can  be  illustrated  using  any  of  the 
previously-discussed  models.  The  most  im¬ 
portant  feature  is  the  existence  of  two 
types  of  mode  -  'single'  and  'double'  -  of 
which  the  latter  type  represents  the 
majority.  Most  of  a  bladed  assembly's 
vibration  modes  occur  in  pairs  -  double 
modes:  these  being  two  modes  with  the 
same  natural  frequency  and  similar  mode 
shapes.  As  with  other  structures  where 
there  are  repeated  natural  frequencies,  no 
unique  mode  shapes  can  be  specified  for 
these  modes.  Rather,  it  is  sufficient  to 
specify  two  suitably  orthogonal  shapes  and 
to  note  that  when  vibrating  freely  at  that 
natural  frequency  the  structure  can  assume 
any  form  given  Dy  a  linear  combination  of 
the  two  specified  shapes. 

In  the  present  case,  we  find  that  for 
all  the  'double'  modes,  suitable  shapes 
are  provided  by  cos(n9)  and  sin(n8)  cir¬ 
cumferential  distributions  of  displacement 
around  the  assembly.  This  means  that  at 
the  corresponding  natural  frequency  (say, 
un),  the  assembly  can  vibrate  in  any  com¬ 
bination  of  these  two  patterns  -  i.e.,in  a 
shape  of  the  form  cos(n8++).  What  this 
means  is  that  the  natural  frequency  (or 
pair  of  identical  natural  frequencies)  can 
be  associated  with  a  mode  whose  shape  is 
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characterized  by  n  “nodal  diameters* 
since  the  displacement  is  constrained  to 
be  zero  along  n  equally-spaced  diametral 
lines,  whatever  the  displacement  'shape' 
is  in  a  radial  section,  although  the 
orientation  of  these  diameters  will  depend 
on  some  additional  external  influence. 


Calculation  of  a  typical  assembly 
using  the  simple  lumped  parameter  model 
demonstrates  this  pattern  clearly,  as 
shown  in  Figure  3  where  the  double  modes 
are  identified.  It  is  also  clear  from 
this  example  that  the  assembly  possesses  a 
smaller  number  of  'single'  modes  -  each 
with  a  single  natural  frequency  and  a 
unique  mode  shape  -  and  that  these  fit  in¬ 
to  the  pattern  set  by  the  larger  num1  of 
double  modes.  The  single  modes  co>  ond 
to  motion  with  all  the  blades  h  .  the 
same  amplitude  of  motion,  either  '  .  phase 
with  each  other  (0  nodal  diameters)  or  out 
of  phase  with  their  neighbours  (N/2  nodal 
diameters  -  only  possible  if  N  is  even). 


In  addition  to  the  sketches  of  mode 
shapes  which  show  the  relative  displace¬ 
ments  of  the  various  blades,  Figure  3(b), 
a  second  diagram  is  given  in  which  each 
entry  is  obtained  from  a  (discrete) 
Fourier  analysis  of  the  corresponding 
column  from  the  first  set  of  results.  In 
this  format,  the  diametral  order  of  each 
of  the  modes  is  clearly  seen  and  readily 
facilitates  the  graphical  presentation  of 
the  results  shown  in  Figure  3(b).  This 
form  of  presentation,  and  where  appro¬ 
priate,  its  tabular  counterpart,  will  be 
used  throughout  the  rest  of  this  chapter. 


Fum  the  example  in  Figure  3  and  also 
from  a  second  one  in  Figure  4  for  a  more 
complex  model,  another  important  charac¬ 
teristic  may  be  observed.  As  the  number 
of  nodal  diameters  (n)  increases,  the 
natural  frequencies  in  each  ’family’ 
approach  asymptotically  one  of  the  ’blade 
cantilever  frequencies1  -  the  natural  fre¬ 
quencies  of  an  isolated  blade  with  the 
disk  attachment  point  (or  root)  grounded. 
This  behaviour  is  caused  by  the  progres¬ 
sive  stiffening  of  the  disk  as  it  adopts  a 
more  complex  shape,  and  it  demonstrates 
the  relevance  of  performing  an  individual 
blade  analysis,  as  in  Chapter  14,  even 
when  that  blade  is  known  to  be  part  of  a 
coupled  assembly.  When  the  coupling  is 
small,  such  as  will  apply  with  a  very 
stiff  disk,  the  same  family  characteris¬ 
tics  are  observed  although,  in  this  case, 
almost  all  the  natural  frequencies  are 
very  close  to  the  blade-alone  values  -  as 
would  be  expected  -  Figure  5. 


Having  established  the  main  charac¬ 
teristics  using  the  very  simple  lumped 
parameter  model,  we  can  confirm  this  be¬ 
haviour  using  one  of  the  beam  and  plate 
models.  Taking  first  the  more  general 
model,  a  series  of  calculations  are  shown 
in  Figure  6  for  a  simple  unshrouded  30- 
bladed  disk.  From  these  results, we  see  the 
same  general  pattern  -  families  of  modes 
approaching  the  individual  blade  canti¬ 
lever  frequencies  -  but  now  we  observe 
many  more  modes  and,  indeed,  the  full  mode 
shape  for  each  one  of  these  is  more  com¬ 
plex  as  it  describes  the  displacement  of 


all  parts  of  the  disk  and  the  blades,  in¬ 
cluding  not  only  the  circumferential  vari¬ 
ation  (as  before)  but  also  a  radial  dis¬ 
placement  shape.  When  plotted  as  a  dis¬ 
placement  variation  with  radius,  it  is 
found  that  each  family  of  modes  is  itself 
associated  with  a  number  of  nodal  points 
along  the  radial  line  -  much  as  is  found 
for  the  vibration  modes  of  a  single  beam  - 
and  these  represent  nodal  'circles’  on  the 
bladed  assembly,  in  addition  to  the  nodal 
diameters  already  established  by  the  cir¬ 
cumferential  variation.  The  nodal  dia¬ 
meter  pattern  used  to  identify  each 
natural  frequency  on  the  plot  is  obtained 
by  analyzing  the  relative  displacement  of 
each  blade  tip  (or  other  selected  refer¬ 
ence  location  along  the  blade). 


It  should  also  be  noted  from  these 
results  that  eacn  family  of  modes  extends 
only  up  to  a  maximum  diametral  order  of 
N/2  (or  of  (N-l)/2,  if  N  is  odd).  This  is 
to  oe  expected  with  the  discrete  lumped 
parameter  model  since  higher  diametral 
orders  simply  could  not  exist  but  with  the 
continuous  disk  (or  shroud)  model,  vibra¬ 
tion  of  these  components  with  higher  nodal 
diameter  patterns  is  possible.  However, 
if  we  choose  to  describe  the  circum¬ 
ferential  variation  in  amplitude  by 
noting  the  relative  displacement  of  some 
reference  point  of  each  blade,  then  we  are 
unable  to  resolve  higher  diametral  orders 
than  N/2  (or  N-l  '2  if  N  is  odd).  A  dis¬ 
placement  shape  in  the  disk  of  cos(ne) 
(where  n  >  N/2)  which  is  described  in 
terms  of  the  rim  or  blade  displacement  at 
N  equal  points  around  the  disk  will  appear 
just  as  a  mode  shape  in  the  form  of 
cos  (N-n)8.  In  other  words,  n  nodal  dia¬ 
meters  and  (N-n)  nodal  diameters  are  in¬ 
distinguishable  to  a  set  of  N  blades  -  see 
Figure  7.  This  phenomenon  has  implica¬ 
tions  for  a  number  of  bladed  assemblies, 
including  all  shrouded  ones  (where  n  nodal 
diameters  in  the  disk  and  (N-n)  diameters 
in  the  shroud  will  be  directly  compatible 
since  the  two  components  are  connected 
only  through  the  N  discrete  blades)-:  and 
those  with  small  numbers  of  blades  (where 
n  and  (N-n)  are  both  relatively  low  dia¬ 
metral  orders). 


At  the  lower  end  of  each  family,  the 
0-and  1-nodal  diameter  modes  should  also 
be  noted  for  their  special  characteris¬ 
tics.  Tnese  three  modes  (one  single  and 
one  double)  differ  from  all  the  others 
with  two  or  more  nodal  diameters  because 
they  involve  a  net  motion  cf  the  center  of 
the  dir  .  Movement  w< th  a  0-nodal  diametei 
pattern  involves  axial  or  torsional  disk 
movement  while  1-nodal  diameter  displace¬ 
ments  indicate  rocking  of  the  disk  about  a 
diameter  or  translation  along  a  diameter. 
All  other  diametral  orders  are  'balanced' 
and  involve  no  motion  of  the  disk  center. 
The  main  practical  implication  of  this 
characteristic  is  that  the  0-and  1- 
diameter  modes  will  be  influenced  by  the 
shaft  and  bearings  which  support  the  disk 
upon  which  the  blades  are  mounted,  while 
none  of  the  other  modes  will  be  influenced 
at  all  by  these  other  parts  of  the  system. 
This,  in  turn,  means  that  the  model  should 
be  extended  to  include  these  components  i. 
accurate  estimates  of  the  0-and  1-diameter 
modes  are  to  be  determined.  However,  this 
extra  complication  is  not  often  included. 


Ampl. 


Nodal  Diameters 


Figure  3.  Natural  Frequencies  and  Mode  Shapes  for  Bladed  Disk 
(Lumped  Parameter  Model  of  24-Bladed  Disk) 

(a)  natural  frequencies;  (b)  typical  mode  shapes 


Frequency  (Hz) 
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Figure  4 


Natural  Frequencies  and  Mode  shapes  for  Bladed  Disk 
(Lumped  Parameter  Model  of  33-Bladed  Disk) 


Figure  5.  Vibration  Properties  of  24-Bladed  Disk:  Stiff  Disk 


With  the  bladed  assembly  vibration 
nodes  clearly  identified/  the  rationale 
for  the  cyclic  symmetry  method  of  analysis 
is  not  substantiated  and  we  can  use  the 
much  simpler  version  of  the  beam  and  plate 
mcdel  (and  those  based  on  finite  element 
models  using  the  same  approach)  with  some 
confidence.  This  is  illustrated  in  Flqure 
8  for  the  30-bladed  example  used  above, 
first  in  the  unshrouded  configuration 
(8(a))  and  the  second  after  the  addition 
of  a  tip  shroud/  8(b).  The  latter  example 
serves  to  illustrate  the  way  in  which 
shrouding  alters  the  (otherwise)  predict¬ 
able  pattern  of  modes  and  natural  fre¬ 
quencies  and  will  be  developed  further  in 
the  parameter  studies  and  practical 
examples  iruluded  in  the  next  two 
sections. 


Lastly,  mention  should  be  made  of  the 
various  bladed  assemblies  not  yet  intro¬ 
duced  here  -  including  the  cases  with  non¬ 
identical  blades  fmistuned'  assemblies) 
and  those  with  deliberately  non-symmetric 
configurations,  such  as  blade  packets. 
These  will  be  discussed  later,  after  a 
thorough  review  of  symmetric,  or  tuned, 
assemblies  has  been  completed. 


MODAL  PROPERTIES  FOR  VARIOUS  BLADED 
ASSEMBLIES 

Introduction 

In  this  section,  we  shall  present  a 
series  of  parameter  studies  to  illustrate 
the  major  modal  properties  of  a  range  of 
bladed  disk  assemblies.  No  attempt  is 
made  to  encompass  the  very  wide  range  of 
configurations  encountered  in  practical 
machines  but  a  selection  of  parameters  is 
made  in  an  attempt  to  highlight  some  of 
the  more  siqnificant  influences  on  the 
natural  frequencies  of  a  bladed  assembly. 


The  characteristics  presented  are 
based  on  a  single  reference  or  dat->-"  case 
-  a  simplified  36-bladed  tt~  lece. 
However,  it  is  not  the  properties  of  this 
which  are  the  primary  interest  here: 
rather,  we  shall  seek  to  illustrate  how 
they  are  influenced  by  changes  in  the 
system  dimensions  or  configurations. 


The  system  is  studied  in  two  basic 
configurations 

-  (a)  unshrovded,  and 

-  (b)  shrouded 

and  within  these  groups,  the  influence  of 
various  design  features  is  explored, 
including 


-  disk  stiffness 

-  blade  root  flexibility 

-  blade  stagger 

-  blade  twist 

-  shroud  stiffness 

-  shroud  connection 

-  shroud  position. 


Details  of  the  datum  case  are  given  in 
Figure  9. 


Unshrouded  Bladed  Disk 

(a)  Datum  Case 

The  datum  system  properties  are  shown 
in  Figure  10  in  the  form  of  a  natural  fre¬ 
quency  vs  nodal  diameters  plot,  and  it  is 
against  these  results  that  the  subsequent 
cases  will  be  compared. 

The  properties  illustrate  clearly  the 
influence  of  both  the  individual  (canti¬ 
lever)  blade  properties  and  those  of  the 
disk  alone  and,  indeed,  indicate  how  these 
separate  component  data  might  be  used  to 
estimate  the  full  assembly  properties. 

(b)  Disk  Stiffness 

The  first  influence  studied  is  that 
of  the  disk  stiffness:  keeping  all  other 
dimensions  unchanged,  the  disk  thickness 
is  halved  and  doubled,  resulting  in  the 
plots  shown  in  Figure  11 .  These  results 
are  understandable  and  show  how  the  assem¬ 
bly  modes  tend  towards  thosi  of  the  com¬ 
ponents  as  the  disk  stiffness  increases 
(so  that  the  interblade  coupling  dimin¬ 
ishes),  but  how  the  full  assembly  analysis 
becomes  more  important  as  the  disk  becomes 
more  flexible. 

(c)  Root  Flexibility 

A  related  parameter  -  although  quite 
a  separate  effect  -  is  root  flexibility. 
Tuis  is  introduced  to  take  account  of  the 
loss  of  rigidity  which  occurs  at  the 
blade/disk  junction  because  of  the  root 
fixing  used.  Unlike  disk  flexibility,  the 
root  effect  does  not  influence  the  coup¬ 
ling  but,  in  effect,  changes  the  blade 
stiffness  with  a  consequent  influence  on 
the  assembly  properties.  It  is  noted  from 
Figure  12  that  once  the  flexibility 
exceeds  a  certain  level,  its  influence  is 
marked  but  below  that  threshold,  its  mag¬ 
nitude  is  less  important. 

(d)  Blade  Stagger 

In  the  datum  case,  the  blades  are 
staggered  at  30°  and  this  has  the  result 
that  both  flapwise  and  edgewise  blade 
motions  are  coupled  through  the  flexural 
vibration  of  the  disc.  Fiqure  13  shows  a 
series  of  cases  where  the  blade  stagger  is 
increased  from  0“  to  90°  and  illustrates 
the  progressively  greater  influence  ex¬ 
erted  by  the  disk  on  the  flapwise  blade 
motion. 

(e)  Blade  Twist 

A  further  series  of  calculations  is 
shown  in  Figure  14  for  which  the  outer  30% 
of  the  blade  is  twisted  (staggered)  rela¬ 
tive  to  the  inner  section.  Here,  it  is 
clear  how  the  higher  families  of  modes  are 
significantly  influenced  while  the  lower 
modes  are  relatively  unaffected. 


Shrouded  Bladed  Disks 
(a)  Datum  Case 

Here,  the  datum  case  is  provided  by 
adding  a  "standard"  shroud  ring  around  the 
blade  tips  of  the  36-bladed  disk  used  for 
the  previous  studies.  The  results  for  the 
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DISK 


radius 


-  0.050  m  (inner)  MATERIAL  PROPERTIES 

-  0.560  m  (outer)  (All  components) 

thickness  ■>  0.060  m 

BLADE  length  -  0.250  m 

width  ”  0.030  m 

thickness  «  0.010  m 

stagger  -  30°  (from  axis) 

number  -  36 

SHRODD  thickness  -  0.010  m  (radial) 

depth  -  0.006  m  (axial) 


Figure  9.  Details  of  Datum  Case  Bladed  Disk  Model 


NODAL  DIAMETERS 


Modulus  -  207  GN/nF 

Density  ”  7850  kg/m- 
Poissons 
Ratio  -  0.30 


Figure  10.  Natural  Frequencies  of  Datum  Case  Unshrouded  Bladed  Disk 


Figure  H.  Effect  of  Disk  Stiffness  on  Natural  Frequencies 

disk  thickness:  (o)  «  0.03m;  (•)  *  0.06m;  (A)  «  0.09m 


Fiqure  12.  Effect  of  Root  Flexibility  on  Natural  Frequencies 
(O)  =  10-5;  (4)  =  10-'*.  (o)  s  10-3;  (•)  =  o  Nm/rad 
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same  frequency  range  as  used  before  are 
shown  in  Figure  15(a)  and  immediately  show 
rather  more  complex  patterns  of  behaviour 
than  in  any  of  the  previous  cases.  The 
main  difference  is  that  the  natural  fre¬ 
quencies  in  any  one  ’family*  no  lonqer 
necessarily  increase  steadily  with  the 
number  of  nodal  diameters s  sometimes  they 
do,  follow* ng  previous  experience,  but 
sometimes  ..ot.  The  reason  is  that  each 
mode  lab  iled  as  "n  nodal  diameters"  may 
indeed  nave  n  diameters,  but  could  also 
(or  instead)  have  (N-n)  diameters,  or 
(N+n)  etc.  (N  being  the  number  of  blades). 
In  all  modes  involving  radial  motion  of 
the  shroud,  the  lowest  order  pattern  -  n 
nodal  diameters  -  is  suppressed  by  the 
very  high  radial  stiffness  of  the  blades 
and,  as  a  result,  it  is  the  second  order, 
(N-n),  which  dominates.  When  the  shroud  is 
effectively  dictating  the  coupling,  as  in 
the  case  when  the  disk  is  relatively 
stiff,  then  an  increasing  “n"  involves  a 
decreasing  controlling  shape,  (N-n),  hence 
the  falling  natural  frequencies  seen  ir. 
this  plot.  This  conclusion  is  reinforced 
in  Figure  15(b)  where  the  same  assembly  is 
analyzed  admitting  only  the  lowest  order 
shroud  modes  to  the  model.  This  result 
follows  the  same  pattern  as  the  earlier 
calculations  -  as  expected  -  but  is  clear¬ 
ly  an  inadequate  representation  of  the 
actual  system. 

(b)  Disk  Stiffness 

A  series  of  calculations  is  included 
in  Figure  16  where  *-he  disk  is  first  made 
much  more  flexible  than  the  datum  case,  by 
halving  its  thickness,  and  then  much  stif- 
fer  (double  thickness).  These  results, 
though  complex,  are  comprehensible. 
Indeed,  the  latter  case  presents  an  indi¬ 
cation  of  the  typical  characteristics  for 
an  assembly  of  blades  where  virtually  all 
the  inter-blade  coupling  is  through  the 
shroud  band. 

(c)  Shroud  Stiffness 

In  the  same  vein,  a  scries  of  calcu¬ 
lations  is  shown  in  Figure  17  for  two 
variants  where  the  shrouo  is  first  less 
stiff  and  then  more  stiff  than  the  refer¬ 
ence  case,  this  effect  being  achieved  by 
halving  and  doubling  the  radial  thickness 
of  the  shroud  band. 

(d)  Shroud  Attachments 

In  many  assemblies,  the  connection 
between  blades  and  shroud  is  not  fully  in¬ 
tegral.  Sometimes,  there  is  a  local  flex¬ 
ibility,  similar  to  the  root  flexibility, 
which  relaxes  the  coupling  provided  by 
this  attachment  and  sometimes  the  connec¬ 
tions  are  deliberately  made  only  in  cer¬ 
tain  coordinates,  or  directions.  In 
Figure  18,  we  see  the  result  of  making  the 
blade/shroud  attachment  rigid  in  only  1, 
or  2,  or  3  of  the  6  coordinates  previously 
included  in  the  datum  case.  It  is  clear 
how  certain  modes  are  greatly  affected  by 
these  conditions  while  others  are  barely 
influenced  at  all. 

(e)  Shroud  Position 

Lastly,  we  show  some  typical  effects 
resulting  from  changing  the  radial  loca¬ 
tion  of  the  shroud  (previously,  it  was 
at  1001  blade  length).  In  Figure  19, 


results  for  other  positions  are  shown 
alongside  those  of  the  datum  case. 

DYNAMIC  ANALYSIS  FOR  PRACTICAL  ASSEMBLIES 
(contributed  by  R.  Henry) 

Dynamic  Analysis  of  Low  Pressure  Turbine 
Stage 

Having  explorea  the  characteristics 
of  bladed  assemblies  in  general,  we  shall 
now  present  an  example  of  a  specific  prac¬ 
tical  assembly  analyzed  by  a  finite  ele¬ 
ment  model,  using  the  axisymmetric  method 
outlined  in  Chapter  13  applied  to  a  rotat¬ 
ing  low  pressure  turbine  stage  of  a  modern 
get  engine,  Ferrans  et  al.  (1973)., 

Finite  Element  Modelling 

Figure  20  shows  the  finite  element 
mesh  used  to  calculate  the  natural  fre¬ 
quencies  and  mode  shapes  of  the  above- 
mentioned  turbine  stage.  The  disk  is 
modelled  mainly  with  thin  shell  axisym¬ 
metric  elements  (nine  elements  for  the 
flanges  and  ten  elements  for  the  web), 
connected  to  the  disk  rim  using  junction 
elements  (I  to  VI).  The  rim  itself  is 
modelled  with  eight  thick  isoparametric 
elements.  The  blade  is  modelled  with  16 
twisted,  beam  elements  (see  Chapter  14)  and 
continuity  of  displacements  and  slopes  at 
the  blade  root  is  ensured  using  two  junc¬ 
tion  elements  (VII,  VIII)  placed  on  the 
c*  sk  rim.  The  shroud  element  at  the  blade 
tip  is  modelled  by  additional  masses  and 
inertias  in  the  three  directions.  The 
disk  is  clamped  as  shown  in  Figure  20. 
The  blade  tip  is  free  in  the  X  and  2  di¬ 
rections,  supported  m  Y  and  restrained  in 
torsion.  The  whole  model  results  in  288 
effective  degrees  of  freedom. 

Dynamic  Analysis 

The  first  six  natural  frequencies  and 
mode  shapes  are  computed  for  the  structure 
vibrating  with  n  =  0  to  S  nodal  diameters 
and  at  various  speeds  of  rotation  (1  .  The 
results  are  presented  usmq  a  dimension¬ 
less  frequency  parameter  frr=f/foi),  foi 
being  the  fundamental  natural  fieguancy 
for  0  nodal  diameters)  and  a  dimension¬ 
less  speed  nr  =  0/foi  The  natural  fre¬ 
quences  related  <.o  n  and  0  are  presented 
m  Figure  21(a)  and  (b)  and  the  associated 
mode  shapes  are  arranged  in  families  fnj, 
fnil,  . ...  fnvi  and  presented  in  Figure 
21(c)  to  (g). 

Family  I,  Figure  21(c),  is  mainly  a 
disk-rim  vibration  mode  while  the  blades 
move  in  the  XZ  piane  following  the  rim 
motion.  It  is  seen  that  the  natural  fre¬ 
quencies  of  family  I  approach  the  first 
bending  frequency  of  the  clamped  blade  for 
increasing  values  of  nodal  diameters  but 
that  the  rotation  effect  results  in  a  30 
to  40%  increase  of  the  natural  frequencies 
(Figures  21(a)  and  (b)). 

Family  II,  Figure  21(d),  shows  a  disk 
bending  mode.  Motion  of  the  rim  is 
limited  and  the  blade  bends  in  the  XZ 
plane.  It  can  be  seen  in  Figure  21(d) 
that  the  rotation  effect  is  significant  on 
the  various  n  diameter  modes  as  the  asso¬ 
ciated  natural  frequencies  increase  by 
more  than  20%  in  the  range  of  rotation 
speeds  studied  (from  rest  to  operating 
speed) . 


0 


NODAL  DIAMETCR5 


Figure  15.  Natural  Frequencies  for  Detux  Case  Shrouded  Bladed  Disk 
la'  (•)  full  analysis 

(b)  (o)  analysis  astitting  higher  order  terms 


Figure  16. 


Effect  of  Disk  Stiffness  on  Natural 
disk  thickness!  (*)  =  0.06m;  (o)  = 


Frequencies 

1.00m 


Figure  19.  Effect  of  Shroud  Position  on  Natural  Frequencies 

shroud  height:  (•)  «  100%;  (o)  =  90%;  (a)  =  60*  blade  length 


Figure  20.  Finite  Element  Model  for  Low  Pressure  Turbine  Stage 
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Family  III,  Figure  21(e),  is  mainly  a 
blade  vibration  mode.  Here  again,  the 
natural  frequencies  tend  to  the  first  flap 
bending  frequencies  of  the  cantilevered 
blade  as  the  number  of  nodal  diameters 
increases.  The  axisymmetric  part  of  the 
stage  (disk  plus  rim)  undergoes  small  am¬ 
plitudes  of  vibration,  except  for  n  «  2 
and  n  =  3  which  show  large  motion  for  the 
disk-rim  and  the  disk  respectively.  The 
rotation  effect  results  in  a  frequency 
increase  of  up  to  8*. 


Family  IV  mode  shapes  show  mostly  a 
torsional  motion  of  the  blade  with  very 
little  motion  of  the  disk.  As  n  in¬ 
creases,  the  natural  frequencies  tend 
towards  that  of  the  first  torsion  mode  of 
the  cantilevered  blade.  For  this  group  of 
modes,  it  can  be  seen  in  Figure  21(d)  that 
the  rotation  speed  has  a  negligible 
effect,  never  exceeding  1.5%  for  any  value 
of  n. 


Family  V,  presented  in  Figure  21(f), 
shows  a  disk-rim  vibration  with  strongly 
coupled  second  bending-torsion  motion  of 
the  blade  and,  as  n  increases,  a  natural 
frequency  tending  to  the  second  torsion 
mode  of  the  cantilevered  blade.  Except 
for  n  *  2,  for  which  the  frequency  in¬ 
creases  by  about  3.5%,  the  rotation 
effects  are  relatively  small. 


Family  VI,  Figure  21(g),  is  a  highly 
coupled  vibration  mode  with  significant 
motion  of  the  disk  and  rim,  especially  tor 
n  «  1  and  4.  The  blade  vibrates  in  a 
coupled  bending-torsion  mode  and  the  fre¬ 
quency  tends  to  the  second  bending  mode  of 
the  cantilevered  blade.  For  this  family, 
the  rotation  effects  result  in  a  rather 
small  increase  in  the  frequencies  (2.5% 
for  n  =  1  to  5  and  5%  for  n  =  0). 


Lastly,  examination  of  Figures  21(a) 
and  21(b)  shows  clearly  that  the  disk  in¬ 
fluence  is  low  for  the  families  I,  III,  IV 
and  V.  It  can  also  be  noted  that  the 
families  I,  II  and,  up  to  a  point.  III  are 
affected  by  the  centrifugal  effects.. 


Comments 

The  axisymmetric  method  is  well 
cuited  to  predicting  the  vibration  be¬ 
haviour  of  any  rotating  bladed  assembly 
where  the  number  of  blades  is  high,  i.e., 
the  actual  structure  must  have  an  essen¬ 
tially  axisymmetric  behaviour.  The  re¬ 
sults  obtained  for  this  low  pressure  tur¬ 
bine  stage  example  show  that  an  adequate 
model  of  such  structures  must  consider  all 
the  coupling  effects  due  to  the  blade  and 
disk  geometry  along  with  Chose  due  to  ro¬ 
tation.  If  the  number  of  blades  is  low 
and  the  blades  cannot  be  modelled  by  beams 
(as  is  the  case  for  many  fan  assemblies), 
the  mode  shapes  are  no  longer  axisymmetric 
(simple  diameters  and/or  circles  for  nodal 
lines),  and  the  previous  hypothesis  is  no 
longer  valid.  In  these  cases,  one  has  to 
introduce  methods  using  cyclic  symmetry 
for  rotationally  periodic  structures. 


VIBRATION  PROPERTIES  OF  HISTONED  AND 
PACKETED  BLADED  ASSEMBLIES 


Histuned  Assemblies 

(a)  General 

All  the  examples  presented  so  far 
have  related  to  'tuned*  or  symmetric 
assemblies  where  all  the  blades  on  one 
stage  are  identical  to  each  other.  In 
practice,  such  uniformity  is  seldom 
attained,  either  by  chance  or  by  design, 
and  so  it  is  appropriate  to  consider  next 
the  implications  of  a  loss  of  complete 
cyclic  symmetry  for  the  vibration  charac¬ 
teristics.  We  shall  first  examine  'mis- 
tuned1  assemblies,  where  small  blade- 
to-blade  variations  are  admitted  to  the 
model,  representing  either  random  manu¬ 
facturing  variations  or  deliberate  selec¬ 
tion  of  'light'  or  'heavy'  blades  as  is 
sometimes  practiced  during  assembly. 
Later,  we  shall  consider  other,  more 
extreme,  departures  from  symmetry. 

Using  any  of  the  assembly  models 
which  permit  the  individual  representation 
of  each  blade  (i.e.,  those  models  which  do 
not  presuppose  cyclic  symmetry),  we  find 
that  a  small  amount  of  misLuning  (i.e., 
blade  variations  of  typically  a  few  per¬ 
cent)  has  a  relatively  minor  effect  on  the 
assembly  natural  frequencies  but  can  in¬ 
troduce  potentially  significant  changes  to 
the  mode  shapes.  This  result  is  itself 
important  because  of  the  central  role 
played  by  the  mcde  shapes  in  determining 
the  blade  response  characteristics. 

(b)  Frequency  Splitting 

Many  of  the  essential  characteristics 
of  miscjoed  assemblies  can  be  illustrated 
by  the  single  example  given  in  Fiqure  22 
which  relates  to  an  unshrouded  24-bladed 
disk  used  for  a  series  of  carefully- 
controlled  experiments.  We  see  that 
as  a  result  of  random  mistuning  of 
the  set  of  blades,  each  double  mode 
degenerates  from  the  pair  of  identical 
natural  frequencies  with  pure  n-nodal  di¬ 
ameter  mode  shapes  and  'splits'  into  two 
distinct  modes  witf  close  natural  frequen¬ 
cies  and  mode  shapes  which  now  contain 
several  diametral  components.  For  tho°e 
double  modes  wnose  natural  frequencies  are 
well  separated  from  each  other  in  the 
tuned  state  -  here,  the  low  order  modes 
with  2,  3,  and  4  nodal  diameters  -  the 
mistuned  assembly  mode  shapes  retain  a 
strong  resemblance  to  the  original  pure 
nodal  diameter  patterns..  For  many  of  these 
modes,  the  extra  diametral  components  in¬ 
troduced  by  mistuning  are  relatively  small 
compared  with  the  'parent'  order. 
However,  as  we  progress  through  the  family 
of  modes  associated  with  one  of  the  blade 
cantilever  modes,  we  see  that  the  contami¬ 
nation  of  the  assembly  mode  shapes  in¬ 
creases  to  the  point  where  some  of  them 
can  no  longer  be  associated  with  a  partic¬ 
ular  nodal  diameter  pattern  at  all.  This 
situation  arises  when  the  tuned  system 
natural  frequencies  are  separated  by  the 
same  order  of  magnitude  as  the  frequency 
split  induced  by  the  mistuning.  This,  in 
turn,  is  related  to  the  degree  of  blade 
mistune  which  can  conveniently  (though  not 
uniquely)  be  specified  in  terms  of  the  in¬ 
dividual  cantilever  frequencies  of  the 


Figure  21e.  Vibration  Properties  of  a  Low  Pressure  Stage 


Figure  21f.  Vibration  Properties  of  a  Low  Pressure  Stage 


Figure  21g.  Vibration  Properties  of  a  Low  Pressure  Stage 


Figure  22a.  Frequency  Splitting  Effect  Caused  by  Regular  Mistuning 
(a)  separated  modes;  (b)  close  modes 
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frequencies  of  the  actual  blades  used.  As 
a  rough  guide/  a  scatter  of  ±  x*  ir.  indi¬ 
vidual  blade  cantilever  frequencies  will 
generate  frequency  splits  of  up  to  xt  in 
the  various  double  nodes  althouqh  the 
exact  amount  will  depend  on  the  specific 
distribution  of  the  blades  as  well. 

Single  modes  are  only  slightly 
affected  by  mistuning,  the  variations  in 
natural  frequency  and  mode  shape  always 
being  of  the  same  order  as  the  blade  mis- 
tune  itself. 


(c)  Patterns  of  Behaviour 

Although  the  vibration  modes  can  al¬ 
ways  be  computed  for  a  given  assembly  mis- 
tune  configuration,  such  calculations  are 
expensive  and  so  it  is  useful  to  establish 
any  patterns  which  may  relate  specific 
mistuning  arrangements  with  consequent 
changes  from  the  tuned  system  datum  pro¬ 
perties.  One  such  pattern  is  found  to 
apply  to  those  modes  which  exhibit  a  clear 
frequency  splitting  behaviour:  i.e., 
those  modes  -  usually  with  few  nodal  dia¬ 
meters  -  which  have  well-separated  natural 
frequencies.  It  is  found  that  in  order 
for  such  an  n-nodal  diameter  mode  to  split 
due  to  mistuning,  the  variation  in  indi¬ 
vidual  blade  frequencies  (the  mistune 
arrangement)  must  contain  a  component  of 
order  2n.  In  order  words,  if  the  individ¬ 
ual  blade  frequencies  are  given  by 


fi  =  f0  (l+X2ncos  ( 2n  0i ) ) 
where 

f0  is  the  mean  blade  frequency, 
fi  is  its  individual  cantilever 
frequency,  and 

0i  is  the  position  of  blade  i, 

then  all  modes  with  n  nodal  aiameters  will 
split  and  the  extent  of  the  frequency 
split  will  be  closely  related  to  the  mag¬ 
nitude  of  X2n.  Modes  with  other  nodal 
diameter  patterns  will  generally  not  he 
split.  This  pattern  ceases  to  apply  when, 
as  mentioned  previously,  the  natural  fre¬ 
quencies  of  the  (n-1)-,  (n)-,  and  < n+1 )  — 
diameter  modes  of  the  tuned  system  are 
already  close  together.  Some  examples  of 
this  effect  as  applied  to  a  30-bladed  disk 
are  shown  in  Figure  23  where  both  regimes 
are  illustrated. 

Another  pattern  which  is  observed 
with  regular  mistuning  concerns  the  mode 
shapes.  In  all  cases  of  mistuning,  these 
shapes  are  distorted  from  their  regular 
cos(n0)  form  but  in  the  case  of  cosine  (or 
other  periodic)  mistuning,  the  distortion 
itself  is  also  regular,  and  follows  a 
standard  pattern.  If  the  cosine  mistuning 
is  of  order  k,  then  the  modes  originally 
identified  by  n  nodal  diameters  will  be 
found  to  contain  some  component  of  (n+k), 
(n+2k)  .  .  .  (n-k),  (n-2k)  .  .  .  etc. 
diameters. 

The  significance  of  the  various 
diametral  components  present  in  each  mode 
shape  will  be  fully  appreciated  in  the 
later  discussion  on  forced  vibration 
-each  mode  is  susceptible  to  resonance 
whose  severity  is  determined  by  these 
components . 


(d)  Effects  of  Damping 

All  the  preceding  discussion  applies 
strictly  to  undamped  structures,  although 
very  little  change  would  result  if 
proportional  damping  were  introduced  (see 
Chapter  13).  However,  it  is  possible  that 
in  this  paiticular  case  the  actual  mechan¬ 
ical  (and/or  aerodynamic)  damping  may  have 
a  significant  influence  if,  or  because,  it 
is  distributed  in  a  non-proportional  way. 
In  practice,  non-proportional  damping  will 
result  if  the  actual  source  of  damping  is 
localized  and  is  not  distributed  in  the 
same  way  as  the  mass  and/or  stiffness  of 
the  structure;  a  situation  likely  to  apply 
to  many  bladed  assemblies. 

The  significance  of  the  distribution 
of  damping  lies  in  the  fact  that  the  modes 
of  non-proportionally  damped  systems  may 
be  complex  and,  further,  that  systems  with 
close  natural  frequencies  are  known  to  be 
more  prone  to  significant  degrees  of  com¬ 
plexity  in  their  mode  shapes.  All  the 
mode  shapes  illustrated  so  far  have  been 
real,  with  each  blade  vibrating  exactly 
in  or  out-of-phase  with  the  others  and 
thus  reaching  its  maximum  value  at  the 
same  time  as  all  the  others.  In  a  complex 
mode,  adjacent  blades  can  have  any  rela¬ 
tive  phase  difference  (and  not  just  0“  or 
180“)  and  this  can  have  a  very  marked 
effect  on  the  aerodynamics. 


Blade  Packets 

The  next  assembly  to  be  considered  is 
that  of  a  packet  of  blades,  often  a  group 
of  up  to  7  or  8  cantilevered  blades  con¬ 
nected  by  a  shroud  band.  Although  analy¬ 
sis  of  this  configuration  usually  ignores 
the  disk  coupling  (some  examples  do  admit 
disk  or  root  flexibility,  but  not  inter¬ 
blade  coupling),  it  is  justified  in  the 
same  way  as  was  our  earlier  study  of  an 
individual  blade;  the  vibration  properties 
for  a  complete  (packeted)  placed  disk  are 
related  to  those  of  the  single  canti¬ 
levered  packet  by  these  latter  providing 
asymptotic  values  and  classification  of 
the  various  families  of  modes  of  the  full 
bladed  system. 

The  basic  characteristics  can  be 
illustrated  using  a  simple  lumped  para¬ 
meter  model,  such  as  that  shown  in  Figure 
24(a).  The  natural  frequencies  and  mode 
shapes  for  a  six-bladed  packet  of  this 
type  are  shown  in  Figure  24(b)  from  which 
a  general  trend  is  seen:  one  fundamental 
mode  with  all  blades  moving  together  which 
is  unaffected  by  the  'shroud'  stiffness 
followed  by  a  group  of  five  modes  whose 
natural  frequencies  are  grouped  together 
and  which  are  largely  controlled  by  the 
shroud  stiffness.  Figure  24(c)  shows  a 
series  of  results  based  on  the  same  very 
simple  model  incorporating  two,  three,  and 
up  to  six  blades  in  a  single  packet.  The 
trend  of  one  fundamental  in-phase  mode 
plus  a  group  of  (N-1)  modes  is  clearly 
seen  throughout  and  it  is  also  noted  that 
the  basic  two-blade  packet  yields  the 
essentials  of  the  vibration  prccerties  of 
the  other  configurations  with  more 
blades. 

The  next  level  of  model  is  one  which 
represents  the  blades  and  the  shroud 
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Figure  24,  Vibration  Properties  of  a  Simple  6-81ade  Group 

(a)  model 

(b)  natural  frequencies  and  their  mode  shapes 

(c)  various  group  sizes 
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elements  as  beams,  as  shown  in  Figure 
25(a).  Results  from  the  analysis  of  a 
specific  example  of  this  type  are  shown  in 
Figure  25(b)  where  it  is  noticed  that,  in 
fact,  there  are  two  separate  sets  of  vi¬ 
bration  modes  -  the  in-plane  and  out- 
of-plane  modes.  In  this  example,  these 
two  sets  are  totally  independent  of  each 
other  but  this  is  a  direct  result  of  the 
zero  stagger  of  the  blades.  Examining 
each  of  the  separate  results  shows  that 
the  same  trend  noticed  in  the  simple 
mass/spring  model  characteristics  applies 
here  also,  with  a  single  in-phase  funda¬ 
mental  mode  followed  by  a  group  of  shroud- 
ccntrolled  modes  in  a  relatively  narrow 
frequency  band.  In  this  (more  represent¬ 
ative)  mod- 1 ,  the  out-of-phase  modes  ex¬ 
hibit  clear  and  simple  shapes  by  which  the 
various  modes  are  identified  -the  second 
mode  being  a  “rocking",  the  third  a  ”U", 
the  fourth  “S”,  and  so  on,  depending  upon 
the  number  of  blades  included. 


A  study  was  madt  using  a  finite  ele¬ 
ment  beam  model  to  examine  the  signifi¬ 
cance  of  blade  number  on  the  packet's 
vibration  properties,  Thomas  and  Belek 
(1977).-  As  heralded  by  the  very  simple 
example  quoted  above,  it  was  found  that 
the  detailed  analysis  for  a  two-bladed 
packet  could  form  the  basis  for  accurate 
prediction  of  the  corresponding  modes  of 
other  packets  containing  any  number  of 
similar  blades.  Some  results  to  ill"s- 
trate  this  are  shown  in  Figure  25(ci, 
still  based  on  a  set  of  blades  with  0“ 
stagger  to  the  plane  of  the  'disk1. 


Finally,  we  consi-er  the  properties 
of  a  packet  in  which  in-phase  and  out- 
of-phase  motions  are  coupled  by  the  blades 
being  stagqered.  In  this  case,  all  the 
modes  are  coupled  and  contain  some  dis¬ 
placement  in  both  in-plane  and  out- 
of-plane  directions  although,  in  many 
cases,  each  individual  mode  may  be  predom¬ 
inantly  in  one  or  the  other  directions.. 
An  example  derived  from  the  earlier  six- 
bladed  packet  is  shown  in  Figure  26. 


Packeted  Bladed  Assemblies 


Packeted  Assembly  Configurations 

Probably  the  mo' t  complicated  bladed 
assembly  of  all  is  the  packeted  bladed 
disk  in  which  all  the  previously-discussed 
elements  are  present  -  disk  flexibility, 
interblade  coupling,  and  the  lack  of 
cyclic  symmetry.  The  basic  feature  is  a 
discontinuous  shroud,  there  being  gaps  at 
a  number  of  points  depending  on  the  spe¬ 
cific  packeting  arrangement  used.  There 
are  various  possible  configurations,  of 
this  format,  ranging  from  a  simple  case 
where  blades  are  coupled  together  in  pairs 
("N/2  packets  of  two  blades")  to  the  most 
complex  where  blades  are  grouped  in 
packets  of  different  numbers  spaced  irreg¬ 
ularly  around  the  disk.  Perhaps  the  most 
likely  arrangement  to  be  encountered  is 
one  where  there  exist  a  number  of  identi¬ 
cal  packets  ("P  packets  of  p  blades  each") 
-referred  to  as  'regular  packeting'. 


One  way  of  viewing  a  packeted  assem¬ 
bly  is  as  a  special  type  of  mlstuned  sys¬ 
tem,  the  main  differences  from  the  pre¬ 
viously  discussed  cases  being  in  the 
regularity  of  the  'mistune'  and  also  in 
its  magnitude  -likely  to  t>j  considerabli 
greater  than  that  due  to  blade  manufactur¬ 
ing  tolerances.  Such  an  approach  provides 
some  insight  into  what  particular  charac¬ 
teristics  might  be  expecced  to  apply  to 
this  type  of  bladed  assembly  since  the 
'mistune'  applicable  in  this  case  has  some 
similarities  with  regula-  blade  mistune 
mentioned  earlier. 

Another  way  of  viewing  regularly 
packeted  assemblies  is  to  consider  the 
subassemb’y  formed  by  a  single  packet  of 
blades  as  a  'superblade'  so  that  the  com¬ 
plete  system  consists  of  a  disk  with  a 
(small)  number  of  (identical)  superblades. 
Since  the  number  of  'blades'  in  this  case 
would  generally  be  small,  the  modes  of  the 
system  would  not  necessarily  have  simple 
nodal  diameter  shapes  (as  is  the  case  for 
a  large  number  of  blades)  but  would  each 
include  several  prominent  diametral  com¬ 
ponents,  although  the  diametral  orders 
present  in  each  mode  would  be  known  a 
priori. 


Case  Studies 

The  calculations  for  the  vibration 
properties  of  a  packeted  bladed  assembly 
are  just  as  expensive  and  extensive  as 
those  already  encountered  for  mistuned 
systems.-  As  a  result,  it  is  once  again  of 
some  importance  to  establish  what  patterns 
or  trends  exist  in  these  characteristics 
and  to  seek  ways  of  deducing  or  estimating 
them  without  necessarily  undertaking  a 
'full'  analysis.  In  this  section,  we 
shall  present  some  results  from  a  study 
made  using  both  of  the  simple  models  of  a 
bladed  disk  -  ihe  mass-spring  representa¬ 
tion  and  the  uniform  beam  and  plate  model 
-  in  which  the  blades  are  interconnected 
in  a  variety  of  different  packeting  con¬ 
figurations.  The  latter  studies  are 
based  on  a  simple  30-bladed  disk  snown  in 
Figure  27 

The  first  series  of  results  shown  in 
Figure  28  derive  from  the  very  simple 
mass-spring  type  of  model  and  include  de¬ 
tails  of  the  natural  frequencies  and  mode 
shapes  for  a  36-bladed  system  with  a 
number  of  different  packeting  arrange¬ 
ments.  The  results  are  summarized  in  tne 
graph  of  Figure  28  where  tne  principal 
diametral  component  has  been  used  to 
classify  each  mode  (since  »'<re  is  gen¬ 
erally  more  than  one  order  p.esant  in  the 
mode  shape).  Also  shown,  on  the  graph 
axis,  are  the  natural  frequencies  of  the 
corresponding  single  packet  of  'blades' 
with  their  roots  grounded,  so  that  the 
full  packeteo  bladed  disk  frequencies  can 
be  saen  in  relation  to  those  of  the  canti¬ 
levered  blade  packet.  A  pattern  is  clear¬ 
ly  seen  from  these  few  examples  leading  us 
to  the  possibility  that  the  full  packeted 
assembly  natural  frequencies  can  be 
effectively  deduced  from  (a)  those  of  a 
single  blade  packet  together  with  (b) 
those  of  the  continuously  shrouded 
assembly.  Both  of  these  two  sets  of  cal¬ 
culations  are  very  much  ecsier  to  perform 
than  those  of  the  fully  packeted 
assembly. 


Fioure  26.  Mode  Shapes  for  a  Blade  Packet  of  Staggered  Blades 


Figure  27.  Packeted  Bladed  Dink  Testpiece 
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A  second  example  is  shown  using  the 
more  representative  beam  and  plate  type  of 
model,  again  referred  to  a  30-bladed  disk. 
Using  the  general  model  of  this  type 
(i.e.,  one  which  does  not  presuppose 
cyclic  symmetry),  we  can  analyze  any  de¬ 
sired  packeting  configuration  and  two 
specific  cases  are  illustrated  in  the 
results  shown  in  Figure  29,  Using  the 
same  form  of  presentation  as  before,  we 
show  three  sets  of  natural  frequencies  on 
the  same  plots  (a)  those  for  a  single 
packet  of  blades  with  roots  cantilevered; 

(b)  those  for  the  bladed  disk  when  contin¬ 
uously  shrouded,  and  (c)  those  for  the 
packeted  bladed  disk.  As  before,  with  the 
simpler  model,  there  is  strong  relation¬ 
ship  between  the  first  two  of  these  sets 
of  results  and  the  third,  although  in  this 
case  they  represent  more  of  a  trend  than 
an  exact  -•attern.  Two  different  pack  sting 
arrangements  produce  the  same  essential 
result. 

It  was  mentioned  earlier  that  the 
principal  diametral  component  of  each  mode 
shape  was  used  to  identify  that  mode  on 
these  plots,  whereas  in  fact  each  such 
shape  has  several  significant  components. 
Once  again,  a  pattern  is  observed  which 
connects  the  number  of  blades  on  the  disk 
and  the  number  of  blades  In  a  packet  with 
the  combinations  of  diametral  orders  which 
appear  together  in  the  various  modes.  For 
example,  taking  the  case  cited  in  Figure 
29,  we  find  that  each  of  the  modes  has  a 
shape  which  contains  one  of  the  following 
sets  or  diametral  components; 

(a)  0,5,10  ot  (b)  1,4,6,9,11,14  or 

(c)  2,3,7,8,12,13 

A  different  set  of  diumetral  orders  ap¬ 
plies  tor  other  beaded  assembly  configura¬ 
tions  but  the  connection  with  the  essent¬ 
ial  parameters  of  the  packeting  is  self- 
evident. 


FORCED  VIBRATION  RESPONSE 
Scope  of  Response  Analysis 

Although  the  main  objective  of  this 
chapter  has  been  to  establish  the  nodal 
properties  of  ths  bladed  systems  of 
interest,  we  shall  include  some  brief  con¬ 
sideration  of  the  forced  response  behav¬ 
iour  as  well.  As  mentioned  in  Chapter 
13,  such  a  response  analysis  requires  the 
introduction  of  additional  information  in 
the  form  of  the  definition  of  a  specific 
forcing  function  to  be  considered  plus  the 
inclusion  of  some  damping  terms.  In  this 
application,  both  of  these  features  in¬ 
volve  assumptions  or  information  which 
extend  beyond  the  structural  dynamics 
aspects  that  ar.i  strictly  the  concern  of 
this  chapter. 

We  shall  focus  our  attention  in  this 
section  on  two  specific  excitation  cases 
and  one  specific  assumption  regarding  ths 
damping  effects.  The  first  excitation 
case  is  that  of  a  single  point  harmonic 
excitation,  such  as  is  used  for  most  vi¬ 
bration  test/raeasurement  procedures.  Thu 
second,  and  major,  case  will  be  that  of 
•engine-order'  excitation;  that  which 
exists  when  a  bladed  disk  rotates  past  (or 
through)  a  steady  flow  pattern  which  is 
nonuniforra  around  the  annulus.  In  such  a 


situation,  each  point  on  the  rotating  sys¬ 
tem  experiences  the  variations  in  steady 
axial  pressure  or  force  as  time-varying, 
and  thus  responds  by  vibrating  at  a  fre¬ 
quency  or  frequencies  directly  related  to 
the  speed  of  rotation.  Such  an  excitation 
not  only  has  a  characteristic  frequency 
(an  integer  multiple  of  the  rotation 
speed!  but  also  has  s  characteristic  shape 
since  it  is  applied  simultaneously  to  all 
points  around  the  bladed  assembly. 


In  each  case,  it  is  necessary  to  in¬ 
clude  some  form  of  damping  and  that  which 
is  generally  assumed  is  proportional, 
thereby  permitting  mast  of  the  computa¬ 
tional  effort  to  be  made  on  the  basic  un¬ 
damped  system,  introducing  the  damping 
only  at  the  very  last  stage.  However,  it 
should  be  noted  at  the  outset  that  this  13 
a  very  crude  approximation  to  the  real 
physical  conditions. 


Review  of  Forced  Response  Analysis 


The  basis  for  a  general  forced  re¬ 
sponse  analysis  was  presented  in  Chaptei 
13:  explicitly,  for  the  single  point  har¬ 
monic  excitation  condition  but  also, 
implicitly  for  the  more  complex  situation 
of  engine-order  excitation.  A  very  impor¬ 
tant  feature  of  all  types  of  forced  vibra¬ 
tion  is  the  double  requirement  to  obtain  a 
resonance  cond'tion:  namely,  an  excita¬ 
tion  at  the  appropriate  frequency  and  with 
the  appropriate  shape.  The  former  is 
self-evident  but  the  latter  condition  is 
more  subtle  and,  indeed,  plays  a  major 
role  in  the  forced  vibrations  of  interest 
here.  In  its  simplest  form,  it  is  clear 
that  a  particular  mode  of  vibration  will 
not  be  excited  into  resonance,  even  st  its 
natural  frequency,  by  an  excitation  force 
which  is  applied  at  a  nodal  point  of  that 
mode.  This  is  a  very  simple  example  of 
tne  excitation  shape  being  incompatible 
with  the  mode  shape  and  we  shall  find 
other  more  complex  one3  apply  in  this 
study. 


We  shall  consider  the  implications  of 
this  aspect  of  forced  vibration  for  the 
bladed  assembly  whose  mode  shapes,  as  we 
have  already  seen,  are  conveniently  de¬ 
scribed  in  terms  of  the  diametral  compo¬ 
nents  present  in  the  circumferential  dis¬ 
tribution  of  the  disk  and  blades’  dis- 
Dlaeement.  Thus,  we  shall  be  looking  at 
oi  for  the  existence  of  similar  diametral 
patterns  in  the  excitation  functions  as  a 
measure  of  their  potential  ability  to 
excite  resonant  vibrations  in  the  bladed 
assembly.  The  frequency  of  the  exciting 
force(s)  is  obviously  of  direct  signifi¬ 
cance  as  well,  but  the  shape  or  distribu¬ 
tion  must  not  be  overlooked. 


Consider  first  the  single  point  har¬ 
monic  excitation  which  will  in  assumed 
(for  the  purpose  of  this  discussion)  to  be 
applied  on  a  specific  blade.  The  effec¬ 
tive  forcing  function,  as  described  in  the 
governing  equations  of  motion  in  Cnapter 
13,  will  be  a  vector  which  only  has  one 
non-zero  element  so  that 
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Provided  that  the  point  of  application  of 
this  force  is  not  a  mads  of  any  at  the 
b laded  assembly's  modes  of  vibration.,  then 
it  will  be  capable  of  exciting  all  nodes. 
The  ' effectiveness 1  of  the  excitation  and 
the  strength  of  the  resonant  response  at 
each  natural  frequency  will  depend  partly 
upon  the  proximity  of  the  exciting  fre¬ 
quency  to  the  natural  frequencies  of  the 
various  nodes  and  partly  an  the  re  i strive 
amplitude  of  each  node  shape  at  the  drive 
point.  If  any  ot  these  have  a  node  at  the 
drive  point  then  the  anplitude  of  the  re¬ 
sponse  will  be  aero  but  if  the  point  is 
near  an  antinods.,  then  a  large  response 
will  be  generated  at  resonance.  It  is 
certainly  possible  that  any  given  excita¬ 
tion  point  nay  sell  find  itself  on  or  near 
to  a  node  for  sane  nodes  and  so  such  a 
single  point  excitation  cannot  be  guaran¬ 
teed  to  excite  all  nodes.  This  is  impor¬ 
tant  if  such  an  excitation  is  being 
applied  to  measure  the  nodes  of  a  bladed 
system:  several  such  nuu r  ernes  t s  may  he 

necessary  before  all  the  nodes  have  been 
sighted. 

The  engine-order  type  of  excitation 
is  more  complex  hut  more  important  since 
it  constitutes  a  major  source  of  steady 
forced  vibration  in  moat  running  turbo¬ 
machines.  As  mentioned  previously,  we 
shall  consider  here  the  excitation  gener¬ 
ated  by  the  rotation  of  a  bladed  system 
past  a  static  pressure  or  force  field,  the 
strength  of  which  varies  with  angular  pos¬ 
ition  around  the  machine  -  see  Fiqure  30. 
Such  variations  in  the  steady  flow  are 
inevitable  consequences  of  upstream 
obstructions  -  vanes,  bearing  supports 
and  other  maldistributions  in  the  fluid 
flow.  The  rotation  of  the  bladed  assembly 
causes  such  variations  in  pressure  to  be 
experienced  by  the  blades  as  time-varying 
forces  with  a  frequency  or  periodicity 
based  on  the  rotation  speed.  The  effec¬ 
tive  excitation  can  be  prescribed  by  an 
analysis  of  the  following  form,  here  based 
on  a  particular  case. 

Suppose  the  stead/  force  has  a  varia¬ 
tion  (or  component  in  its  variation)  of 
the  form: 


f { 0)  =  Fn  cos  ne 


(12) 


then  the  force  exerted  on  blade  number  j, 
located  at  9j  ,  where 


9  =  lil 
93  N 


will  be 

Fj  =  Fn  cos  (not  + 
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The  total  excitation  experienced  by 
the  entire  ninh] y  (since  the  forces  are 
exerted  simoltaneously  on  all  blades)  will 
consist  of  a  full  forcing  vector  (see 
Chapter  13,  equation  1): 
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It  can  be  seen  that  this  complex  excita¬ 
tion  pattern  -  referred  to  as  'engine  or¬ 
der  (BO)  excitation*  -  can  be  more  simply 
deecribed  by  the  sun  of  two  harmonic  com¬ 
ponents,  both  of  the  same  n-diameter  shape 
and  frequency  (of  n  times  rotation  speed) 
but  with  a  temporal  phase  difference  of 
90* . 
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Engine  Order  Response  Characteristics 

From  the  above  description  of  engine 
order  forcing,  it  is  clear  that  such  an 
nth  EO  excitation  can  only  excite  those 
modes  which  have  an  n-diameter  component 
in  their  mode  shape.  For  a  tuned  assem¬ 
bly,  with  all  blades  and  interconnections 
identical,  this  means  that  each  BD  excita¬ 
tion  will  only  generate  response  in  se¬ 
lected  modes  -  those  with  n  nodal  dia¬ 
meters.  Even  when  the  excitation  is 
exactly  at  the  frequency  of  an  n-dianeter 
mode  (n*m),  the  only  response  which  will 
be  generated  will  be  the  off— resonant  com¬ 
ponent  from  the  n-diameter  modes:  there 
will  be  zero  response  from  the  m-dianefcer 
ones.  In  practice,  of  course,  there  are 
few  assemblies  with  such  pure  r.odal  dia¬ 
meter  modes  and  most  systems,  having  some 
degree  of  mistuning  (or  deliberate  asym¬ 
metry),  will  possess  several  modes  which 
have  n-diameter  components  in  their 
shapes.  These  will  all  be  susceptible  to 
some  degree  to  excitation  by  the  nBO 
forcing.  However,  the  relative  strengths 
of  the  resonances  thus  caused  will  reflect 
closely  the  magnitude  of  the  n-diameter 
component  in  each  mode.  As  was  seen 
earlier,  most  modes  tend  to  have  a  primarv 
diametral  component  together  with  a  number 
of  lesser  components.  Thus,  we  can  pre¬ 
dict  the  general  nature  of  engine  order 
forced  vibration  response  charcteristicsc 
a  harmonic  forcing  generated  at  n  times 
rotation  speed  causing  resonances  in 
several  modes,  the  strength  of  each  being 
dependent  on  the  n-diameter  component  in 
that  mode  shape. 

Lastly,  we  can  see  the  possibility  of 
the  same  type  of  aliassing  phwnr— wnnn  al¬ 
ready  discussed  in  connection  wrth  the 
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mode  shapes  themselves.  Because  the  ex¬ 
citation  is  applied  to  the  assembly  by  a 
discrete  number  of  forces  (one  per  blade), 
an  (N-n)EO  excitation  will  be  equally  ef¬ 
fective  at  exciting  n-diameter  modes  as 
will  an  nEO  type,  although  the  frequency 
of  the  resulting  vibration  will  be  at  (N- 
n)  times  the  rotation  speed.  It  will  be 
appreciated  that  with  the  above  governing 
rules,  the  characteristics  of  engine-order 
forced  vibration  can  be  quite  complicated! 


A  convenient  way  to  illustrate  the 
essential  characteristics  of  EO  forced  vi¬ 
bration  is  to  use  a  version  of  the 
Campbell  or  interference  diagram,  as  shown 
in  Figure  31.  This  is  a  plot  of  frequency 
versus  rotation  speed  with,  on  the  third 
axis,  an  indication  of  response  level. 
Shown  on  the  diagram  are  lines  depicting 
the  individual  natural  frequencies  largely 
independent  of  speed,  and  also  the  'order 
lines'  indicating  the  frequencies  of  prom¬ 
inent  excitation  conditions.  where  the 
nth  EO  line  crosses  the  natural  frequency 
'line'  of  a  mode  of/containing  n  nodal 
diameters,  a  resonance  condition  will 
exist.  other  intersections  will  produce 
no  significant  response.  The  existence  of 
impure  mode  shapes,  such  as  those  of  mis- 
tuned  assemblies,  results  in  several  modes 
exhibiting  a  secondary  level  of  resonant 
response  and  this  can  also  be  indicated  on 
the  diagram.  Lastly,  the  aliassing  phe¬ 
nomenon  -  where  an  nth  EO  excitation 
excites  modes  with  (N-n)  modal  diameters  - 
is  also  demonstrated  on  thia  type  of  plot. 


In  order  to  illustrate  the  engine- 
order  forced  response  characteristics  of 
bladed  assemblies,  a  number  of  computed 
case  studies  will  be  presented,  all  based 
on  the  beam  and  plate  type  of  model  dis¬ 
cussed  earlier  in  this  chapter.  The  first 
example,  in  Figure  32,  shows  different 
engine  order  excitations  applied  to  a 
tuned  bladed  disk,  covering  the  same  fre¬ 
quency  range  (although,  of  course,  this 
means  different  speed  ranges).  The 
selectivity  of  the  excitation  in  generat¬ 
ing  response  only  in  a  mode  whose  shape  is 
compatible  with  that  of  the  engine-order 
forcing  is  quite  clear  in  this  example. 
Next,  in  Figure  33,  just  the  6E0  forcing 
is  applied  to  a  slightly  mistuned  version 
of  the  same  assembly  as  before  end  now  it 
i«  lear  that  several  modes  are  excited, 
as  anticipated,  although  not  all  to  a 
great  extent.  Some  verification  of  these 
response  characteristics  has  been  provided 
by  some  carefully-controlled  experiments, 
Ewins  (1976),  an  example  from  which  is 
shown  in  Figure  34. 


One  characteristic  of  considerable 
interest  is  the  relative  response  levels 
wnich  will  be  encountered  by  a  given 
bladed  assembly  when  it  is  (a)  perfectly 
tuned,  (b)  arbitrarily  mistuned,  and  (c) 
mistuned  in  the  most  disadvantageous  way. 
Many  studies  have  v'Jressed  this  question, 
focusing  on  the  maximum  possible  increase 
in  response  level,  and  a  variety  of 
results  have  emerged.  If  only  the  two 
modes  of  a  double  mode  pair  are  involved 
(i.e.,  only  these  two  are  coupled  by 
virtue  of  the  damping  and  separation  of 
their  natural  frequencies),  then  only  a 
modest  increase  in  maximum  response  of  up 
to  30t  is  forecast  for  the  worst  mistune 
case,  Ewins  (1969).  Once  the  various 
modes'  natural  frequencies  become  'close1, 
then  the  interaction  between  them  becomes 
very  difficult  to  analyze  -  except  by  nu¬ 
merical  calculation  -  and  the  results  for 
this  case  are  founded  mainly  on  empirical 
observation,  often  based  on  many  hundreds 
of  case  studies.  One  of  the  more  compre¬ 
hensive  of  these,  Griffin  6  Hoosac  (1983), 
shows  response  increases  of  up  to  loot 
under  certain  special,  though  plausible, 
conditions. 

At  this  stage,  it  becomes  necessary 
to  recall  the  assumptions  which  have  been 
made  concerning  the  damping,  since  de¬ 
partures  from  these  can  result  in  signif¬ 
icant  differences  in  response  charac¬ 
teristics  from  those  reported  here.  The 
uncertainty  of  this  important  parameter 
means  that  although  the  trends  indicated 
by  such  results  as  those  reported  above 
are  valuable,  it  would  be  inappropriate  to 
draw  too  detailed  a  conclusion  from  them 
unless  the  damping  model  were  first 
validated. 


ACKNOWLEDGEMENT 

The  author  wishes  to  acknowledge, 
with  thanks,  the  assistance  of  Dr.  M. 
Imregun  in  obtaining  many  of  the  computed 
data  presented  in  this  chapter. 


In  all  the  preceding  examples,  very 
light  damping  has  been  introduced  so  that 
the  various  modes  with  relatively  close 
natural  frequencies  are  still  clearly  dis¬ 
tinguishable.  If  a  higher  level  of  damp¬ 
ing  is  assumed,  then  several  of  the 
smaller  close  resonances  merge  together 
and  lose  their  separate  identity,  as  can 
be  seen  in  Figure  35,  taken  from  Ewins  and 
Rao  (1976).  In  these  circumstances,  it 
becomes  almost  impossible  to  'anticipate' 
reliably  the  form  of  the  response  curves, 
although  it  is  always  possible  to  calcu¬ 
late  the  exact  form  as  has  been  done  here. 
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figure  32.  Various  BO  Excitations:  Tuned  &lad 
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INTRODUCTION 

Ever  since  the  initial  running  of  ass 
turbines  in  the  1930's,  their  development 
proqress  has  been  handicapped  by  failures 
of  the  blading.  In  a  large  percentage  of 
these  failures  the  major  cause  was  due  to 
metal  fatigue.  These  fatigue  failures  be¬ 
came  of  prime  importance  during  the  early 
development  of  the  axial  flow  compressor, 
in  place  of  the  centrlfuqal  units  which 
were  used  in  the  early  aero  enqines.  In  a 
fatigue  failure  a  component  suffers  the 
development  of  a  crack,  which  propagate, 
very  quickly  across  the  section  of  the 
component.  In  the  majority  of  cases  this 
alternating  stress  is  the  direct  result  of 
the  vibration  of  the  blades,  compressor  or 
turbine,  at  a  significant  amplitude.  As 
the  fatigue  crack  progresses  across  the 
blade  section,  the  level  of  the  steady 
stress  on  the  remaining  part  of  the  sec¬ 
tion  Increases,  and  final  fracture  takes 
place  as  this  stress  rises  above  the 
tensile  strength  of  the  material. 

Obviously,  the  failure  of  a  blade  in 
this  way  -  especially  in  an  axial  compres¬ 
sor  of  many  stages  -can  create  much  secon¬ 
dary  damaqe,  as  the  released  portion  of 
the  blade  ricochets  amongst  the  stators 
and  high  speed  rotor  blades.  It  is  not 
uncommon  for  all  the  blading  of  a  compres¬ 
sor  to  be  fractured  or  severely  damaged 
after  the  failure  of  an  early  stage  rotor 
blade.  The  extent  of  this  secondary 
damaqe  is  both  governed  (in  a  very  complex 
way)  by  the  design  and  spacing  of  the 
blading,  and  (to  a  large  extent)  by  the 
Impact  and  mechanical  properties  of  the 
blading. 

Published  photoqraphs  of  the  compres¬ 
sors  subsequent  to  this  type  of  failure 
are  not  common,  due,  no  doubt  to  the 
understandable  reluctance  of  manufacturers 
to  release  this  type  of  information. 


However,  Fiqure  1  is  a  photograph  of  a 
compressor  after  a  major  failure  which 
illustrates  the  gravity  of  the  problem. 

Indeed,  it  can  be  said  that  if  the 
problem  of  metal  fatigue  failure  did  not 
exist,  then  the  study  of  blade  vibration 
and  the  associated  aeroelasticlty  phenom¬ 
ena  would  barely  be  justified.  It  is 
therefore  necessary  to  appreciate  the 
major  factors  controlling  the  fatigue  of 
blading  which  are  encountered  in  the 
actual  operation  of  gas  turbines  and  the 
practical  steps  which  can  be  taken  to 
assess  the  levels  of  vibration  which  are 
present,  to  ensure  as  far  as  possible  that 
blade  failures  due  to  this  cause  are 
minimized.  This  is  the  purpose  of  this 
present  chapter. 


CHARACTER  OF  FATIGUE 

The  problem  of  metal  fatigue  has  been 
of  importance  in  mechanical  engineering 
since  the  first  days  of  the  railways.  In 
fact  some  of  the  material  testing  methods 
U3ed  today  are  developed  from  the  early 
work  of  A.  Wohler  (c.1860)  who  was  in¬ 
volved  in  the  investigations  of  the  fail¬ 
ures  of  axles  of  railway  wagons,  Moore 
(1927).  Since  that  time  much  has  been 
achieved  to  aid  our  understanding  of  the 
reasons  and  factors  controlling  the 
problem.  However,  our  knowledge  of  the 
capability  of  a  material,  and  so  the  com¬ 
ponent,  has  still  to  rely  upon  empirical 
data  obtained  from  special  "metallurgical 
type"  fatigue  testing,  or  actual  fatigue 
tests  on  components.  The  aim  of  this  sec¬ 
tion  is  to  introduce  the  factors  which 
affect  the  fatigue  strength  of  a 
component.  These  have  to  be  accommodated 
in  any  assessment  concerning  the  impor¬ 
tance  of  a  level  of  vibration  of  a  blade. 
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Fiqure  1.  Major  Compressor  Failure  Due  To 
Secondary  Damaqe  After  Rlado 

Fatigue  Fracturo.  Fiqure  2.  High  Cycle  Fatigue  Properties. 
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Wohler  developed  a  testing  machine, 
in  which  a  cylindrical  type  specimen  was 
rotated  about  its  axis  while  subjected  to 
a  static  bending  moment. 


These  tests  shewed  that  failures 


could  be  obtained  when  the  alternating 
stress  levels  ( t  value)  were  between  1/3 


and  1/2 
of  the 


of  the  ultimate  tensile 
material  for  lives  of  10® 


strength 
to  10? 


cycles.  with  higher  alternating  stress 
levels,  the  test  specimen  broke  at  a  re¬ 
duced  number  of  reversals.  It  is  still 


the  standard  practice  today  to  present  a 
material's  ability  to  withstand  applied 
alternating  stress  on  a  diagram  where  the 
alternating  stress  is  plotted  against  the 
number  of  reversals  to  failure  at  this 


stress.  Because  of  the  high  number  of  re¬ 
versals  involved,  it  is  normal  to  plot  the 
number  of  reversals  on  a  logarithmic 
scale.  These  diagrams  are  known  as  the 
S-N  curves.  A  set  of  test  data,  for  a 
standi 'd  titanium  alloy  (Ti  -6A1  -4V) , 
which  is  used  for  compressor  blading,  is 
plotted  in  Figure  2.  The  tensile  strength 
of  this  alloy  is  990  MN/m2.  Thus,  the 
ratio  of  alternating  stress  to  tensile 
strength  for  an  endurance  cf  108  cycles  is 
0.51. 


Further  data  which  shows  the  influ¬ 
ence  of,  manufacture  method,  microstruc¬ 
ture,  and  section  size,  for  different 
materials  can  be  obtained  from  text  books 
and  reference  manuals,  Heywood  (1962), 
E.S.D.U.  (1983). 


For  some  materials,  e.g.,  steel 
alloys,  it  is  found  that  failure  does  not 
occur  for  lives  above  10'  cycles,  if  the 
applied  alternating  stress  is  below  a  cer¬ 
tain  value.  This  threshold  stress  value 
is  known  as  the  fatigue  limit  of  the 
material.  For  a  life  of  a  specified  num¬ 
ber  of  reversals  10N,  the  corresponding 
stress  is  called  the  endurance  stress  for 
10N  cycles.  For  some  alloys  the  fatigue 
characteristics  are  found  to  have  two 
slopes.  At  high  alternating  stress  levels 
the  gradient  is  steeper  with  a  sudden  kink 
or  ’knee’  in  the  S-N  curve  at  the  transi¬ 
tion  point  as  the  curve  becomes  a  flatter 
line  for  low  alternating  stress  levels. 
The  actual  shape  is  very  dependent  upon 
the  material  type,  its  condition,  and 
temperature. 
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In  an  operating  environment  it  is 
rare  for  a  component  to  be  subject  to  an 
alternating  stress  alone,  and  so  experi¬ 
mental  studies  have  established  the  influ¬ 
ence  of  an  applied  steady  stress  in  con¬ 
junction  with  the  applied  alternating 
stress. 


A  number  of  these  empirical  studies 
were  correlated  by  Goodman,  Moore  < 1927). 
He  showed  that  for  a  given  life  there  was 
an  approximately  linear  relationship  of 
the  peak  tensile  stress  on  the  specimen  as 
the  steady  stress  was  reduced  from  the 
tensile  stress  to  the  tensile  component  of 
the  purely  applied  alternating  stress. 


It  is  now  common  practice  to  use  a 
slightly  modified  version  of  Goodman's 
original  correlation.  Thin  is  shown  in 
Fig.  3.  The  Modified  Goodman  line  con¬ 
nects  the  value  of  the  endurance  stress 
for  a  high  number  of  reversals  (>1Q®)  to 
the  tensile  strength,  or  creep  strength  n 
the  case  of  high  temperature  applications. 
As  Passey  (1976)  points  out,  the  Modified 
Goodman  diagram  is  pessimistic  for  some 
materials,  but  is  on  the  optimistic  side 
when  specimens  are  notched. 


Because  of  the  ease  with  which  the 
diagram  is  constructed,  coupled  with  the 
expense  and  difficulty  in  obtaining  data 
from  material  tests  under  combined  load¬ 
ing,  the  Modified  Goodman  diagram  tends  to 
be  used  in  design  and  assessment  work,  in 
the  absence  of  actual  test  data. 


Notch  Sensitivity 


The  standard  S-N  properties  of  a 
material  are  obtained  from  tests  on  speci¬ 
mens  which  are  designed  to  give  a  constant 
stress  over  the  test  length.  To  overcome 
scatter  in  the  test  results,  it  is  neces¬ 
sary  to  use  highly  polished  surfaces  for 
the  test  section,  and  so  remove  the 
effects  of  surface  finish  irregularities. 
It  was  also  found  that  the  fatigue  results 
were  also  dependent  on  the  specimen  size, 
the  larger  specimens  giving  lower  results 
(although  work  by  Kelly  (1971)  has  shown 
that  some  of  these  effects  may  be  due  to 
residual  stress  concentrations).  In 
addition,  it  was  established  that  all 
materials  did  not  have  their  properties 
changed  in  the  same  way  with  a  common 
stress  concentration. 


This  gave  rise  to  the  concept  of 
"Notch  Sensitivity*  of  the  material. 


The  definition  normally  used  in  the 
fatigue  of  materials  for  notch  sensitivity 
is 


Where  q  -  notch  sensitivity  index 


Kf  »  the  fatigue  strength  reduction 
factor  actually  determined, 
i.e.,  ratio  of  fatigue  strength 
of  unnotched  specimen  to  that 
of  notched  specimen 


Figure  3.  Modified  Goodman  Diagram 


Kt  ■  the  theoretical  stress  concen¬ 
tration  factor 
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The  reason  for  subtracting  1  is  to 
provide  a  scale  for  q  which  goes  from  zero 
(no  notch  effect,  i.e.,  Kf*l)  to  unity 
(full  theoretical  effect 

The  value  of  q  is  dependent  on  the 
alloy  strength,  grain  size,  specimen  size 
and  degree  of  stress  concentration  -e.g., 
notch  root  radius  -but  it  does  enable 
materials  to  be  compared  for  their  ability 
to  withstand  notches.  Typical  values  for 
blade  materials  are  qiven  below,  but  the 
values  relevant  for  a  particular  component 
will  depend  upon  the  above  factors  and  so 
its  method  of  manufacture  and  component 
heat  treatment . 

Typical  q  values  are: 

-  for  aluminum  and  titanium  alloys 
q  «  0.5 

-  for  steel  and  nickel-base  alloy 
q  -  0.35 


Low  Cycle  Fatigue  (L.C.F.) 

In  an  operating  engine,  a  larqe  num¬ 
ber  of  components  are  subjected  to  a  pro¬ 
gressively  increasing  stress,  as  the 
engine  accelerates  from  idle  to  full 
power.  Throughout  the  life  of  the  engine 
these  components  will  therefore  experience 
many  cycles  of  this  repeated  stress.  Kith 
components  like  disks,  shafts,  and  casings 
which  are  highly  stressed,  a  fatigue  crack 
can  be  initiated  at  a  relatively  low  num¬ 
ber  of  reversals  -  say  3  x  10’  -  if  the 
applied  stress  is  high  enough. 

Because  of  the  seriousness  of  a  fail¬ 
ure  of  this  class  of  component,  much  work 
nas  been  done  since  the  early  1960’s,  to 
apply  the  analysis  of  Fracture  Mechanics 
to  the  propagation  of  a  fatigue  crack  or 
the  development  of  cracking  from  a  defect. 
It  is  currently  not  feasible  to  apply 
fracture  mechanics  analysis  to  the  problem 
of  blade  failure  caused  by  high  cycle 
fatigue.  But  a  brief  introduction  to  the 
topic  is  given  for  completeness.  It  is 
possible  from  its  application  to  material 
tests,  to  obtain  a  better  understanding  of 
the  influence  of  geometry,  size,  and 
stress  concentration  in  the  results  of 
fatigue  test  specimen,  Burdekin  (1981). 


Fracture  Mechanics  and  Fatigue 

In  the  early  development  of  linear 
elastic  fracture  mechanics,  G.  R.  Irwin 
studied  the  stress  field  in  front  of  a 
growing  crack  ir  an  elastic  material.  He 
showed  that  the  stresses  died  away  propor¬ 
tional  to  the  inverse  square  root  of  the 
distance  along  a  radius  vector  from  the 
tip  of  the  crack.  He  found  that  the  pro¬ 
portionality  was  a  function  of  the  applied 
stress  and  the  square  root  of  the  crack 
length,  and  termed  this  'the  stress  inten¬ 
sity  factor',  K.  Iiwin  (1957).  For  a  crack 
of  length  2a  and  an  applied  remote  tensile 
stress  o  ,  for  a  through  crack  in  an  infi¬ 
nite  plate  the  stress  intensity  factor  is 
qiven  by: 


The  subscript  I  relates  to  the  mode  of 
opening  of  the  crack,  i.e.,  tensile  in 
this  case. 

In  the  application  of  fracture  me¬ 
chanics  to  fatigue,  the  rate  of  crack 
growth  under  cyclic  loading  is  related  to 
the  value  of  the  cyclic  chanqe  in  the 
stress  intensity  factor  at  the  crack  tip. 
The  resistance  of  a  material  to  crack 
growth  is  established  experimentally.  For 
these  tests,  a  thick  specimen  known  as  a 
compact  tension  specimen  as  shown  in  Fig. 
1  is  usually  used  to  provide  uniform  con¬ 
ditions  at  the  crack  front  and  the  speci¬ 
men  is  subjected  to  an  oscillating  tension 
between  two  positive  values  (“min,  “max). 
Thus  the  stress  intensity  at  the  tip  of 
the  crack  will  vary  between  Kmin  and 
Kmax •  Since  both  are  dependent  on  the 
crack  length,  so  will  their  difference. 

Thus,  A  K  =•  “max(l-  jr”a)  -.  Normally 

“min  is  kept  small.  During  the  test,  the 
length  of  the  crack  is  measured  either 
optically  or  by  an  electrical  method  and 
is  plotted  against  the  number  of  cycles. 
From  the  slope  of  this  plot  it  is  possible 
to  obtain  the  rate  of  crack  growth,  da/dN. 


For  fatigue  cracking  it  was  proposed  by 
Paris  et  al .  (1963),  that  the  rate  of 
crack  growth  per  cycle  could  be  a  function 
of  the  power  of  the  stress  intensity 
factor  range,  under  the  cyclic  loading. 


Figure  4.  Compact  Tension  Test  Piece 
Dimensions  (mm). 


Figure  5. 


Range  Stress  Intensity  Factor. 
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Thus  gjj  «  C  (  AK  )m 

resulting  in  plots  as  shown  in  Fiq.  5. 

At  very  low  values  of  aK  there  is  a 
threshold  below  which  the  crack  appears 
not  to  develop,  while  in  the  central  tone 
most  materials  exhibit  a  fairly  linear 
relationship.  At  high  values  of  AK  ,  the 
crack  propagation  rate  becomes  high  as  AK 
approaches  the  critical  values  KIC,  which 
is  termed  the  fracture  toughness  of  the 
material.  With  this  value  the  propagation 
of  the  crack  is  extremely  rapid  to  event¬ 
ual  failure. 


Application  of  Fracture  Mechanics 

Apart  from  an  improved  understanding 
of  'metallurgical  type'  fatigue  test  data, 
and  the  characterization  and  comparison  of 
the  fatigue  properties  of  materials,  the 
main  application  of  fracture  mechanics  has 
been  to  the  analysis  of  low  cycle  fatigue 
(L.C.F.)  life  of  disk  and  other  similarly 
stressed  components.  If  the  fracture  face 
of  a  component  which  has  undergone  L.C.F. 
testing  is  examined  under  hiqh  levels  of 
magnification,  for  example  with  an  elec¬ 
tron  beam  microscope,  it  is  possible  to 
identify  striations  on  the  surface. 
Laboratory  test  piece  specimen  analysis 
has  shown  that  each  striation  is  associ¬ 
ated  with  a  cycle  of  fatigue  loading.  It 
is  therefore  possible  to  obtain  values  of 
da/dN  by  measurement  from  the  fracture 
face  of  the  disk.  This  information,  to¬ 
gether  with  the  crack  propagation  rate  of 
the  alloy,  enables  the  operating  stress 
level  to  be  determined,  together  with  an 
estimate  of  the  number  of  cycles  since 
crack  initiation.  Such  data  are  valuable 
evidence  when  seeking  the  conditions  which 
have  given  rise  to  a  failure.  The  appli¬ 
cation  of  fracture  mechanics  to  this  type 
of  component  also  enables  crack  propaga¬ 
tion  rates  to  be  established  with  confi¬ 
dence  under  the  stresses  caused  by  L.C.F. 
conditions,  which  then  permits  component 
lifing  techniques  to  be  adopted.  However, 
the  necessary  conditions  for  fracture 
mechanics  to  be  applied  do  not  exist  in 
the  case  of  compressor  and  turbine 
blading.  This  is  because  of  the  following 
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Figure  6.  Shot  Peening  as  a  Means  of 
Overcoming  Prior  Fatigue  Damage 
with  4340  Steel  Tested  in 
Rotating  Bending. 


two  major  factors.  In  general  the  unknown 
fluctuating  nature  of  blade  vibration  am¬ 
plitude  is  often  so  great  that  the  evalua¬ 
tion  of  da/dN  is  unreliable,  also  the 
operating  stress  field  is  not  sufficiently 
constant  in  the  crack  zone  to  be  consis¬ 
tent  with  the  underlying  analysis  of  frac¬ 
ture  mechanics.  In  addition,  the  bulk  of 
the  blade  life  is  associated  with  crack 
initiation  which  cannot  normally  be  dealt 
with  by  a  fracture  mechanics  approach. 
Once  a  crack  is  established  then  the  re¬ 
maining  life  is  short  because  the  high 
frequency  of  stressing  propagates  the 
crack  very  quickly. 


Residual  Stress  and  Surface  Treatments 

It  has  already  been  explained  that 
the  fatigue  strength  is  influenced  by  the 
presence  of  a  steady  stress.  However, 
this  steady  stress  need  not  be  due  to  an 
external  force  system,  but  may  arise  from 
an  internal  system  of  stresses.  One  sig¬ 
nificant  cause  is  residual  stresses  re¬ 
sultant  from  the  method  of  manufacture, 
either  forging  or  machining.  In  some 
instances  these  stresses  result  from 
cold  setting  of  blading  to  correct 
Staqger  errors,  or  forginq  manufacture 
distortions.  Obviously,  the  value  of 
these  stresses  is  not  known,  but  their 
variability  must  contribute  to  the  scatter 
in  fatigue  strength  of  blades. 

The  surface  finish  of  a  component  has 
a  significant  influence  on  the  fatigue 
strength,  because  the  vibratory  stresses 
will  be  highest  at  the  surface.  The  sus¬ 
ceptibility  to  fine  pollshinq  scratches 
will  depend  upon  the  notch  sensitivity  of 
the  material,  and  the  thickness  of  the 
local  blade  section,  for  example  at  the 
trailing  edge.  In  most  cases,  these  sur¬ 
face  effects  can  be  mitiqated  by  super¬ 
imposing  a  residual  compressive  stress  in 
the  surface  and  this  can  be  achieved  by  a 
cold  work  of  the  surface  by  controlled 
shot  peening,  or  vapor  blasting,  for 
example.  Fig.  6  shows  the  improvements  in 
fatigue  properties  obtained  by  this  tech¬ 
nique,  Metal  Improvement  Co  (1980),  Manson 
(1971). 

Other  surface  processes  like  plating, 
annodic  treatments,  or  antierosion  or  oxi¬ 
dation  coatings  may  reduce  the  properties, 
by  the  creation  of  a  residual  tensile 
stress,  or  by  the  fact  that  the 
coatinq  itself  lacks  ductility  and  will 
cause  micro  cracking  which  then  propagates 
into  the  parent  material.  The  influence 
of  these  effects  is  best  established  by 
carrying  out  fatigue  tests  on  actual  com¬ 
ponents  with  the  treatment  applied. 


Material  Structure 

In  most  materials  which  are  used  for 
blading,  the  fatigue  properties  are  depen¬ 
dent  upon  the  grain  structure  of  the 
metal,  which  is  determined  by  the  way  the 
component  is  made.  A  forging,  in  which 
the  aerofoil  is  forged  to  size  from  an  ex¬ 
truded  bar  stock,  provides  possibly  the 
best  grain  flow  and  with  the  optimum  heat 
treatment,  the  finest  grain  size,  to  ob¬ 
tain  the  highest  fatigue  properties  for 
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aterial.  A  titanium  blade  made  by 
thia  method  will  have  superior  fatigue 
properties  by  some  20%  above  a  similar 
blade  machined  from  conventional  bar 
stock.  Also,  within  the  same  aerofoil, 
the  fatigue  properties  will  vary,  depen¬ 
dent  upon  the  degree  of  forging  work  done 
at  various  stations.  Thus,  the  properties 
of  the  material  around  the  junction  of  an 
aerofoil  and  a  snubber  will  be  different 
than  those  in  the  aerofoil  midway  between 
the  platform  and  the  snubber. 


The  importance  of  process  control,  of 
both  temperatures  an.'  degree  of  working, 
at  the  various  staqes  n  manufacturing  is 
given  in  the  section  or.  process  control  of 
titanium  alloys  p.  82,  Meetham  (1981), 
Figure  7  showing  the  difference  in  grain 
size  between  standard  and  premium  quality 
of  Ti  6AL  4V  is  taken  ftom  Meetham 
(1981). 


Scatter  in  Fatigue 


In  previous  sections,  a  number  of 
reasons  for  scatter  in  fatigue  properties 
have  been  given.  However,  to  these  must  be 
added  the  geometric  variations  between 
blades  which  are  made  to  comply  with  the 
same  drawing.  These  differences  will 
arise  due  to  the  manufacturing  tole  -ances 
on  thickness,  chordal  length,  blade 
length,  aerofoil  shape  and  local  varia¬ 
tions  in  stress  concentration  areas  like 
fillet  radii,  and  trailing  edge  thickness. 
Thus,  if  a  large  number  of  blades  are  vi¬ 
brated  in  the  same  mode  and  at  the  same 
level  of  vibration,  then  there  will  be  a 
scatter  in  time  to  failure.  As  might  be 
anticipated,  where  the  stress  at  the  crack 
initiation  point  is  affected  by  a  large 
number  of  factors,  the  failure  lives  fall 
into  a  log  normal  distribution,  i.e.,  a 
normal  distribution  of  the  logarithm  of 
blade  life.  Figure  8  is  taken  from  Hunt 
(1972)  which  shows  that  the  scatter  in 
life  from  the  shortest  to  longest  life  of 
a  group  of  44  blades  tested  under  the  same 
conditions  is  200:1  and  that  their  distri¬ 
bution  approximates  very  closely  to  a  log 
normal  distribution.  It  is  a  feature  of 
fatigue  properties  of  components,  that 
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with  a  higher  number  of  reversals  to  fail¬ 
ure  then  there  is  a  largor  scatter  in 
life.  For  low  cycle  fatigue  at  say  10* 
cycles  the  scatter  in  life  is  more  of  the 
order  of  2:1. 


One  major  problem  which  occurs  in 
engineering  structures  is  the  phenomenon 
known  as  fretting.  It  occurs  when  two 
components  are  loaded  together,  and  when 
the  interface  is  subjected  to  an  oscillat¬ 
ing  shear  type  of  force  or  movement. 
Under  these  conditions  the  surfaces  of  the 
interface  become  marked  or  damaged,  and 
this  is  known  as  fretting  damage.  These 
situations  exist  in  the  blading  of  gas 
turbines,  where  the  blades  are  connected 
onto  the  rest  of  the  engine  structure, 
e.g.,  rotor  blade  fixing  onto  the  disk: 
stator  vane  outer  fixing  into  casings  and 
the  inner  ends  of  variable  stator  vanes. 
Laboratory  tests,  Waterhouse  (1981),  shows 
that  the  fatigue  strength  of  some  mate¬ 
rials  can  be  reduced  to  1/3  of  the  stan¬ 
dard  strength.  Attention  to  detail  design 
and  antifretting  coatings,  Waterhouse 
(1981),  can  help  to  reduce  these  serious 
effects. 


Variation  of  Stress  Level 

In  the  majority  of  engineering  appli¬ 
cations,  levels  of  alternating  stress  are 
not  constant  with  time,  and  so  considera¬ 
tion  has  been  given  to  ways  in  which  this 
might  be  accommodated  in  any  analysis  to 
establish  how  a  variation  in  amplitude 
will  affect  the  fatigue  strengtn.  For  the 
analysis  of  gust  Ioad3,  on  aircraft  struc¬ 
tures,  Miner  (1945),  suggested  a  relative¬ 
ly  simple  method  of  dam«g“  accummulation. 
His  concept  was,  that  the  accumulated 
damage  can  be  expressed  in  terms  of  *he 
number  of  cycles  applied,  divided  by  the 
number  to  produce  failure  at  the  given 
stress  level.  Further,  this  cumulative 
damage  theory  assumes  that  failure  from 
fatigue  will  occur  when  the  summation  of 
the  various  contributions  of  damage  equals 
unity. 


Figure  7.  Typical  Macrostructure  of 
Standard  and  Premium  Quality 

Ti  6-4  Forging  Stock  (350  ran  Figure  8.  Log  Normal  Probability  Plot 

Diameter'.  (44  Blades  in  Fatigue). 


lftHS 


Thus  r  £  -  l 

when  n  •  number  of  cycles  Applied  at 
stress  S 

N  •  number  of  cycles  for  a  specimen 
to  fail  at  stress  S  alone 

In  Chapter  12  of  Sires  (1959) ,  Miner 
considered  some  of  the  other  more  complex 
proposals  to  integrate  the  fatigue  damage. 
However,  the  more  extended  specimen  test¬ 
ing  needed  for  the  alternative  method  was 
not  considered  justified. 

Indeed  even  today  Miner's  simple  pro¬ 
posal,  given  above,  is  widely  used  for  the 
usual  blade  materials  -aluminium,  titan¬ 
ium,  and  steel.  This  is  because  the 
resonable  accuracy  given  by  the  method 
does  noi  justify  employing  a  much  more 
complex  analysis. 

Corrosion,  Erosion,  and  Damage 

The  blade  surfaces  of  a  gas  turbine 
are  often  operating  in  a  severe 
environment.  Because  of  the  high,  air  or 
gas,  speeds  over  their  surface  any  dirt  or 
grit  in  the  air  will  scour  the  surface  and 
may  damage  any  protective  coating  or 
treatment.  The  corrosion  which  will 
follow  will  cause  a  loss  of  properties  by 
two  mechanisms.  There  is  the  stress  rais¬ 
ing  effect  due  to  the  geometry  of  the  cor¬ 
rosion  pit,  and  also  there  may  be  a  detri¬ 
mental  change  in  the  chemistry  of  the 
material  on  the  exposed  surface,  with 
possible  preferential  attack  along  the 
grain  boundaries.  Losses  in  properties 
due  to  these  effects  must  be  considered 
when  '■'etermining  the  service  life  of 
blading. 

In  ti.s  case  of  local  damage  to  blade 
aerofoils  a.’  a  consequence  of  small  ob¬ 
jects  (metal  or  stones)  being  ingested  in¬ 
to  compressors,  the  blading  may  suffer 
significant  nicking  on  the  leading  edges. 
The  loss  in  fatigue  strength  which  results 
from  these  nicks,  depends  upon  the  notch 
sensitivity  of  the  material  having  been 
subjected  to  the  manufacturing  and  heat 
treatment  processes.  In  some  cases  these 


Flqure  9.  Typical  Fracture  Faces  Dus  to 
Fatigue  of  Titanium  Compressor 
Blades. 


nicks  may  also  have  incipient  tear  cracks 
at  the  root  of  the  notch.  The  actual 
shape  and  type  of  crack  will  bo  dependent 
upon  the  detail  of  the  foreign  body  as 
well  as  its  size,  velocity,  and  the  tan¬ 
gential  speed  of  the  rotor  blade.  Only  by 
fatigue  testing  correctly  damaged  blades 
can  the  loss  of  properties  be  correctly 
determined. 


OBSERVATIONS  ON  BLADE  FATIGUE 

During  the  running  of  research  com¬ 
pressors,  or  in  the  early  development  of 
aero  engines,  fatigue  cracking  or  failure 
of  blading  may  occur. 


This  experience  over  the  years  has 
allowed  certain  aspects  of  the  blade 
fatigue  problem  to  be  appreciated  and 
techniques  developed,  in  addition  to  those 
covered  in  the  previous  section  which 
can  be  of  value  in  the  task  of  overcoming 
these  fatigue  failures.  Those  associated 
with  fatigue  rather  than  amplitude  assess¬ 
ments  will  be  covered  in  this  section. 


Fracture  Characteristics 

The  fracture  face  of  a  fatigue  fail¬ 
ure  has  a  very  distinct  and  unique 
appearance.  The  fatigue  zone  has  a  rela¬ 
tively  smooth  appearance  compared  with  the 
near  crystalline  texture  of  the  final  ten¬ 
sile  fracture  zone.  This  is  because  the 
fatigue  crack  propagates  in  a  transgran- 
ular  manner  in  a  series  of  very  small  in¬ 
crements;  each  increment  notionally  being 
associated  with  a  stress  cycle.  In  the 
case  of  low  cycle  fatigue  with  the  higher 
stress  levels,  this  is  Indeed  the  case, 
and  the  analysis  of  electron  microscope 
examinations  permits  fracture  mechanics 
techniques  to  bo  applied.  However,  with 
the  more  complex  amplitude  histories  in¬ 
volved  with  blade  vibration,  similar  de¬ 
ductions  are  not  possible,  but  the  short 
periods  of  high  vibration  do  produce  the 
concoidal  marking  which  are  centered  about 
the  fatigue  nucleus.  A  photograph  of  a 
fracture  face  of  titanium  blading  is  re¬ 
produced  in  Fig.  9.  This  type  of  fatigue 
cracking  exhibits  practically  no  ductility 
until  the  final  tensile  failure.  Thus,  it 
is  very  difficult  to  detect  the  presence 
of  the  crack  development  in  an  operating 
compressor.  The  high  steady  stress  in  the 
blade  form  also  causes  the  crack  to 
propagate  quickly,  and  as  a  consequence  it 
is  unusual  to  find  cracks  in  compressor 
rotor  blade  aerofoils  before  one  blade 
falls.  When  the  cracking  nucleates  in  the 
blade  root  fixing,  where  the  mean  steady 
stress  is  lower,  then  the  cracks  are  slow 
to  propagate  and  so  cracks  in  the  roots 
may  be  found  prior  to  failures. 


Influence  of  Alternating  Stress  Level 

In  engineering  components  it  is  the 
stress  concentrations  present  which  locate 
the  positions  of  the  fatigue  nuclei.  When 
the  stress  level  is  very  high,  then  exper¬ 
ience  shows  that  fatlque  cracking  will 
start  at  a  number  of  sites  apparently 
simultaneously.  A  good  example  Is  repro- 


duced  In  Fig.  10  taken  from  Armstrong 
(1966a)  where  a  shaft  was  subjected  to 
high  alternating  stress  t  40  tons/sqin 
which  caused  failure  in  5  x  10*  cycles  and 
multiple  cracks  wore  found.  A  bladed  disk 
may  be  considered  to  be  an  assembly,  with 
many  similar  stress  concentrations  In 
the  blading.  If  it  is  found  that  a  lot  of 
fatigue  crack  systems  are  present,  then  it 
is  most  likely  that  they  have  been  caused 
by  a  high  amplitude  -for  example  a  strong 
flutter  condition. 


However,  if  only  one  blade  is  cracked 
or  broken  then  it  is  likely  to  have  re¬ 
sulted  from  a  moderate  amplitude,  maybe  a 
resonance.  Of  course,  it  may  be  that  be¬ 
cause  of  the  spread  in  natural  fre¬ 
quencies,  only  one  blade  was  vibrating. 
Such  a  situation  is  not  usually  the  case. 


Determination  of  Properties 


It  is  often  necessary  to  establish 
the  fatigue  strength  of  a  blade.  Two  typ¬ 
ical  reasons  are  (1)  to  provide  data  for 
the  assessment  of  the  amplitudes  of  vibra¬ 
tion  measured  in  an  engine,  or  (2)  to 
establish  the  change  in  properties  which 
may  result  from  the  adoption  of  a  dif¬ 
ferent  method  of  manufacture.  The  previ¬ 
ous  section  covers  many  of  the  reasons  why 
the  fatigue  properties  of  the  blade  may  be 
expected  to  differ  from  the  figures  which 
are  obtained  from  a  series  of  basic 
"metallurgical  type"  fatigue  tests.  One 
method  of  carrying  out  fatigue  tests 
on  components  is  covered  in  detail  in 
Armstrong  (1966b). 


However,  the  problem  remains  concern¬ 
ing  how  the  test  program  is  to  be  con¬ 
trolled.  As  explained  above  it  is  stan¬ 
dard  practice  for  metallurgical  laboratory 
tests  to  be  carried  out  and  presented  in 
the  form  of  an  S-N  diaqram.  Where  great 
attention  is  paid  to  the  surface  finish 
condition,  i.e.,  mirror  finish  and  stress 
relief  in  a  vacuum,  Kelly  (1970),  then 
scatter  is  small,  and  one  or  two  specimens 
only  need  be  tested  at  each  stress  level 
required  to  determine  the  shape  of  the  S-N 
curve  at  stresses  above  the  fatigue  limit. 
However,  where  the  surface  finish  is  not 
to  this  high  standard,  and  where  possible 
residual  3tress  is  present  to  some  degree, 
as  will  be  the  case  with  engine  com¬ 
ponents,  then  the  scatter  will  be  very 
significant,  and  it  is  necessary  to  test 
at  least  3  to  4  blades  at  each  stress 
level.  Because  of  the  large  variation  in 
life  -  say  10 1 1  -  and  also  the  fact  that 
the  mean  life  is  initially  unknown  for  a 
given  level  of  vibration  amplitude,  it  is 
often  a  very  time  consuming  and  costly  rig 
test  program  to  establish  the  S-N  curve 
for  blade  components. 

These  practical  problems  can  be 
illustrated  in  the  following  questions! 

(a)  What  should  be  the  amplitude  of  the 
first  test  where  knowledge  of  the  proper¬ 
ties  are  not  known  to  better  than  20-30*7 
This  lack  of  knowledge  may  be  due  to  a  new 
blade  shape,  new  manufacturing  process, 
new  material. 


(b)  What  further  test  program  should  you 
follow  when  the  first  blade  has  run  for 
10?  reversals  and  is  unfailed'/  The  neces¬ 
sary  test  time  with  100  II *  blade  is  nearly 
30  hours. 

(c)  How  do  you  run  the  second  test  if  the 
first  test  failed  earlvt  was  it  a  weak 
blade  at  the  bottom  end  of  the  scatter,  or 
was  the  amplitude  too  high?  Remember,  the 
mean  life  will  vary  by  at  least  1 0  r 1  for  a 
201  change  in  stress  level,  Koff  (1978), 
Armstrong  (1956b). 

(d)  How  do  you  plan  a  series  of  fatigue 
tests  to  solve  a  development  or  manufac¬ 
turing  problem  and  be  able  to  fix  a 
completion  date? 

(e)  Can  you  do  anything  worthwhile  with 
only  a  small  number  of  blades}  for 
example,  three  or  four? 


(•)  MtRWl 


Figure  10.  Crack*  Beneath  Stiffening  Bands 
on  Completion  of  endurance 
Test. 
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Some  of  those  problems  can  be  avoided 
by  the  adoption  of  an  incremental  method. 
Hunt  (1972),  Armstrong  (1966b),  Armstrong 
(1967).  The  purpose  of  the  test  is  not 
to  provide  data  which  replaces  the  basic 
metallurgical  type  of  S-N  curve,  but  to 
provide  an  effective  engineering  answer  to 
the  questions;  how  do  these  two  standards 
of  blade  compare  in  fatigue  properties? 
What  is  the  scatter  and  mean  fatigue 
strength  of  this  blade  for  use  in  asses¬ 
sing  the  level  of  vibration  in  an  engine? 
Remember,  the  blades  in  an  engine  do  not 
vibrate  at  constant  amplitude,  and  are 
only  subjected  to  relatively  short  periods 
of  vibration  during  the  engine  life,  and 
so  the  results  of  an  S-N  curve  cannot  be 
applied  directly.  This  is  dealt  with  more 
fully  in  the  section  "Amplified  Ratio 
Method." 

In  an  incremental  fatigue  test  such 
as  that  illustrated  in  Figure  li,  the  am¬ 
plitude  of  vibration  is  increased  regular¬ 
ly  every  half  hour.  The  starting  level  of 
vibration  is  standardized  for  a  particular 
material  so  that  results  will  be  more 
comparable.  A  value  of  about  one  third 
the  failure  amplitude  is  normal,  and  en¬ 
sures  that  time  is  not  wasted  at  very  low 
ineffective  amplitudes,  but  also  provides 
ample  accommodation  for  specimens  with 
very  low  fatigue  strength.  The  time  axis 
was  selected  in  hours  rather  than  number 
of  cycles,  as  engine  life  is  in  hours 
rather  than  reversals,  and  so  the  stan¬ 
dardized  test  method  will  be  equally  rele¬ 
vant  to  blades  of  all  frequencies.  During 
the  test  each  blade  is  stepped  through  the 
increments  of  increased  amplitude  each 
lasting  for  30  minutes. 

The  incremental  steps  are  fixed  at  a 
constant  value.  If  the  amplitudes  are 
measured  in  'af'  (see  the  section  "Mechan¬ 
ical  Aspects  of  af"),  then  this  is  either 
0.5  ft/sec  or  0.2  mHz.  At  some  amplitude 
level,  the  blade  will  fail,  and  the  time 
in  tho  increment  is  recorded  together  with 
the  level  and  site  of  fatigue  crack  on  the 
component . 

The  major  advantage  of  the  above 
method  is  that  all  specimens  are  taken 
through  the  same  test  cycle  until  failure 
occurs.  By  plotting  the  results  in  a 
simple  form.  Figure  12,  a  ready  appraisal 
of  the  relative  strengths  of  two  groups  of 
blades  can  be  obtained.  By  using  an  anal- 


FJgure  11.  Incremental  Test  PrograomieJC  - 
Fatigue  Failures  (Example^)). 


ysis  based  on  Miner  fatigue  damage  simula¬ 
tion,  and  with  the  statistical  tests. 
Students  't1  and  *F  test',  see  "Blade 
Fatigue  Capability,"  a  more  formal  assess¬ 
ment  of  the  results  may  be  obtained. 
Because  a  valid  result  is  obtained  from 
each  specimen,  an  informative  result  can 
be  obtained  with  as  few  as  three 
specimens.  The  limited  duration  for  each 
test  also  allows  the  test  sequence  to  be 
planned,  which  is  often  a  useful  advantage 
when  faced  with  an  engine  development 
problem. 

A  comparison  between  constant- 
amplitude  and  incremental  tests  is  hard  to 
form,  as  it  depends  entirely  upon  the  pur¬ 
pose  of  the  test. 

If  the  purpose  of  the  tests  is  to 
establish  a  "full"  knowledge  of  the 
fatigue  properties  of  the  blade,  then  per¬ 
haps  the  constant  amplitude  tests  are  the 
best.  This  will  involve  testing  over  the 
full  S-N  curves,  or  say  from  104  to  108 
reversals,  although  to  cover  100  hours  for 
a  frequency  of  3  kHz  the  number  of  rever¬ 
sals  would  need  to  be  1  x  10®.  A  number 
of  specimens  will  be  needed  to  establish 
the  degree  of  scatter.  This  type  of  test¬ 
ing  is  hardly,  if  ever,  required  other 
than  for  research  purposes.  Also,  in 
doing  this  type  of  testing,  certain  data 
like  the  slope  of  the  S-N  curve  for  the 
material  are  reassessed.  One  criticism  of 
the  incremental  test  is  that  the  number  of 
reversals  during  an  amplitude  increment  is 
low.  For  300  Hz  chese  are  5.4  x  105  re¬ 
versals  in  half  an  hour  which  of  course 
could  be  extended  at  the  expense  of  a 
longer  testing  time.  However,  the  testing 
procedure  integrated  in  an  assessment 
method,  Armstrong  (1966a  and  1966b),  seems 
to  provide  a  very  satisfactory  method. 


Figure  12.  Comparison  of  Two  Test  Groups 
Tested  by  Incremental  Method. 
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Strength  and  Mfe 


Problems  in  fatigue  generally  fall 
into  one  of  two  groups.  They  are  either 
those  dominated  by  problems  of  low  cycle 
fatigue  and  repeated  high  stress  levels, 
or  those  of  vibration  and  high  cycle 
fatigue.  Two  of  the  features  of  fatigue 
which  contribute  to  this  identification  of 
two  problem  classes,  are  the  shape  of  the 
S-N  curve  of  materials,  and  the  distribu¬ 
tion  scatter. 

In  the  case  of  the  repeated  high 
steady  stress,  the  level  of  applied  stress 
is  relatively  well-known,  and  so  with 
knowledge  of  the  S-N  curve  and  the  reduced 
scatter  with  high  stress,  the  life  of  the 
order  IQ4  is  also  known.  A  change  in 
material  processing  which  changes  this 
life  by  a  factor  of  3  is  very  relevant. 
However,  in  the  case  of  high  cycle 
fatigue,  the  levels  of  vibration  are  not 
known  or  measured  to  anything  like  the 
same  accuracy  as  the  L.C.F.  stress  levels 
and  typically  a  factor  of  2  is  relevant. 
Thus,  it  is  more  meaningful  to  quote  the 
results  of  a  comparison  of  fatigue  proper¬ 
ties  between  two  groups  in  terms  of  stress 
level,  rather  than  in  terms  of  mean  life. 
Remember  that  20»  in  stress  is  equivalent 
to  a  factor  of  at  least  lOil  in  life. 


FACTORS  AFFECTING  BLADE  AMPLITUDES  OF 
VIBRATION 

A  method  of  assessing  the  severity  of 
blade  vibration  must  make  allowance  in 
some  way  for  the  factors  which  control  th« 
vibration.  These  factors  can  be  summa¬ 
rized  as  the  mode  of  vibration,  and  the 
form  of  excitation.  The  mode  shape  influ¬ 
ences  the  fatigue  strength  and  its 
scatter,  while  the  excitation  controls  the 
level  of  vibration  and  the  variation  dur¬ 
ing  the  flight  life  of  the  engine, 
excitation  can  be  divided  into  two  major 
groups.  Self  excitation  or  flutter,  which 
is  due  to  the  interplay  between  the 
blade's  vibratory  motion,  and  the  result¬ 
ant  change  in  aerodynamics  forces  on  the 
Made,  which  is  the  subject  of  the  earlier 
chapters  of  this  handbook.  Flutter  is  a 
serious  problem,  because  the  amplitudes  of 
vibration  ars  limited  by  nonlinear 
effects.  The  other  class  of  vibration  is 
the  larger  group,  and  a  number  of  sources 
of  excitation  can  be  grouped  together,  be¬ 
cause  the  response  is  due  to  the  forced 
resonant  characteristics  of  a  single  or 
multi-deqree-of-f reedom  system. 


Identification  of  Modes  and  Excitation 

The  identification  of  the  modes  of 
vibration  of  a  blade,  or  bladed  assembly, 
must  be  derived  from  the  observed  frequen¬ 
cy  of  vlhration,  and  a  knowledge  of  the 
calculated  values  or  experimental  frequen¬ 
cies  obtained  on  a  static  test  for  fre¬ 
quency  determination  of  the  individual 
blade.  Modern  signal  frequency  analyzers 
enable  the  results  from  engine  or  compres¬ 
sor  strain  gauge  testa  to  be  presented  in 
a  compact  and  readily  appreciated  form. 
Figures  13-16  are  taken  from  Armstrong 
(1977). 


The  format  is  similar  to  the  conven¬ 
tional  Campbell  interference  diagram,  with 
axes  of  frequency  and  rotational  speed. 
However,  in  the  figures,  the  brightness 
indicates  the  amplitude  of  vibration,  and 
is  usually  proportioned  to  the  logarithm 
of  the  amplitude.  To  obtain  this  form  of 
presentation,  of  the  response  from  a  blade 
strain  gauge,  the  amplitude  signal  from  a 
frequency  analyzer  Is  used  to  modulate  the 
intensity  of  an  oscilloscope.  The  y  axis 
deflection  of  the  oscilloscope  is  driven 
from  the  signal  from  the  analyzer  propor¬ 
tional  to  the  analysis  frequency  while  the 
x  axis  deflection  of  the  oscilloscope  is 
controlled  by  a  signal  proportional  to  the 
rotational  speed  of  the  engine  as  derived 
from  the  tacho  signal.  During  a  slow 
acceleration,  the  display  is  photographed, 
and  at  101  increments  in  speed,  the 
frequency  calibration  marks  are  applied, 
thus  producing  the  array  of  Bpots  which 
are  used  for  reference  purposes. 

Fig.  13  shows  the  result  of  a  single 
strain  gauge  attached  to  an  early  stage 
compressor  rotor  blade.  There  is  suffi¬ 
cient  turbulence  in  the  air  stream  to 
cause  the  blade  to  respond  at  its  natural 
frequencies,  and  to  give  a  strain  gauge 
signal  above  the  background  noise  level. 
The  responses  of  the  first  flexural  (IF), 
second  flexural  (2F),  and  first  torsional 
mode  (IT)  are  clearly  seen.  Multiple 
lines  in  the  2F  zone  are  associated  with 
the  effects  of  blade-ditx  coupling.  For 
the  flexural  modes,  the  rise  in  natural 
frequency  with  centrifugal  stiffening  is 
clearly  seem  this  is  absent  on  the  IT 
mode,  thus  confirming  the  modal 
identification. 

The  sloping  lines  of  various  intensi¬ 
ties  are  the  strain  responses  of  the  ro¬ 
tating  blade,  due  to  the  air  flow  not 
being  uniform  round  the  compressor 
annulus.  In  fact,  in  this  engine  there 
are  3  Intake  vanes  and  this  is  the  reason 
why  the  third  sloping  line  labelled  3  E.O. 
for  the  third  engine  order  is  stronger 
than  the  others.  The  brightness  of  the 


Figure  13.  Frequency  V  Speed  Plots  Engine 
with  Venturi  Intake  Componenti 
'O'  Compressor  Rotor  Blade. 
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second  engine  order  line  Is  stronger 
towards  100*  than  lower  In  the  speed 
range.  While  the  excitation  strength  Is 
expected  to  rise  with  engine  power,  an 
additional  reason  is  the  proximity  of  the 
excitation  lu  the  IP  natural  frequency 
line.  It  will  be  seen  that  there  is  no 
resonance  of  the  IF  mode  between  701 
of  full  speed-flight-idle,  and  100*.  In 
fact,  as  a  result  of  this  form  of  testlnq, 
a  minimum  frequency  limit  was  imposed  on 
the  IF  mode  to  ensure  that  a  second  engine 
order  resonance  did  not  occur  on  a  blade 
with  a  particularly  low  IF  natural 
frequency.  In  the  region  below  60*  engine 
speed,  and  at  frequencies  between  200  Hz 
and  800  Hz,  excitation  lines  additional  to 
the  engine  orders  can  be  soen.  These  are 
due  to  the  presence  of  rotating  stall 
cells. 

Fig.  14  is  a  reproduction  of  a  fre¬ 
quency  analysis  from  a  strain  gauge  on  a 
fan  rotor  blade.  The  fan  blade  has  a 
snubber  or  part-span  shroud.  In  this  par¬ 
ticular  engine  test,  the  blades  were 
assembled  with  a  clearance  between  the 
snubber  contacting  faces  of  0.060  inches. 
Under  the  influence  of  the  centrifugal 
field,  the  blades  untwist,  until  the 
inter-snubber  gap  closes,  and  then  the 
snubber  ring  acts  as  a  ring  coupling  the 
blades  together,  and  producing  assembly, 
rather  than  blade  modes. 

The  characteristics  of  the  above 
effects  can  be  readily  seen  from  Figure 
14.  At  speeds  below  60*  full  speed  the 
cantilever  natural  frequencies  IF,  2F,  IT, 
3F  can  be  seen.  Between  60*  to  70*  full 
speed,  a  signal  which  has  intermittent 
components  over  the  whole  frequency  range 
is  evident.  Experience  has  shown  that 
this  type  of  signal  is  usually  present 
when  two  surfaces  are  in  intermittent 
contact.  Above  the  70*  speed  condition  a 
new  set  of  natural  frequencies  are 
present.  These  are  the  natural  frequen¬ 
cies  of  the  bladed  assembly,  all  the 
blades  being  coupled  with  the  ring  formed 
by  the  snubbers.  The  modes  are  character¬ 
ized  by  the  presence  of  nodal  diameters. 
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Figure  14.  Froquoncy  V  Speod  Plots  Engine 
with  Aircraft  Intake  Compononti 
1st  Fan  Rotor  Blado  0.060" 
Snubbor  Cap. 


The  one  marked  3D  is  so  Identified  since 
it  is  resonant  with  the  3  engino  order 
(EO)  oxcitatlon.  Notice  also  that  the  2 
EO  signal  is  stronger  than  the  1,  3,  and  4 
EO  componontsi  this  is  because  the  engine 
was  run  behind  an  aircraft  Intake  with  a 
bifurcated  inlet. 

Because  of  the  difficulty  of  accu¬ 
rately  predicting  whether  flutter  will  be 
present  on  a  compressor  rotor  blade, 
strain  gauge  testing  is  usually  carried 
out  to  establish  if  flutter  is  in  the 
operating  range.  Fig.  15  shows  an  ana¬ 
lyzed  strain  gauge  signal  from  a  rotor 
biade  having  part-span  chrouds.  For  this 
test  the  engine  speed  was  progressively 
increased,  and  the  frequency  data  are  pre¬ 
sented  against  time  rather  than  engine 
speed,  as  is  normal  for  a  Campbell 
diagram. 

In  the  early  part  of  the  record,  the 
natural  frequencies  of  the  blades  can  be 
easily  distinguished  from  the  engine  order 
excitations.  At  the  flutter  condition  it 
will  be  seen  that  the  strain  gauge  signal, 
at  the  natural  frequency,  is  greatly  in¬ 
creased.  This  is,  of  course,  characteris¬ 
tic  of  self  excitation,  and  unmistakably 
different  from  the  response  due  to  a 
forced  resonant  type  of  vibration.  Since 
the  flutter  involves  a  periodic  change  in 
the  aerodynamics  of  the  blading,  the  re¬ 
sultant  variations  in  pressure  can  be  de¬ 
tected  on  the  casing.  In  Fig.  16  also 
reproduced  is  a  record  of  a  pressure  pick¬ 
up  installed  in  the  casing  at  the  time  of 
the  flutter  incident.  It  can  be  seen  that 
the  two  signals  are  coincident  in  time. 

However,  the  difference  in  the  fre¬ 
quency  of  the  signals  is  because  the 
strain  signal  is  taken  from  the  rotating 
blade,  and  the  pressure  pick-up  is  on  the 
casing.  By  using  these  two  frequencies, 
it  is  possible  to  establish  the  number  of 
lobes  in  the  rotating  pattern  end  the 
speed  of  rotation. 
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Figure  15.  1  16.  Frequency  V  Time  riots 
Engine  Research  Compressor  Test 
Component  Fan  Rotor  Blade  and 
Casing  Pressure  PU. 
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1  Amplitude  -  Time  Variations 

No«-e 

1 

l  Amplitudes  of  blade  vibration  at  a 

j  steady  engine  condition  are  seldom  con¬ 

®  *  Loss 

1 

Pactor 

(n)“  Log  Decrement 

stant  with  time,  and  are  only  so  when  at 
>  the  peak  of  a  forced  resonant  condition  of 

Mode 

Log  Decrement  (6) 

:  high  amplitude  or  a  serious  flutter 

■  condition.  Examples  of  stress  against 

IF 

.04  - 

.08 

time  car.  be  found  in  early  references, 

|  Carter  (1957),  or  more  recently  in 

IT 

.02  - 

.03 

Cardinale  (1980),  from  which  Figure  17  and 
'  18  have  been  taken.  These  show  responses 

2F 

.005  - 

.015 

in  conditions  of  turbulent  flow  and  rotat- 
.  .  ing  stall,  while  Figure  1C  shows  condi¬ 

2T 

.01  - 

.03 

tions  of  stress  at  t-.ie  strain  gauge  in  a 

1  ?  flutter  condition. 

1-2S 

.005  - 

.01 

Variations  of  amplitude  with  engine 
speed  will  occur,  due  to  the  change  in 
aerodynamic  conditions,  e.g.,  rotating 
stall  and  resonance.  Typical  results  can 
be  seen  )r  Fig.  19  and  is  reproduced  from 
Armstrong  (.'960)  and  Fig.  20  is  reproduced 
from  Cardinals  (1980).  It  will  be  seen 
that,  in  both  cases,  large  amplitudes  of 
vibration  exist  over  a  relatively  small 
increment  of  speed  range,  as  a  result  of 
resonances  between  the  natural  frequencies 
and  specific  engine  orders  of  excitation. 
The  shape  of  these  amplitude  speed  curves 
is  controlled  by  the  total  aerodynamic  and 
mechanical  damping  in  the  system.  Typical 
values  from  published  papers,  e.g..  Hunt 
(1972),  Armstrong  (1967),  give  values  of  Q 
of  about  30  which  correspond  to  log  dec  of 
0.1.  However,  values  for  high  modes  are 
given  in  Cardinale  (1980)  for  integrally 
bladed  assemblies. 


It  is  also  stated  that  data  of  axial 
dovetail  designs  appear  to  fall  in  the 
above  range •  When  it  is  remembered  that  a 
reduction  of  20»  in  stress  amplitudi  re¬ 
sults  in  at  least  an  increase  of  more  than 
lOil  in  life,  then  the  potential  life  at 
stresses  less  than  half  the  peak  amplitude 
will  be  between  103  to  10®  times  longer 
than  that  associated  with  the  peak  stress 
level.  Therefore,  because  of  the  high  Q 
of  blading,  it  is  only  necessary  to  con¬ 
sider  the  response  at  their  natural  fre¬ 
quencies,  and  not  the  responses  at  off- 
resonant  conditions. 
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Figure  17. 


Induced  Flow  Vibrations. 


Figure  19.  Engine  Order  Vibration. 


WAVEFORM  CMMICttMIKI  OF  Klf-IICITU  TOM1  OR 
OUMM  CASCAOS  MtORATtO*  MTO  mSTAMJTT  MIM 
MHTUTtOM  IS  C« UAC.LT  CMARACTCACM*  »T  MPABAtSO  FlCl> 
VMAATfOR  POOSRCtSMv  PAPWlT  TO  SWWSOlOAL  WAVEFORM 
AMPWTuOE  AT  TnA  ACRFOR  •  VATU* At  PMOWERCT 


Figure  18.  Self-Excited  Vibration. 


Figuro  20.  Engine  Order  Excitation  Due  to 
Vanes. 
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CharacterisHcs  of  Types  of  Vibration 

The  assessment  of  the  degree  of  vi¬ 
bration  of  a  blade  or  vane,  in  terms  of  it 
causing  a  fatigue  failure,  must  be  made  on 
the  evidence  from  one  or  more  blades  of  a 
stage,  and  possibly  from  a  limited  amount 
of  engine  running.  As  previous  sections 
have  shown,  the  vibration  can  be  due  to 
one  of  many  sources  of  excitation. 
However,  the  consequences  in  terms  of  con¬ 
sistency  of  the  stress  level  is  very  de¬ 
pendent  on  the  particular  type  of  excita¬ 
tion  under  consideration.  The  Table, 
Figure  21,  has  been  drawn  together  from 
Danforth  (1975,  1974)  Armstrong  {  j.  '>67 , 
1960),  Cardinale  (1980).  The  data  in  this 
table  provide  a  good  indication  of  the 
dependence  of  the  amplitude  of  vibration 
on  the  operating  conditions  of  the  engine, 
but  it  must  not  be  taken  as  exclusive  of 
additional  factors,  nor  new  types  of  prob¬ 
lems  which  will  become  evident  as  the  rat¬ 
ing  and  performance  of  compressors  and 
turbine  designs  are  extended.  The  section 
‘Design  Assessment*  addresses  the  problem 
of  how  an  engine  test  series  should  be 
conducted. 


METHODS  OF  ASSESSMENT 

Strain  gauges  were  first  used  on  com¬ 
pressor  blading  in  the  late  1940*s,  see 
discussion  Carter  (1957),  to  establish  the 
reason  for  the  fatigue  failure  of  blading. 
This  early  work  set  the  obvious  style  for 
investigations  of  this  sort  and  the  strain 
gauges  were  positiored  at  the  sites  of 
fatigue  nucleation.  Under  these  condi¬ 
tions  of  high  alternating  stress,  and  with 
the  very  early  strain  gauges,  the  instru¬ 
mentation  life  was  very  short.  However, 
as  the  quality  of  the  strain  gauges  and 
their  installations  improved,  their  use 
became  more  commonplace.  With  this 


greater  use  and  ability  to  help  diagnose 
the  cause  of  failure,  it  was  realized  that 
by  their  early  application,  it  should  be 
passible  to  detect  potential  failures  and 
their  source  of  excitation.  This  would 
then  enable  early  modifications  to  be  maae 
prior  to  any  failures,  and  thus  to  avoid 
their  attendant  disruptions  to  engine  de¬ 
velopment  programs.  However,  this  aspect 
of  the  work  places  new  requirements  on  the 
assessment  method  which  is  adopted. 


Assessment  Requirements 


The  prime  requirement  ot  any  assess¬ 
ment  method  must  be  to  establish  whether  a 
particular  stage  of  blading  will  give  a 
satisfactory  service  li!e.  As  the  intro¬ 
duction  to  Cardinale  (1980)  states,  “the 
evaluation  of  aeromechanical  behaviour 
must  consider  practical  operational 
effects  and  sensitivities,  including  air¬ 
craft  maneuver  and  flight  transition  dis¬ 
tortion,  and  the  integrated  effects  of  a 
number  of  other  variables,  including  vari¬ 
able  geometry,  bleed,  power  extraction, 
operating  line,  and  other  engine  and  inlet 
transient  conditions,  such  as  those  asso¬ 
ciated  with  environmental  and  weapon 
delivery  gas  ingestion.  The  long  range 
effects  of  deteriorations,  foreign  object 
damage,  airfoil  erosion  and  potential  con¬ 
trol  malfunctions  also  need  to  be 
addressed.  Predictions  of  vibratory  re¬ 
sponses,  fundamental  mode  instability  mar¬ 
gins,  and  surge-induced  stresses  are  not 
yet  adequate  to  eliminate  the  need  for 
experimental  validation  of  these  effects. 
Overall  experience,  guided  by  the  aero¬ 
mechanical  fundamentals,  serves  to  estab¬ 
lish  systematic  design  verification  proce¬ 
dures  with  considerations  given  to  the 
total  engine  system.* 
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Figure  21.  Character  and  Changes  of  Compressor  Blade  Vibration. 
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In  addition  to  the  primary  task  of 
assessing  a  particular  design,  it  is  also 
important  to  be  able  to  relate  the  results 
of  a  particular  investigation  with  similar 
data  from  other  engines  or  rig  test 
results.  This  comparison  across  a  field 
of  experience  then  allows  a  feedback  to 
take  place  into  the  design  processes  for 
new  engines.  Ideally,  this  type  of  infor¬ 
mation  should  be  in  a  form  which  will  be 
of  use  at  the  earliest  project  stage,  and 
often  before  the  details  of  the  mechanical 
design  are  finalize I.  Thus,  there  are  the 
two  important  aspects  of  the  aeromechan- 
ical  behaviour  to  be  considered  in  the 
assessment  method;  the  excitation  and  the 
response  in  terms  of  ability  to  withstand 
the  vibration. 

Aerodynamic  and  Hechanical 

There  is  no  doubt  that  the  factors 
which  are  relevant  in  blade  vibration 
fatigue  problems  can  be  divided  into  two 
major  groups.  This  is  lllustratec  m 
Figure  22  which  is  taken  from  Armstrong 
1980.  The  degree  of  vibration  in  the 
operating  environment  is  controlled  by  a 
number  of  factors  of  which  perhaps  the 
following  are  the  most  important,  for  a 
particular  condition  of  resonance. 

A.  Basic  blade  aerodynamics  and  nominal 
flow  conditions. 

B.  Individual  blade  geometry,  stagger 
angle,  aerofoil  shape,  and  thickness. 

C.  The  mode  shape  of  the  blade  which  is  in 
resonance. 

D.  Aerodynamic  factors  controlling  the 
balance  between  excitation  and  dampi  ;g. 

E.  The  mechanical  damping. 

F.  The  flight  condition  and  the  mode  of 
operation  of  engine  and  aircraft. 

G.  The  consistency  between  engines  and 
aircraft. 

While  these,  and  others  control  the 
level  of  the  vibration,  another  group 
establish  the  ability  of  the  blade  to 
withstand  the  vibration,  for  example: 

A.  The  material  of  the  blade  which  will 
control  the  fatigue  strength. 


Figure  22.  Factor  Influencing  Failures. 


B.  The  surface  finish  and  the  finishing 
process,  e.g.,  shot  peened. 

C.  The  actual  local  profile,  e.g.,  any 
local  undercutting  or  thinning. 

D.  Variations  in  the  manufacture  process 
heat  treatment. 

E.  Method  of  manufacture  whether  it  be 
forged,  machined,  or  degree  of  cold 
setting. 

F.  Level  of  steady  stress  in  blading. 

Each  group  will  contain  variations  in 
the  values  of  the  factors,  and  so  they 
will  create  some  form  of  distribution  as 
indicated  in  the  Figure  22.  It  is  evident 
that  when  the  two  distributions  are  well 
separated,  i.e.,  the  upper  end  of  the 
amplitude  distribution  is  well  below  the 
low  end  of  the  fatigue  capability,  then 
failure  will  not  occur.  It  will  be 
egually  obvious  that  failure  is  cercain  to 
occur  when  the  fatigue  capability  is  below 
the  engine  amplitude  distribution.  Tho 
most  difficult  problems  are  when  the  two 
distributions  just  overlap  as  indicated  in 
Figure  22. 

The  desire  to  separate  the  problems 
associated  with  blade  fatigue  capability 
from  the  level  of  vibration  in  the  engine, 
has  resulted  in  a  method  of  assessment  be¬ 
ing  developed  which  is  an  alternative  to 
the  more  direct  technigue  of  stress 
measurement. 


Stress  Method  and  Amplitude  Ratio 
Techniques 

The  two  methods  which  have  been  de¬ 
veloped  have  much  in  common,  and  both  are 
effective  in  satisfying  the  basic  reguire- 
ment  of  evaluating  the  seriousness  of  a 
particular  vibration  incident.  nfortu- 
nately,  the  degree  of  expertise  .nvested 
in  each  method,  and  the  extensive  exper¬ 
ience  gained  and  succcess  with  its  opera¬ 
tion,  rather  precludes  the  possibiity  of  a 
serious  assessment  of  the  benefits  and 
disadvantages  of  the  alternative  method. 
In  the  following  sections  each  method  will 
be  introduced  and  a  brief  comparison  will 
be  attempted. 

AMPLITUDE  RATIO  METHOD 

The  amplitude  ratio  method  of  assess¬ 
ment  has  been  developed  oy  the  Bristol 
Division  of  Rolls-Royce,  and  is  reported 
in  Armstrong  (1966b,  1967),  and  is  a  de¬ 
velopment  of  the  early  work  on  assessment 
of  blade  vibration  work  which  was  reported 
in  Blackwell  (1958).  In  this  work  the 
level  of  vibration  is  determined  in  terms 
of  the  product  of  tip  amplitude  of  vibra¬ 
tion  of  the  blade  (a),  and  the  frequency 
of  vibration  (f).  As  will  be  shown,  this 
product  'af‘  is  a  very  useful  measure  of 
the  fatigue  strength  of  the  blade.  It  had 
been  shown  earlier  in  Pearson  (1953)  and 
Tarry  (1954)  that  the  product  'af'  was  al¬ 
so  a  measure  of  the  aerodynamic  excita¬ 
tion,  assuming  that  quasi-static  condi¬ 
tions  exist  (i.e.,  zero  frequency  param¬ 
eter)  and  also  that  mechanical  damping 
maybe  neglected  in  comparison  with  the 
aerodynamic  forces.  This  analysis  is 
repeated  below. 
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Thus,  while  these  aerodynamic  assump¬ 
tions  are  not  valid  tn  absolute  detail, 
the  approach  does  piu  ide  the  ability  to 
relate  the  degree  of  excitation  to  other 
similar  experience  without  introducing  the 
detailed  g&omet.y  ot  the  blading.  A  de¬ 
cision  can  then  be  made  concerning  the 
strenqth  of  the  excitation,  and  whether  it 
will  have  to  oj  reduced,  or  whether  the 
blade  can  withstand  it.  It  is  also  of 
assistance  in  relatinq  the  measured  level 
of  vibration  to  the  fatique  strength  of 
the  blading,  and  so  predicting  the  likeli¬ 
hood  of  blade  failure  in  service. 


Aerodynamic  Excitation  and  'af' 

This  analysis  under  quasi-static  con¬ 
ditions,  i.e.,  zero  frequency  parameter, 
is  based  on  that  given  in  Pearson  (1953) 
and  Parry  (1954)  for  wake  excitation  of 
compressor  blading. 

Cascade  Notation 


Vector  Oirgram 


O^tlupt 

9^ 

a 

where 


Prom  the  vector  diagram 

(Vj+Svlcosloj+So!)® 

(V0+vwsinpt)cosa0-x  sinO - 1 

(Vx*6v)sin(  aj  +  60!  )* 

U-(Vo+vwsinpt)sino0+x  cos  e - 2 


Expanding  the  L.H.S.  ana  i s.nq  the  approx¬ 
imation  for  small  quantities 


cosfiai51!  sin6ax  =  6ax  6vx6ax  =  0 


we  get 

( Vx+6v) cos (ax  +  6ax)- 

Vjcosaj-Vj  6(ijsinaj  +  6vcosax - 3 

(V1+«v)sin(a1+«a1)= 

Vxsinax+Vx  6axcosax  +  6vsinax - 4 

Now  from  1  &  2,  for  steady  state 
conditions,  i.e.,  vw  =  x  =  Sv  =  6nj  »  0 

VjCORax  »  V0cosa0 — - 5 

Vjsinaj  =  V0sina0+u - 6 


Therefore,  using  equations  1  to  6,  we 


obtain 

-Vj  Sojsinaj  +  6vcosm  = 

vwsinptcosa0-x  sine - 7 

Vj  Sajcosaj  +  Svsinaj- 
-  vwsinptsina0+x  cose - 8 


Multiplying  7  by  cosaj  and  8  by  sinax  and 
adding  we  get 


VQ  absolute  gas  inlet  velocity  (steady) 

V1  gas  relative  inlet  velocity  (steady) 

vo+vwsinPt  absolute  gas  inl't  velocity 
with  wake  conpon- nt 

u  blade  speed 

F  lift  force  on  blade  in  direction  of 
vibration 

x  =  awsin(wt+e) 

*  vibrational  velocity  of  blade 

oq  absolute  gas  inlet  angle 

ax  relative  gas  inlet  angle 

?  stagger  angle 

9  inclination  of  vibration  to  U 
direction 

6v,«ai  increments  due  to  vibration 


6v=v„sinpt  cosUo+cjl-xsinO-aj) 

Multiplying  8  by  cosaj  and  7  by  sinax  and 
subtracting  we  get 

V16a1=-vwsinptsin(oo+a1)+xcos(0-u1) 

Now  with  F  the  force  on  the  blade 

5F  ‘  {°1  +  ||  5vl  and  f^F0+«F 

Therefore, 

f“  COS<0-“1»-  l^-sinO-o.!)  ] 

- v„s i npt ||jsin ( oo+ai ) -|fjCOS ( a0+»i ) ] 

- F0+Ax-Bvws i npt 
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The  vibrational  anergy  gained  per 
second  by  the  blade  is  W  with  frequency 


D  =  mechanical  damping  work  done  per 
second.  We  have: 

1 

Wf /^(-Fx)dt-D 


=_A  I i/o  *2dt+Bh!o 


With 


x-a»osin(  wt+e) 

2* 

^-A^/^a2u)2s£n2 ( ut+e)dt 


2  IT 

+Bjwvw  J“awsin( wt+e)sinptdt-D 


The  value  of  the  first  term,  which  is  a 
damping  term,  is  independent  of  the  value 
of  e  whereas  the  second  excitation  term 
will  be  a  maximum  when  u  -  p  (i.e.,  on 
resonance)  and  when  e  =  0.  Therefore, 

W=-iAa2w24^Bvua  i-D 


Assuming  that  the  mechanical  damping  D 
is  small  and  can  be  neglected,  we  have  for 
a  steady  state  vibration  (i.e.,  when 
w  *  0  )  and  for  no  increase  in  energy  in 
the  vibration. 


or  af  = 


A  2w 


Thus,  the  product  of  (amplitude  of 
vibration)  times  (frequency)  is  propor¬ 
tional  to  the  velocity  strength  of  the 
wake. 


Clearly  the  expression: 


-  tv.^iSlnla°+ai>~l71cos(a^°l)i  v* 

=  »-«l>  -tV1"'*-!']  "  2’ 

is  not  a  precise  prediction  of  the  re¬ 
sponse  of  the  vibrating  blade,  but  as  was 
pointed  out  in  Pearson  (1953)  and  Parry 
(1954)  and  in  the  Blackwell  contribution 
the  discussion  of  Caiter  (1957)  and 
Blackwell  (1958)  the  product  of  af  is  a 
very  convenient  method  of  assessing  the 
relative  strength  of  the  aerodynamic  exci¬ 
tation  from  the  results  of  a  strain  gauge 
test  on  a  compressor  or  turbine. 


le  above  analysis  also  holds  in  the 
case  of  flutter,  but  with  vw  =  0  .  Thus, 
for  energy  to  be  fed  into  the  vibration  to 
overcome  the  mechanical  damping,  the  term 

-jAa2w2  must  oe  positive.  Hence  A  must 

be  negative  but  again  the  term  is  propor¬ 
tional  to  (af)2  . 

In  the  next  section  it  will  be  shown 
that  the  product  (af)  is  also  a  very  use¬ 
ful  and  general  method  for  specifying  the 
intensity  of  a  vibration  from  a  mechanical 
aspect. 


Mechanical  Aspects  of  af 


Perhaps  the  first  reference  to  veloc¬ 
ity  being  an  important  criterion  fc  _•  the 
assessment  of  vibration  stress,  was  given 
in  Appendix  1  of  the  paper  by  H.  G.  Yates 
(1948).  He  proposed  the  following  general 
proposition  based  on  reasoning  from  a  di¬ 
mensional  type  of  analysis. 

"Mechanical  vibrating  systems,  having 
geometrical  similarity  and  constructed 
of  the  same  materials,  when  vibrating 
freely  in  the  same  mode  with  equal 
linear  velocities,  will  suffer  the 
same  vibrational  stresses." 

He  then  extends  his  reasoned  argument 
to  the  case  of  transverse  vibration  of  a 
cantilever  beam.  However,  this  can  be 
confirmed  by  mathematical  analysis  which 
is  given  in  full  in  Appendix  I.. 

The  analysis  follows  the  standard 
type,  e.g.,  Timoshenko  (1937)  for  a  beam 
of  constant  section.  The  assumption  is 
made  that  the  beam  is  vibrating  harmon¬ 
ically  with  time  and  that  the  applied  load 
intensity  on  the  beam  is  due  to  the  re¬ 
versed  mass  inertias  as  a  result  of  the 
beam's  motion.  The  constants  in  this 
general  solution  are  determined  by  the  end 
conditions  for  the  beam  -fixed  and  free 
-for  a  cantilever.  This,  therefore, 
yields  the  frequency  relationship  equa¬ 
tion,  the  roots  of  which  define  the 
natural  frequencies.  Using  this  frequency 
equation  in  conjunction  with  the  expres¬ 
sions  for  the  bending  moment  at  the  root 
section,  and  the  amp)<t.,de  'a'  at  the  free 
end  of  the  cantilever,  it  is  possible  to 
derive  the  following  expression,  which  is 
valid  for  all  flexural  frequencies  since 
the  frequency  relationship  equation  was 
used  in  the  analysis. 

_  1  k  o _ 

ac  '  7?  '  y  *  pEnT 

Where  a  =  the  tip  amplitude  of  vibration 

f  =  the  natural  frequency  of  the 
flexural  mode 

k  =  radius  of  gyration 

y  =  distance  of  the  highest  stress 
fiber  from  the  neutral  axis 

a  •  stress  on  the  fiber 

E  »  Young's  modulus 

m  ■  mass  per  unit  volume 
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This  is  the  important  relationship 
for  cantilevers,  relating  the  product  of 
the  (tip  amplitude)  times  (frequency)  with 
the  material  properties  of  young's  modulus 
E  ,  mass  density  m  and  the  alternating 
stress  a  at  the  root  section.  It  has 
been  shown  by  Blackwell  (1959)  and  yates 
(1948)  k/y  is  reasonably  constant  for 
similar  section  shapes.  Thus,  if  the 
stress  a  is  taken  as  the  value  for  an 
endurance  life  of  say  1 0 7  reversals  for  a 
particular  material,  then  all  cantilevers 
in  that  material  will  fail  at  the  corre¬ 
sponding  fixed  value  of  af  irrespective 
of  the  length,  breadth,  and  thickness  of 
the  beam. 


Typical  values  of  for  blade  type 


materials 

are  given 

in  the 

table. 

young's 

Endurance  _g_ 

Modulus 

Density 

Stress 

H5m 

Alloy 

E  GPa  m 

Mg/m3 

a  MPa 

_0 _ 

(^KT 

Aluminium 

72.4 

2.71 

145 

10.35 

Steel 

214 

7.83 

591 

14.44 

Titanium 

113 

4.43 

550 

24.58 

Nickel 

214 

7.86 

340 

8.29 

Based _ 

The  relative  values  of  in  this  table 

illustrate  the  ability  of  blading  in  the 
various  materials  to  withstand  vibration 
as  a  cantilever.  It  will  be  noted  that 
whilst  the  endurance  stress  of  steel  is 
some  four  times  that  of  aluminium,  the 
actual  performance  as  blading  will  be  only 
some  40*  better.  This  is  because  of  the 
high  young's  modulus  and  the  higher 
density  of  the  steel  material. 

The  lower  values  of  E  and  m  for 
titanium  enable  the  titanium  blading  to 
demonstrate  its  far  greater  superiority  in 
a  vibration  environment. 

Similar  relative  values  obtained  from 
fatigue  tests  on  blades  are  taken  from 
Armstrong  (1960).  The  values  being  for 
19^  reversals. 

Aluminium  5.5  ft/sec 
Steel  6.5  ft/sec 
Titanium  11.0  ft/sec 

Glass  fiber  laminates  12.0  to  13.0  ft/sec. 


Figure  23.  Compressor  Blade  Fatigue 
Strength  for  Different 
Materials  and  Blade  Designs. 


The  analysis  given  above  applies  to 
t^e  flexural  modes  only,  since  a  similar 
exact  analysis  does  not  exist  for  non¬ 
circular  sections  vibrating  in  torsional 
modes.  However,  yates  (1948)  refers  to 
simple  calculations  for  non-circular  sec¬ 
tions,  and  states  that  the  ratio  of  maxi¬ 
mum  shear  stress  to  maximum  linear 
velocity  is  nearly  equal  to  Gm 
where  G  is  shear  modulus.  This  is 
borne  out  by  correlations  of  fatigue  tests 
on  blades  in  the  torsional  modes,  where 
the  amplitude  is  measured  at  the  leading 
edge.  The  early  work  reported  by  Backwell 
(1958)  shows  that  the  failing  values  of 
af  in  torsion  are  very  similar  to  those 
in  flexure  -  see  Figure  23  which  is 
reproduced  from  this  reference. 


Whilst  the  relationships  developed 
above  for  flexural  vibration  of  uniform 
cantilever  beams  ore  exact,  the  benefits 
which  are  gained  by  using  af  as  a  measure 
of  the  severity  of  vibration  from  a  me¬ 
chanical  aspect,  derive  from  the  ability 
to  compare  the  performance  and  fatigue 
properties  of  bladinq  covering  a  wide 
range  of  designs,  sizes,  and  methods  of 
manufacture.  It  is  not  intended,  as 
Passey  (1976)  comments,  to  b~  an  alterna¬ 
tive  to  stress  as  a  criterion  of  fatique 
of  material,  but  rather  as  an  indicator  of 
the  ability  of  the  whole  blade  to  with¬ 
stand  vibration.  This  must,  and  does,  in¬ 
volve  all  the  mechanical  aspects  of  the 
blade . 


The  Measurement  of  af 

A  strain  gauge  positioned  on  a  vi¬ 
brating  blade  ii.  an  engine,  will  indicate 
the  strains  due  to  all  the  modes  which  may 
be  excited.  Each  mode  will  of  course  be 
identifiable  by  tne  frequency  content  of 
the  signal.  As  reported  in  Armstrong 
(1960)  it  is  possible  to  find  a  position 
on  a  blade  which  provides  almost  equal 
response  in  a  number  of  modes.  The  unit 
of  response  for  this  comparison  is  strain 
gauge  output  per  unit  tip  af  ,  and  so  to  a 
first  approximation  the  modal  output  from 
the  strain  gauge  is  a  correct  indication 
of  the  seriousness  of  the  vibration. 
Initially,  the  position  of  the  strain 
ga^ge  was  determined  experimentally  on  a 
sta  ;c  rig,  where  the  blade  was  vibrated 
in  each  mode  in  turn,  for  the  modes  of 
interest,  and  the  corresponding  gauge  out¬ 
put  and  tip  amplitude  measured.  Changes 
to  the  strain  gauge  position  normally  re¬ 
sulted  in  one  being  satisfactory  for  3  or 
4  modes.  If  more  modes  are  required,  then 
an  additional  position  can  also  be  used. 
In  these  calibrations,  it  is  important  to 
measure  the  tip  amplitude  in  an  identical 
way  to  that  which  is  used  during  the 
fatigue  testinq  on  the  blade.  Normally, 
this  is  the  ’eading  edge,  but  when  a  nodal 
line  is  close  to  this  edge  then  it  is  more 
reliable  to  measure  the  amplitudes  at  the 
trailing  edge  for  that  particular  mode. 


whilst  the  above  methods  relied  upon 
experimentally  determined  positions  of  the 
strain  gauge  to  cover  a  number  of  modes, 
it  is  now  possible  to  predict  the  likely 
sites  and  orientations  of  the  strain 
gauges  by  working  with  data  from  the  blade 
design  detail  using  Finite  Element  (F.E.) 
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analysis  methods.  It  is  expected  that  an 
empirical  calibration  will  be  performed  to 
calibrate  the  strain  gauges  prior  to  en¬ 
gine  build  but  the  finite  element  analysis 
route  will  minimize  the  experimental  work 
required. 

The  use  of  tip  af  ,  as  a  measure  of 
the  importance  of  the  intensity  of  vibra¬ 
tion/  hi  s  also  led  to  the  development  of 
methods  other  than  the  use  of  strain 
gauges  to  measure  blade  vibration.  One  of 
these,  which  is  particularly  useful  where 
slip  rings  cannot  be  fitted  to  the  shaft, 
is  the  F.M.  (frequency  modulated)  grid. 

In  this  method  -  which  is  fully  de¬ 
scribed  in  Eccles  (1962)  and  Raby  (1970)  - 
a  small  magnet  is  inserted  in  the  tip  of  a 
rotor  blade.  In  the  casing,  above  the 
track  of  this  magnet,  is  fixed  an  accu¬ 
rately  pitched  zig-zag  conductor,  and  the 
near  axial  portions  of  this  conductor  are 
spaced  at  2  degree  intervals.  As  the 
blade  rotates  at  a  uniform  speed,  a  series 
of  electrical  impulses  is  generated  in  the 
conductor.  Because  of  the  uniform  speed 
and  the  accurate  pitch  of  the  bars  of  the 
conductor,  the  frequency  of  the  impulses 
will  be  constant.  If,  however,  the  blade 
is  also  vibrating  while  it  is  rotating, 
then  the  frequency  of  the  impulses  will 
vary.  By  the  use  of  pulse  shaping  tech¬ 
niques  and  filtering  the  signal  it  is  pos¬ 
sible  to  frequency  demodulate  the  signal 
and  to  produce  a  signal  which  is  propor¬ 
tional  to  the  alternating  velocity  of  the 
magnet  in  the  blade  tip.  As  the  signs,  is 
proportional  to  the  component  of  the 
blade's  vibrating  velocity  at  right  angles 
to  the  bars  of  the  conductor,  it  is  neces¬ 
sary  to  calibrate  the  direction  and  ampli¬ 
tude  of  the  magnet  for  the  blade's  modes 
of  vibration  relative  to  the  blade's  lead¬ 
ing  edge  amplitude. 

As  the  signal  generated  is  a 
frequency-modulated  one,  the  signal 
strength  -which  is  dependent  upon  the  mag¬ 
net  to  grid  clearance  -is  unimportant,  ard 
so  the  technique  is  not  dependent  on  blade 
tip  clearance.  Normally,  2  or  3  grids  per 
stage  can  be  incorporated.  The  tempera¬ 
ture  limit  is  that  of  the  materials  used 
to  bond  the  conductor  into  the  casing. 


The  tip  af  method  of  assessment  also 
allows  ready  use  to  be  made  of  the  data 
obtained  from  measurements  of  the  blade 
tip  displacements  as  reported  in  Raby 
(1970)  and  Koff  (1978)  from  probes  mounted 
on  the  casing. 


Blade  Fatigue  Capabil ity 


As  explained  before,  the  fatigue  pro¬ 
perties  of  a  blade  depend  upon  many  fac¬ 
tors,  and  in  general  these  are  not  known 
very  accurately.  So  the  Amplitude  Ratio 
method  relies  upon  a  comparison  betwen  the 
measured  af  in  the  engine  and  the  fatigue 
capability  of  the  blade  as  determined  by 
test.  To  predict  the  strength  of  the 
blade  in  the  engine,  it  is  necessary  to 
apply  a  number  of  correction  factors  to 
the  fatigue  tests,  and  these  will  be 
covered  in  this  section.  The  majority  of 
this  section  is  taken  from  Armstrong 
(1966b). 


A.  I  cremental  and  Constant  Amplitude 


It  was  explained  before  that  signifi¬ 
cant  benefits  can  be  gained  by  using  the 
incremental  fatigue  test  techniques  when 
carryinq  out  test  work,  to  establish  the 
fatigue  capability  of  a  blade  standard. 
However,  it  is  i.ecessary  to  convert  the 
results  into  a  form  which  can  be  compared 
with  the  amplitudes  measured  in  the 
engine.  The  method  which  has  been  adopted 
is  to  convert  the  experimental  fatigue  re¬ 
sults  to  constant  amplitude  data.  This 
then  allows  the  effect  of  scatter  to  be 
allowed  for  easily  because,  as  explained 
before,  the  scatter  properties  of  a  Made 
population  form  a  normal  distribution  of 
the  log  life  at  a  constant  amplitude  or 
alternating  st-ess. 


The  conversion  from  the  incremental 
tests  to  the  .ife  at  a  specific  amplitude 
is  done  by  the  use  of  Miner's  fatigue 
damage  summation.  Thus  for  r  steps  in 
the  incremental  test: 


l  (ff*) 

x=l 


1 


represents  a  criterion  for  failure. 


Where  Nx  is  the  life  (number  of  cycles) 
at  the  amplitude  Sx  and  nx  is  the  time 
increment  (number  of  cycles)  durinq  the 
fatigue  test  at  the  amplitude  Sx  .  It 
has  been  found  that  metallurgical 
constant-amplitude  fatigue  test  data  for 
blade  materials  when  presented  as  a  plot 
of  log  (stress)  against  loq  (number  of  re¬ 
versals)  approximates  well  to  a  straight 
line.  Thus,  the  relationship: 

SN^  =  constant 
holds  and  obtain 


1 


Thus,  by  carrying  out  a  small  number 
of  constant  amplitude  fatigue  tests,  it  is 
possible  to  obtain  a  value  for  the  index 
d  for  the  material,  from  the  above  equa¬ 
tion  it  is  possible  to  obtain  values  of  N 
and  log  N  for  a  specific  constant  ampli¬ 
tude  of  vibration. 


B.  Scatter  in  Properties 

One  of  the  difficulties  in  the 
assessment  of  blade  fatigue  problems  is 
allowing  for  the  scatter  in  properties. 
However,  this  can  be  achieved  in  the 
following  way.  From  the  results  of  a 
small  number  of  blades  tested  in  the  rele¬ 
vant  mode,  it  is  possible  to  establish  the 
mean  of  the  log  life  of  the  group  at  a 
specified  amplitude. 
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Because  ere  are  only  a  snail  number 
in  the  sample,  their  mean  value  is  likely 
to  be  different  from  that  of  the  popula¬ 
tion  from  which  they  have  been  taken.  By 
using  a  statistical  technique,  it  is 
possible  to  estimate  within  a  95t  confi¬ 
dence  level,  a  lower  limit  on  the  mean  of 
the  whole  group.  This  lower  limit  is 
given  by 

t  a 


( n-1 )  a 2  <(j2  c(n-l)o2 


The  values  of  x  are  obtained  from 
statistical  tables,  found  in  most  statis¬ 
tics  books,  which  are  based  on  the 
Biometrika  Tables  for  Statisticians, 
Vol.  1,  Table  8. 


where  t  is  the  Students  t  value 
foe  a  chosen  confluence  level. 

S  is  the  best  estimate  of  the 
standard  deviation  of  the  population 
(see  below)  and 

n  is  the  number  in  the  sample. 


For  95t  confidence  level  the  values 
of  t  for  different  sample  sizes  are: 

n  3  4  5  6 

t  4.3  3.2  2.8  2.6 

With  a  knowledge  of  the  mean  of  total 
population,  and  an  estimate  of  the  stan¬ 
dard  deviation,  it  is  possible  to  predict 
the  lowest  log  life  in  a  large  number  of 
blades.  Armstrong  (1966b)  considered  the 
lowest  one  in  10,000  which  is  3.72o  below 
the  population  mean.  These  relationships 
are  shown  graphically  in  Figure  24. 


C.  Effect  of  Temperature 

To  allow  for  the  effect  of  tempera¬ 
ture  on  the  failing  amplitudes  of  blades, 
Armstrong  (1966b)  proposed  that  test  data 
from  metallurgical  specimens  from  rotating 
bend  tests  conducted  over  the  temperature 
range  may  be  used.  This  information  would 
allow  a  correction  to  be  applied  to  the 
mean  property,  and  also  the  index  'd'  de¬ 
fining  the  slope  of  the  log  S  vs  log  N 
curve.  In  applying  this  it  is  assumed 
that  these  changes  apply  directly  to  the 
material  in  blade  form. 

In  the  absence  of  more  detailed  in¬ 
formation  on  the  actual  variation  of  the 
blade's  operating  temperature  with  engine 
speed,  it  is  assumed  that  the  metal  tem¬ 
perature  will  vary  on  a  speed  squared  law. 
Therefore  we  have 

T  =  20  +  N2  (TT  -  20) 


In  the  previous  paragraph,  a  value  of 
the  standard  deviation  has  to  be  used.  An 
accurate  value  will  not  be  obtained  solely 
from  a  small  sample  size,  but  it  is  not 
unreasonable  to  consider  that  the  standard 
deviation  o  is  common  for  a  similar  de¬ 
sign  of  blade  in  a  certain  material. 
Thus,  it  is  possible  to  obtain  a  good 
estimate  of  a  from  an  overall  considera¬ 
tion  of  all  the  blades  tested.  Hunt 
(1975)  has  done  this  and  Figure  25  is  re¬ 
produced  showing  how  the  values  of  a  tend 
to  definite  values  for  each  of  the  three 
examples  of  typical  blade  materials.  The 
bounds  for  each  of  the  trends  are  the  chi- 
square  distribution  for  n-1  degrees  of 
freedom,  and  are  given  by: 


IM  I,  Lift  TO  FAOUMC  AT  *.0  A,  FT/TfC 


Where  Nr 


actual  rev/min 
maximum  rev/min 


T  =  metal  temperature 

Ty  -  metal  temperature  at  maximum  rev/min 
D.  Amplitude  for  Given  Life 


Figure  24.  Statistical  Determination 
of  1  in  10,005  Level. 


Figure  25.  Best  Estimate  of  Standard 
Deviation. 
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Hith  the  application  of  the-  foregoing 
sections,  it  is  possible  to  predict  the 
failing  amplitude  of  the  weakest  blade  in 
a  large  population  in  the  absence  of 
steady  stresses.  The  effect  of  steady 
stress  can  be  allowed  for  by  the  use  of  a 
Goodman  type  diagram,  if  the  equivalent  to 
the  alternating  stress  axis  can  be 
established.  To  do  this  it  is  necessary 
to  'use*  a  realistic  life  and  Armstrong 
(1967)  explained  that  a  value  of  100  hours 
was  chosen  for  this  purpose  as  this  is  a 
mean  on  a  logarithmic  scale  between  10 
hours  and  1,000  hours.  It  must  be  noted 
that  the  material  properties  are  such, 
that  a  20%  change  in  stress  level  is  worth 
a  factor  of  at  least  10  to  1  on  life,  and 
the  time  to  be  considered  is  the  time  at 
maximum  vibration  amplitude  and  not  the 
total  blade  life. 


E.  Steady  Stress  Correction 

In  allowing  for  steady  stress 
effects,  Armstrong  (1966b)  used  a  Goodman 
type  of  correction  and  so: 


where  SQ  is  the  allowable  alternating 
stress  or  af  at  zero  mean  stress: 

Sg  is  the  allowable  alternating 
stress  or  af  at  steady  stress  and  Su  is 
the  effective  ultimate  stress  at  the 
operating  temperature. 

It  is  assumed  in  their  analysis  that 
the  steady  stress  varies  with  rotor  speed 
as  follows 


F.  100  Hour  Amplitude  Curves 

It  is  now  possible,  with  the  steady 
stresses  applicable  for  a  particular  en¬ 
gine  speed,  to  obtain  from  the  Goodman 
type  diagram  the  amplitude  of  vibration, 
af  ,  for  the  100  hour  life.  If  this  is 
completed  for  all  speeds,  a  series  of 
curves  can  be  drawn,  one  for  each  mode  of 
vibration  under  consideration.  A  typical 
curve  is  presented  by  Armstrong  (1966b)  in 
Figure  26  for  four  modes  of  vibration. 

These  curves  can  be  used  directly  m 
comparing  the  measured  af  ,  from  an  engine 
test,  in  order  to  assess  the  seriousness 
of  the  vibration. 

Amplitude  Ratio  and  Rules 

It  has  beer,  explained  before  that  an 
informative  way  to  assess  the  importance 
of  a  vibration  amplitude,  which  may  cause 
a  high  cycle  fatigue  problem,  is  to  form  a 
comparison  between  the  measured  amplitude 
and  that  which  will  cause  failure.  This 
therefore  gave  rise  to  the  concept  of  an 
amplitude  ratio  which  is  defined  as: 

Amplitude  ratio  %  » 

=  Maximum  measured  amplitude  x  100 
Amplitude  for  100  hour  life 

A  survey  of  the  observed  amplitude 
ratios,  as  determined  above,  was  compared 
with  the  service  experience  of  the  blad¬ 
ing,  and  is  rep  -ted  by  Armstrong  (1966b 
and  1968).  From  the  results  of  this  cor¬ 
relation  it  was  possible  to  propose  the 
following  design/development  rules. 


S  =  St  x  N|  + 


/(i+xn|) 


Where  St  is  the  direct  centrifugal  stress; 

Sb  is  the  total  bending  stress 
(allowing  for  the  restoring  centrifugal 
moment) , 


and 


Where  Mxy  amd  Mxx  are  the  uncorrected 
and  corrected  gas  bending  moments  respec¬ 
tively  for  a  radial  blade. 


The  positions  on  the  blade  for  which 
these  steady  stresses  are  evaluated,  are 
those  at  the  positions  of  the  fatigue 
crack  in  the  mode  in  question.  If  the 
position  of  cracking  varies  from  blade  to 
blade,  in  the  batch  of  the  fatigue  tested 
blades,  then  the  most  severe  steady  stress 
is  taken. 

As  discussed  in  the  next  section  with 
the  possibility  of  the  results  of  finite 
element  analysis  being  available  today,  to 
establish  the  value  of  steady  stresses, 
these  results  may  be  more  applicable  than 
the  relationships  given  above. 
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Figure  26.  Typical  100  Hour  Life  Curves 


16-20 

A.  If  the  amplitude  ratio  in  any  mode  is 
found  to  bo  greater  than  100%,  .  then 
adequate  engine  restrictions  must  be 
imposed  until  satisfactory  engine 
modifications  have  been  incorporated. 
Service  evidence  has  shown  that  short 
life  failures  had  taken  place  with 
amplitude  ratios  greater  than  100%. 

F.  When  the  amplitude  ratio  lies  between 
50%  and  100%  then  failures  during 
long  service  use  may  be  expected.  In 
these  cases,  long  term  rectifications 
and  improvements  should  be  prepared. 

C.  For  amplitude  ratios  less  than  50%, 
the  vibration  may  be  considered  to  be 
acceptable  for  the  full  service  use. 


These  rules  have  proved  to  be  satis¬ 
factory  for  the  last  20  years,  krrostrong 
1980,  but  it  is  emphasized  that  to  obtain 
a  thorough  assessment  it  is  necessary  to 
carry  out  the  strain  gauge  survey  at  all 
flight  conditions.  See  also  the  section 
"Flight  Testing"  further  below. 


Foreign  obiect  Damage  1F.0.D.)  and 
Ex  Engine  Blades 

During  enqine  service  use,  the  blad¬ 
ing  suffers  foreign  object  damaqe  (F.O.D.) 
or  in  some  cases  the  surface  of  the  blades 
deteriorate  due  to  corrosion  and  erosion. 
This  results  in  the  problem  of  establish¬ 
ing  what  should  be  the  limits  of  accep¬ 
tance  for  this  form  of  damage,  and  in  the 
case  of  blades  showinq  corrosion  and 
erosion  on  engine  overhaul,  to  determine 
if  they  are  acceptable  for  engine  rebuild. 

The  amplitude  ratio  method  provides  a 
technique  for  readily  answering  these 
queries.  Fatigue  tests  are  carried  out  on 
the  defective  blades,  in  the  modes  which 
exhibit  cracking  where  the  damaqe  is  most 
severe.  Or  alternatively  in  those  inodes 
with  the  hiqhest  amplitude  ratios.  From 
these  results  it  is  possible  to  establish 
a  new  100  hours  life  for  this  standard  of 
blading.  With  the  originally  measured 
bench  or  flight  amplitude  data  it  is  pos¬ 
sible  to  create  a  new  assessment  which  can 
be  called  an  Effective  Amplitude  Ratio. 
Obviously,  the  same  rules  for  acceptance 
can  be  used  as  for  the  new  blades. 


STRESS  LEVEL  METHOD 

The  stress  level  method  of  assessing 
the  severity  of  a  blade  vibration  is  ba¬ 
sically  vary  straightforward,  and  follows 
directly  from  the  strain  gauge  investiqa- 
ton  work  of  the  early  days  of  jet  engine 
development.  In  essence,  the  alternating 
stress  at  the  most  critical  part  of  the 
blade  is  measured  by  the  use  of  strain 
gauges,  and  then  this  level  is  compared 
with  the  material  properties.  The  prob¬ 
lems  which  arise  are  a  consequence  of  the 
complex  stress  distributions  of  current 
high  performance  blading  and  the  lack  of 
sufficient  knowledge  of  the  material 
properties.  However,  these  problems  have 
been  overcoms,  and  a  number  of  companies 
employ  these  techniques  very  successfully 
in  their  assessment  methods.  However,  its 
successful  operation  does  rely  upon  a  good 
background  of  practical  knowledge  and  ex¬ 


perience,  and  so  only  the  basic  aspects  of 
the  methods,  which  are  published  in  the 
technical  press  may  be  reviewed  here. 


Steady  Stress  Distributions 

A  knowledge  of  the  steady  stress  dis¬ 
tribution  is  equally  vital  to  both  the 
Amplitude  Ratio  Method  as  it  is  to  the 
Stress  Level  Method,  because  the  level  of 
steady  stress,  through  the  Goodman  or 
equivalent  type  of  diagram,  establishes 
the  level  of  vibration  which  may  be 
permitted.  It  is  discussed  here  because 
some  aspects  are  also  applicable  to  the 
study  of  the  alternating  stress 
distributions. 

Modern  finite  element  analysis 
methods  permit  the  stress  distributions 
over  the  whole  of  the  blade  surface  to  be 
predicted.  However,  to  obtain  a  suffi¬ 
cient  accuracy  does  demand  a  fairly  small 
grid  size,  and  for  the, modelling  of  the 
blade  platform  and  root  fixinq  zones, 
solid  or  brick  elements  will  be  required. 
As  is  reported  by  Koff  (1978),  it  is  pos¬ 
sible  to  confirm  these  calculated  values 
either  by  strain  gauge  measurements  or  by 
photoelastic  tests  and  analysis.  The  ob¬ 
vious  advantage  of  the  finite  element 
analysis  is  that  it  is  possible  to  perform 
the  calculations  for  various  combinations 
of  the  steady  state  farce  systems  which 
might  be  present. 

In  order  to  appreciate  the  results  of 
the  detailed  finite  element  analysis,  it 
is  beneficial  to  understand  the  physical 
representations  of  the  force  systems  which 
are  present,  and  also  the  reasons  for  the 
stress/strain  distributions  which  will  be 
observed  in  practical  blading.  The  steady 
state  forces  may  be  considered,  for  canti¬ 
lever  blading,  to  be  caused  by  four  force 
systems. 

A.  Centrifugal  forces  acting  on  the  blade 
sections.  In  the  absence  of  hioh  de¬ 
grees  of  twist  if  the  centers  of  mass 
of  each  section  lie  on  a  radial  line, 
then  these  forces  will  be  a  radial 
force  qivinq  rise  to  an  average  P/A 
type  stress;  at  sections  remote  from 
the  fixinq. 

B.  Because  of  the  variation  in  stagger 
angle  of  the  blade  from  root  to  tip, 
the  centrifugal  body  forces  acting  on 
the  leading  and  trailing  edge  zones 
of  the  blade  will  not  be  normal  to  the 
blade  sections.  Thus,  there  will  be  a 
component  of  force,  in  addition  to  the 
radial  force,  which  will  act  in  the 
tangential  plane  and  cause  a  twisting 
moment  which  will  alter  the  blading 
stagger  angle. 

C.  The  aerodynamic  forces  on  the  blade 
sections.  There  will  be  both  forces 
which  cause  bend.ng  of  the  blade  about 
its  two  principal  axes,  and  also  an 
aerodynamic  twisting  moment. 

D.  If,  as  is  the  usual  practice  fer  larqe 

and  medium  size  blades,  desiqn  causes 
the  centers  of  mass  of  the  blade 
sections  to  lie  off  a  radial  line 
through  the  root  section  of  the  blade, 
then  the  centrifugal  forces  will 

also  result  in  bending  moments 


about  the  blades'  principal  axes.  It  is 
customary  to  design  the  blade  shape  so 
that  the  combined  gas  bending  moment,  and 
the  centrifugal  bending  moments,  provide 
the  optimum  stress  condition.  Note  the 
gas  bending  moment  will  be  a  function  of 
the  flight  condition,  and  so  the  optimum 
arrangement  will  depend  upon  the  aircraft 
duty. 

The  stress  distribution  within  the 
blade  aerofoil  which  would  be  obtained  by 
the  application  of  the  elementary  Euler 
beam  theory,  under  the  action  of  the  above 
forces,  will  be  modified  by  a  number 
effects.  These  modifying  factors  are  dis¬ 
cussed  by  Danforth  (1975)  and  Shorr 
(1961). 

Warping  Stress  due  to  End  Restraint 

If  a  thin  rectangular  beam  is  rigidly 
fixed  at  its  end,  then  under  the  action  of 
a  torque,  the  Saint  Verant  shear  stress 
distribution  (which  would  be  obtained  in  a 
free  beam)  is  modified.  The  edges  of  the 
section  undergo  a  bending  type  of  distri¬ 
bution  as  in  Figure  27  from  Danforth 
(1975).  For  a  thin  rectangular  section  the 
bending  stress  can  be  2.9  times  the  shear 
stress. 

Effect  of  Partial  Chord  Root  Fixing 

It  is  unusual  in  the  design  of  the 
root  fixing  for  the  root  to  be  the  same 
chordal  width  as  the  aerofoil  at  the  sta¬ 
tion  above  the  platform.  Thus,  the  lead¬ 
ing  and  trailing  edge  zones  of  the  blade 
will  not  be  fully  supported,  and  the 
stress  distribution  as  determined  by  a 
completely  rigid  fixing  will  be  modified. 
Figure  28  from  Danforth  (1975)  shows  this 
effect  of  axial  width  reduction.  This 
effect  would  be  much  more  severe  in  the 
case  of  blades  which  are  carried  in  a  cir¬ 
cumferential  slot,  where  the  axial  width 
of  the  portion  below  the  platform  may  be 
only  1/3  or  less  of  the  aerofoil  chord. 


Blades  with  High  Rate  of  Stagger  Change 

When  a  blade  has  a  high  rate  of 
change  of  stagger  along  tht  blade  span, 
and  when  it  is  subjected  to  a  torque  load 
the  twist  distortion  is  accompanied  by 
tensile  stresses  in  the  leading  and  trail¬ 
ing  edge  zones  of  the  blade.  In  order  to 
provide  the  equilibrium  of  forces  normal 
to  the  aerofoil  section,  a  stress  of  op¬ 
posite  sign  and  reduced  magnitude  is  set 
up  over  the  central  zones  of  the  blade. 


Blades  with  Root  Camber  and  Hinh  Deqree  of 
Stagger  Change  - 11 - 


Shorr  (1961)  explained  that  when  a 
r??e  of  ohan9e  of  stagger  was  present 
with  highly  cambered  sections,  then  the 
three  force  systems,  -  radial  load,  tor¬ 
sional  twist,  and  bending  moment  about  the 
least  moment  of  inertia  -  are  all  coupled 
with  their  corresponding  displacement 
strains. 


Figure  28.  Illustrative  End  Effects  Stress 
Blade  Root  in  Spanwise  Pull 
Compared  to  Nominal  Pull/Area 
Stress. 


Figure  29.  End  Effect  Stresses  for 
Illustrative  Fan  Blade  Root 
Section  (A)  Spanwise  Pull,  (8) 
Moment,  and  (C)  Torque  Load. 
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Danforth  (1975)  provides  the  stress 
distribution  around  the  root  section 
periphery,  for  a  fan  blade  design,  as 
shown  in  Figure  29.  where  the  loading  is, 
in  turn,  that  of  a  pure  pull  load  -the 
radial  component  of  the  centrifugal  field 
-a  pure  bending  moment  about  the  section 
axis  with  the  least  second  moment  of  area, 
and  a  pure  torque.  The  stress  magnitudes 
are  normalized  with  respect  to  their 
respective  beam  theory  counterparts. 


Results  for  Typical  Fan  Blade 


The  actual  stress  distribution  for  a 
particular  blade  will  depend  upon  its  de¬ 
tail  geometry  and  blade/disk  root  design, 
but  the  values  may  be  obtained  by  the  ap¬ 
plication  of  finite  element  analysis, 
photoelastic  test,  or  an  approximate  nu¬ 
merical  solution  following  the  work  of 
Zbirohowski-Koscia  (1967).  Koff  (1978) 
provides  a  comparison  of  the  strain  dis¬ 
tribution  at  an  aerofoil  root  of  a  fan 
blade,  determined  both  by  strain  gauge 
test  and  by  finite  element  analysis. 
These  results  are  reproduced  in  Figure  30. 
It  will  be  seen  that  the  character  of  the 
distributions  is  of  the  same  form  of  those 
given  in  Figure  29. 
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Figure  30.  Fan  Blade  Stress  Analysis  - 
Comparison  of  Finite-Element 
and  Strain  Gage  Measurements 
at  Airfoil  Root. 


Alternating  Stress  Distributions 

The  stress  distributions  of  a  rectan¬ 
gular  section  cantilever  beam  when  vibrat¬ 
ing  in  the  flexural  modes  are  relatively 
straightforward,  and  in  Figure  31  are  pre¬ 
sented  the  variations  of  stress  for  three 
different  taper  ratios.  However,  as  in 
the  case  of  the  steady  stress  distribution 
the  distributions  become  more  complex, 
when  actual  blade  geometries  are 
considered.  In  the  case  of  vibration,  as 
opposed  to  steady  loading,  the  situation 
is  more  involved.  As  for  each  mode  of  vi¬ 
bration,  the  modal  shape,  and  so  the  fre¬ 
quency,  are  dependent  upon  the  elastic 
distortion  of  the  blades  under  the  action 
of  major  inertia  force  systems.  Thus,  on 


Figure  31.  Deflection  and  Stress  Distributions 
for  Tapered  Cantilevered  Beams. 
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a  fan  blade,  which  has  at  its  root,  both 
high  camber,  and  a  rapid  rate  of  change  of 
stagger  at  sections  above  the  platform, 
then  in  the  IF  mode,  which  is  predominant¬ 
ly  bending  about  the  axis  of  minimum 
second  moment  of  area,  the  stress  distri¬ 
bution  will  he  similar  to  that  of  Fig.  29. 
These  coupling  effects,  primarily  due  to 
end  effects,  will  therefore  result  in 
motion  in  the  torsional  and  edgewise  coor¬ 
dinates  being  present  in  the  mode.  These 
additional  distortions  together  with  the 
associated  inertia  forces  result  in  a 
change  in  the  natural  frequency,  from  the 
'Euler  beam1  frequency  value  which  would 
neglect  these  effects. 

Experimental  Determination  of  Strain 
Distributions 

As  reported  in  Passey  11976),  a 
visual  impression  of  the  strain  distribu¬ 
tions  of  a  blade  may  be  obtained  by  carry¬ 
ing  out  an  incremental  vibration  test, 
with  the  aerofoil  surface  coated  by  a 
strain  sensitive  brittle  lacquer.  This 
then  gives  a  series  of  strain  contours/and 
so  the  strain  diutr ibut Ion . 


In  Figure  32  are  presented  tho  re¬ 
sults  for  the  IF,  2P,  3K,  and  IT  modes  of 
the  first  stage  rotor  blade  of  an  tP  com¬ 
pressor.  It  will  be  soon  that,  for  tho  IF 
mode,  the  maximum  strain  on  the  concave 
form  Is  in  tho  central  zone  of  the  aero¬ 
foil,  as  would  be  anticipated  from  Fig.  29 
for  the  bending  moment  about  the  minimum 
axis.  This  is  also  true  of  tho  root 
stations  for  the  higher  modes,  but  the 
peak  strains  in  these  modes  are  found  in 
areas  nearer  the  blade  tips*  Also  in  Pig. 
32  are  the  strain  distributions  for  the  IT 
mode,  which  shows  the  peak  strain  to  be 
present  in  the  leading  and  trailing  edges, 
and  not  in  the  areas  of  maximum  aerofoil 
thickness  as  one  would  expect  from  tor¬ 
sional  strains  of  a  beam  with  long  thin 
sections.  The  reason  was  discussed  in  the 
section  "Blades  with  High  Rate  of  Stagger 
Change . * 

These  alternating  strain  distribu¬ 
tions  will  of  course  be  altered  to  some 
degree  under  the  action  of  the  centrifugal 
field.  The  extent  of  the  change  will 
depend  upon  the  mode,  the  stagger  angle, 
the  hub  to  tip  ratio  of  the  stage,  and  the 
blade  aspect  ratio,  but  the  general 
pattern  will  remain. 
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Figure  32. 


Surface  Strain  Distributions 
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It  is  of  course  possible  to  obtain  an 
indication  of  the  strain  distribution  by 
the  use  of  a  matrix  of  strain  gauges,  but 
the  accuracy  and  degree  of  appreciation 
will  depend  upon  the  number  of  gauges 
employed. 


Calculation  of  Strain  Distribution 


It  is  also  possible  to  calculate 
these  strain  distributions,  from  a  finite 
element  analysis  of  the  blade,  provided 
that  the  element  size  is  sufficiently 
small,  and  that  the  blade  fixing  is 
modelled  accurately  enough.  Such  an  in¬ 
vestigation  of  a  turbine  blade  ha3  been 
reported  in  Peterson  (1978)  for  the  as¬ 
sessment  of  the  levels  of  blade  vibration 
measured  by  strain  gauge  testing.  Figure 
33  is  taken  from  that  paper,  and  shows  the 
finite  element  model  which  employed  three- 
dimensional  isoparametric  elements,  which 
are  formulated  either  as  solid  or  thin 
shell  versions,  to  allow  the  representa¬ 
tion  of  thin  airfoils  and  attachments  with 
the  same  element  configuration.  The  re¬ 
sult  in  Figure  34  shows  the  steady  state 
effective  stress  distribution.  In  Figure 
35  is  presented  the  strain  of  the  7th  mode 
which  was  in  resonance  with  the  nozzle 
guide  vane  order. 


Material  Properties 

One  of  the  major  considerations,  in 
the  st.-ess  level  method  of  assessment,  is 
the  knowledge  of  the  material  properties. 


which  are  necessary  to  derive  the  allow¬ 
able  values  for  comparison  with  the 
stress,  as  determined  from  the  strain 
gauge  measurement.  In  the  work  of 
Danforth  (1975),  Peterson  (1978),  Passey 
(1976)  use  is  made  of  a  Modified  Goodman 
type  of  diagram  or  stress  range  diagram. 
Fig.  36  and  its  description  is  taken  from 
Danforth  (1975)  and  represent  the  typical 
form.  "Curve  'Ci'  represents  the  upper 
bound  of  alternating  stress  for  unlimited 
life,  vs  mean  stress  as  given  for  statis¬ 
tically  "minimum"  properties.  Curve  'Ci' 
reflects  undamaged  material  manufactured 
according  to  prescribed  blade  surface  pre¬ 
paration,  and  without  concentration. 
Curve  'C^'  represents  the  blade  fatigue 
strength  in  terms  of  the  nominal  stress  in 
the  presence  of  a  notch,  (whether  of  de¬ 
sign  geometry,  foreign-object  damage 
induced,  or  a  notch-equivalent  degradation 
induced  by  instrumentation  surface  prepar¬ 
ation  for  test  vehicles).  The  level  and 
shape  of  curve  'Cg'  relative  to  'Cj',  de¬ 
pends  upon  the  notch  concentration  -  the 
higher  the  concentration,  the  lower  and 
more  concave  is  curve  'Cg1.  Curve  'Cj'  is 
in  a  sense  the  limiting  case  of  the  curve 
'C21  family.  It  represents  the  upper 
bound  of  alternating  stress,  consistent 
with  crack  propagation  avoidance,  a  level 
of  significance  for  blade  durability  in 
the  pr  .  .ence  of  extreme  F.O.D.". 
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Figure  33.  Turbine  Blade  Finite  -  Element 
Model 


Figure  35.  Vibratory  Strain  (Plus  Three 
Standard  Deviations)  on  Tur¬ 
bine  Blade  Pressure  Surface 
(Micro-Stra*  n  X  10'1) . 


Figure  34.  Turbine  Blade  Steady-State 
Effective  Stress  kN/cm^. 


Figure  36.  Schematic  of  Typical  Stress 
Range  Diagram. 
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For  development  work,  the  severity  cf  a 
measured  stress  may  be  expressed  as  a 
"percentage  endurance”,  by  comparing  the 
measured  alternating  stress  with  the 
alternating  endurance  stress  from  curve 
'C21  having  applied  the  correct  mean 
steady  stress. 


Typical  values  of  alternating  stress 
which  may  be  used  are  seldom  reported, 
although  Passey  (1976)  does  provide  the 
following  table  of  safe  levels  of  alter¬ 
nating  stress. 


SAFE  ALTERNATING  STRESS  RANGE 


Material 

Aluminium  Alloy 
Titanium  Alloy 
Steel 

Nickel-Iron  Alloys 


(Peak-Peak)lb/sg  in 

10,000 

25,000 

25,000 

35,000 


Strain  Gauge  Position  and  Oreration 


The  number  of  gauges  which  are  used 
on  a  blade  may  be  restricted  by  the  site 
of  the  blade  and  the  lead  out  wire 
arrangements.  Normally  3  or  4  strain 
gauge  locations  are  used  per  stage,  and  4 
blades  in  a  stage  will  be  instrumented  to 
allow  for  blade  to  blade  variation  and 
gauge  failure.  However,  the  problem  of 
gauge  failure  is  much  reduced  by  the  adop¬ 
tion-  Koff  (1978)-  of  thin  film  gauges 
Figure  37.  It  is  stated  that  thin  film 
gauges  offer  higher  quality,  lower  cost, 
improved  test  survivability,  and  a  60%  im¬ 
provement  in  the  strain  level  that  can  bo 
measured.  The  usual  ceramic  strain  gauges 
fail  at  approximately  half  the  amplitude 
necessary  to  produce  an  aerofoil  failure, 
whereas  tests  with  thin  film  gauges  have 
permitted  measurements  of  strain  levels  up 
to  the  failure  amplitude. 


Passey  attributes  the  low  level  of 
these  stresses  to  the  influence  of  damage 
and  surface  imperfections. 

Koff  (1978)  expresses  the  opinion 
"that  the  actual  fatigue  strenqtn  of 
engine  components  is  best  evaluated  by 
bench  testing,  where  the  parts  are  sub¬ 
jected  to  vibratory  load  to  induce  fail¬ 
ure."  Tests  are  carried  out  on  instru¬ 
mented  blades  to  evaluate  the  desiqn, 
material,  and  manufacturing  process  under 
partially  simulated  conditions,  i.e., 
heating  coils  are  used  to  raise  the  tem¬ 
perature  to  provide  hot  fatigue  testing. 
From  the  testing,  it  is  possible  to  com¬ 
pare  the  results  with  anticipated  proper¬ 
ties  for  the  parent  material,  and  also  to 
complete  a  fatigue  limit  diagram  for  use 
in  blade  assessment,  l.e.,  curve  'C21  of 
Figure  36. 


Figure  37.  Ceramic  Versus  Thin  Film 
Strain  Gages. 
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Figure  38.  Typical  Turbine  Blade  Strain 
Gauge  Installation. 


The  ability  of  the  strain  gauge  to 
withstand  high  levels  of  alternating 
strain,  will  also  control  the  positioning 
of  the  gauges.  The  requirements  are,  that 
it  should  be  able  to  measure  a  significant 
response  in  more  than  one  mode,  but  if  its 
fatigue  strength  is  limited,  then  it  must 
not  be  used  in  anticipated  areas  of  the 
highest  alternating  strain.  With  3  or  4 
gauges,  up  to  8  modes  can  easily  be 
covered.  Fiqure  38  from  Peterson  (1978) 
shows  the  positions  selected  for  a  small 
turbine  blade.  The  detailed  investi¬ 
gation,  see  later,  centered  on  the  7th 
mode.  Because  of  the  small  blade  size,  in 
this  instance,  only  one  qauge  per  blade 
could  be  accommodated. 


By  rig  test  calibrations  for  each 
mode  in  turn  the  relative  sensitivity  of 
the  gauqe  positions  may  be  established, 
and  related  to  the  level  of  the  highest 
alternating  stress  on  the  blade. 


This  data,  coupled  with  a  knowledge 
of  the  stress  distribution  over  the  sur¬ 
face  of  the  blade  makes  it  possible  to 
obtain  a  ratio  between  the  critical  point 
vibratory  stress,  to  the  apparent  stress 


sensed  by  the  strain  gauge  (■—&) .  This 


stress  distribution  will  have  been  estab¬ 
lished  by  one  of  the  methods  discussed 
above.  Danforth  (1975)  uses  this  form  of 
ratio  to  establish  the  "scope  limits"  for 
use  duri  ig  live  strain  gauqe  testing,  to 
assess  the  severity  of  a  vibration. 


°sc 


2gacp 

IV^e 


Where  oacp  is  the  stress  range  diagram 
endurance  stress  for  the 
critical  point  under  the 
given  operating  conditions. 


is  the  stress  ratio  as  above 

bc9 

and  will  be  mode  and  speed 
dependent. 


Kv  is  an  experience  -  derived 
factor  greater  than  one,  im¬ 
plying  the  presence  of  a 
blade  in  the  stage  more 
active  than  the  one  directly 
observed. 


Ke  is  a  mode  frequency  dependent 
function  to  allow  for  fre¬ 
quency  response  of  equipment. 

The  factor  2  is  dependent  upon 
whether  the  oscilloscope  is  calibrated, 
using  1 peak-to-peak 1  signals  or  r.ot. 


Correlations  and  Criteria  For  Failure 

One  of  the  major  problems  in  the 
assessment  of  blade  vibration  test  data  is 
the  variability  of  the  information  between 
blades  and  strain  gauges.  The  test  data 
presented  in  Peterson  (1978)  illustrate 
this  point.  During  this  turbine  test,  6 
strain  measurements  were  made  for  the  9 
strain  gauge  positions,  Figure  38.  If  all 
the  blades  had  been  vibrating  at  a  common 
amplitude,  then  the  scale  factors  to  apply 
for  the  calculated  stress  pattern,  which 
is  necessary  to  provide  a  common  level  at 
the  point  of  maximum  stress,  would  have 
been  the  same.  The  mean  and  standard  de¬ 
viation  of  these  54  scale  factors  were 
calculated,  and  then  applied  to  the  strain 
at  the  measurement  position.  These  are 
compared  with  the  measured  data  in  Fiqure 
39. 


The  reasons  which  are  given  as  con¬ 
tributing  to  the  variation  in  the  scaling 
factors  for  the  nine  gauges  and  six  time 
points  are: 

A.  Blade  to  blade  variations  in  dimen¬ 
sions,  material,  properties,  tempera¬ 
tures,  loading,  damping,  etc. 

B.  Variations  in  engine  conditions  and 
excitation  levels  in  the  operating 
ranqe,  including  acceleration  rates, 
pressures,  temperatures. 

C.  Gauge  position  and  wiring  routing 
influences. 


The  predicted  maximum  strain  was  ob¬ 
tained  by  using  a  scale  factor  of  3  stan¬ 
dard  deviations  above  the  mean.  This 
resulted  in  the  principal  strain  distribu¬ 
tion  on  the  pressure  surface  shown  in 
Fiqure  35.  It  shows  a  peak  level  at  a 
position  removed  from  a  measurement  point, 
and  some  4  times  the  highest  peak 
measured . 

The  test  data  was  presented  also  on  a 
modified  Goodman  diagram,  and  is  repro¬ 
duced  in  Fig.  40  where  it  will  be  seen 
that  the  points  all  lie  below  the  nominal 
endurance  line.  However,  the  fact  that 
the  critical  points  may  not  be  represented 
in  the  measured  data  was  highlighted  by 
the  inclusion  of  Fig.  41.  This  plots  all 
the  calculated  points  from  the  finite  ele¬ 
ment  analysis  nodes,  with  the  alternating 
levels  scaled  to  correspond  to  the  empiri¬ 
cal  data.  It  will  be  seen  that  two  points 
with  high  steady  strains  are  above  tne 
endurance  line. 

COMPARISON  OF  METHODS 

It  is  important  in  discussing  the 
pros  and  cons  of  the  two  methods  of 
assessment  which  have  been  reviewed,  to 
identify  the  purpose  of  the  investigation. 
The  prime  purpose  in  this  handbook  is  to 
be  able  to  assess  those  situations  where 
failure  is  principally  due  to  high  cycle 


Figure  40.  Modified  Goodman  Diagram  for 
Peak  Strains  Measured  in 
Engine  Test.: 
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Figure  39,  Ranges  of  Measured  and 
Analytical  Strain  Data.; 


Figure  41.  Modified  Goodman  Diagram 
Including  Analytical  Data 
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'.atigue,  i.e.,  if  there  were  no  vibration 
the  component  would  not  fail.  If  this  pur¬ 
pose  is  accepted,  then  it  automatically 
rules  out  that  portion  of  the  modified 
Goodman  diagram  where  the  magnitude  of  the 
applied  steady  stress  is  comparable  with 
the  ultimate  tensile  strength.  The  re¬ 
peated  application  of  these  steady  flight 
f lightstresses  would  cause  a  failure  which 
is  basically  an  L.C.F.  type  of  failure. 
Under  these  conditions  of  high  steady 
stress  the  failure  will  be  aqqravated  by 
the  presence  of  high  cycle  vibration  and 
so  the  problem  will  not  be  corrected  by 
reduced  aerodynamic  vibration  -  it  is 
essentially  a  steady  stress  problem,  which 
is  identified  by  stress  analysis  and  not 
strain  q„uge  and  vibration  testing. 

Company  Organization  and  Size 

There  can  be  no  doubt  that  both 
methods  have  been  developed  to  provide 
accurate  and  practical  tools  for  assess¬ 
ment  purposes.  However,  each  method  does 
require  significant  expertise  and  experi¬ 
ence  and  background  data.  Much  of  this 
data,  especially  the  material  test  data 
for  the  stress  level  method,  is  not  avail¬ 
able  in  the  open  literature,  and  can  only 
be  obtained  by  extensive  testing,  which  is 
usually  onlv  practicable  in  large 
companies.  Equally,  the  amplitude  ratio 
method  nay  require  a  high  content  of  ex¬ 
perimental  rig  testing  on  components.  The 
facilities  for  these  tests  will  require 
moderate  investment,  as  long  as  the  number 
of  components  to  be  reviewed  is  not 
large. 


which  of  the  two  methods  is  adopted 
will  depend  to  a  large  extent  upon  the  way 
in  which  the  technical  departments  in  the 
company  interact,  and  also  the  engineering 
style  which  has  been  adopted  bv  the 
company.  The  'af'  aspects  of  the  -npli- 
tude  ratio  method  enable  some  aspects  of 
the  aerodynamic  excitation  to  be  assessed 
independently  of  the  mechanical  scress 
analysis/fatigue  considerations  of  ti.e 
problem.  This  will  .,e  of  prime  interest 
to  the  aerodynamic  design  departments, 
while  the  development  groups  will  be  more 
familiar  with  stress  levels  and  material 
properties. 


Defect  Investigation 


When  it  is  necessary  to  investigate 
the  cause  of  a  fatigue  crack,  defect  or 
failure,  then  it  r,st  be  the  correct  pro¬ 
cedure  to  ensure  that  a  strain  gauge  is 
positioned  at  the  crack  location.  Care 
must  be  taken  to  be  sure  that  the  gauge  is 
applied  to  the  relevant  surface,  if  the 
crack  is  in  a  thin  section  like  a  trailing 
edge.  In  these  investigations,  it  will  be 
prudent  to  use  other  strain  gauge  posi¬ 
tions  in  addition  and  to  cro3s-calibrate 
the  gauges  for  all  possible  modes  so  that 
should  the  gauges  at  the  crack  location 
fail,  then  the  testing  may  continue  by 
monitoring  the  alternative  gauges.  In 
this  aspect  the  methods  are  very  similar, 
especially  if  the  amplitude  of  the  leading 
edge  is  used  as  a  reference. 


Fatigue  and  Amplitude  Scatter 


There  can  be  no  doubt  that  the  big¬ 
gest  problem  which  has  to  be  overcome  by 
the  adopted  assessment  method,  is  the 
scatter  in  fatigue  capability  of  blades, 
and  the  .ariation  of  amplitudes  between 
blades  in  the  fleet  of  engines  to  be 
assessed.  Many  factors  contribute  to  the 
scatter  in  the  fatique  strength  of 
blading,  and  it  would  appear  to  be  very 
difficult  to  allow  for  all  these  factors 
effectively  by  correcting  the  results  of 
laboratory  type  fatigue  tests  which  might 
be  obtained  from  special  specimens,  both 
notched  and  un-notched.  As  inferred  by 
Koff  (1978),  even  for  the  stress  level 
method,  fatigue  tasting  of  representative 
blades  is  the  optimum  way  to  establish  the 
fatigue  capability  of  the  blade.  From 
these  tests,  it  has  been  shown  that  a  sat¬ 
isfactory  allowance  for  the  fatigue 
scatter  can  be  made. 


Equally  difficult  to  accommodate  is 
the  scatter  in  amplitude  between  blades 
within  a  staqe,  and  within  a  group  of 
engines.  The  stress  level  method  uses  a 
special  factor  kv  to  account  for  the  anti¬ 
cipated  variat'  ins.  However,  its  value  is 
obtained  from  experience,  and  so  is  dif¬ 
ficult  to  obtain  initially.  By  using  the 
maximum  modal  amplitude  from  a  small  num¬ 
ber  of  instrumented  blades,  tooether  with 
a  survey  of  service  experience,  it  has 
been  possible  with  the  amplitude  ratio 
method  to  set  up  assessment  rules  which 
have  not  needed  to  be  altered  during  some 
20  years  of  use  Armstrong  (1966a)  to 
Armstrong  (1980).  One  advantage  of  this 
method  is  that  it  does  .lot  involve  any 
experience  factors  other  than  the  inter¬ 
pretation  of  likelihood  of  long  term 
failures,  when  the  amplitude  ratios  are 
between  50%  and  100%. 


Non  Cantilever  Assemblies 


One  failing  of  the  amplitude  ratio 
method  is  when  the  blades  form  part  of  an 
assembly,  e.g.,  a  part  span  bladed  disk 
design.  In  these  circumstances  it  is  not 
practicable  to  cany  out  fatigue  tests  in 
the  correct  modes.  For  these  conditions, 
the  method  adopted  compares  closely  with 
the  stress  level  method,  although  the 
fatigue  strength  of  the  section  can  be 
derived  from  instrumented  blade  fatigue 
tests  in  a  mode  which  approximates  to  that 
of  the  assembly  mode  of  interest.  Under 
conditions  when  the  anticipated  amplitude 
ratio  is  becoming  high,  it  is  possible  to 
carry  out  a  calibrating  fatigue  test  on  a 
whole  blaaed  assembly,  in  a  facility  simi¬ 
lar  to  the  rotating  fatigue  test  in  the 
whirligig  facility,  Koff  (1978). 


Of  course,  the  assessment  of  complete 
assemblies  by  the  stress  level  method 
should  provide  few  problems  above  those 
encountered  for  cantilever  blading. 
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Ex  Engine  and  Damaged  Blades 

The  consequences  of  surface  damage  on 
blading  after  service  engine  running  can 
be  readily  assessed  from  the  amplitude 
ratio  method  using  the  effective  amplitude 
ratio.  For  the  stress  ratio  method,  if 
the  fatigue  properties  of  ex  engine  blades 
are  compared  to  new  blades  by  fatigue 
tests,  then  they  can  easily  be  ineor 
porated  into  the  method.  Otherwise,  it  is 
difficult  to  see  how  they  can  be  assessed 
by  the  stress  level  method,  because  of  the 
difficulty  of  reproducing  the  damage  on 
laboratory  type  fatigue  test  specimens. 


Design  Assessment 

It  is  now  possible  with  modern  finite 
element  analysis  to  predict  the  natural 
frequencies  of  cantilever  blades,  bladed 
assemblies,  and  bladed  disks  including  the 
necessary  allowance  for  temperature  and 
centrifugal  effect.  Thus,  it  is  possible 
at  the  design  stage  to  construct  a 
Campbell  diagram  of  frequency  against  en¬ 
gine  speed.  This  diagram  will  be  com¬ 
pleted  by  adding  the  major  sources  of  ex¬ 
citations  due  to  non-uniform  variations  of 
flow  around  the  blading  annulus,  e.q., 
structural  struts,  intake  distortions, 
numbers  of  blades  in  adjacent  rows. 


These  same  comments  also  apply  to  the 
necessary  approval  process  which  has  to  be 
cleared  before  a  repair  technique  can  be 
used  for  damaged  blades. 


Optimum  Method 


No  doubt  the  optimum  technique  is  a 
blend  between  the  two  methods.  Calibra¬ 
tion  of  the  strain  gauges  to  a  movement  of 
the  blade's  tip  section,  allows  the 
severity  of  the  aerodynamic  excitation  to 
be  quantified.  The  apolication  of  this 
calibration  may  also  reduce  one  of  the 
sources  of  scatter  when  deriving  the  de¬ 
gree  of  vibration  of  the  blades.  The 
fatigue  strength  of  blading  could  be  mea¬ 
sured  by  fatigue  tests  on  instrumented 
blades,  and  after  corrections  for  the 
environment,  scatter  and  steady  stresses, 
the  results  could  be  compared  with  strain 
gauge  measurements  from  engine  test.  In 
this  way  bladed  assemblies  could  be 
handled,  and  the  benefits  of  both  general 
methods  obtained. 


STEPS  OF  ASSESSMENT  AND  TEST  CONDITIONS 


The  assessment  of  blade  vibration 
must  be  a  continuous  process  throughout 
the  life  of  an  engine,  from  the  project 
stage  right  through  to  the  evaluation  of 
engine  blading  during  service  use.  At  the 
project  stage,  the  general  vibration 
characteristics  of  the  blading  should  be 
considered  when  the  scantlings  of  the 
major  engine  components,  compressors  and 
turbines,  are  being  sized.  Detail  adjust¬ 
ment  can  then  be  made  during  the  design 
phase.  The  design  predictions  must  then 
be  verified  as  early  as  possible  during 
compressor  and  turbine  rig  testing.  Full 
engine  development  then  follows,  includ¬ 
ing,  tests  in  altitude  facilities  and 
flight  testing  where  appropriate,  as  well 
as  bench  testing. 


The  above  sequence  of  testing  provides 
the  ability  to  obtain  the  earliest  indica¬ 
tion  possible  of  any  likely  major 
problems.  ihis  is  advantageous  in  two 
ways.  Not  only  does  it  give  the  best  pro¬ 
tection  against  possible  component 
cailure,  but  the  early  knowledge  that  a 
new  component  or  change  in  operation  is 
required  minimizes  the  quantity  of  compo¬ 
nents  which  will  be  scrapped  or  need  modi¬ 
fication.  By  minimizing  the  cost  of  the 
alterations  in  this  way,  it  enables  the 
correct  change  to  be  adopted  without  risk 
of  compromise. 


Types  of  Vibration 

Blade  vibration  phenomena  fall  into 
two  major  categories.  That  due  to  self 
excitation,  and  that  due  to  forced  reso¬ 
nance  type  of  excitation.  The  methods  of 
accommodating  each  by  the  assessment 
method  is  q  ite  diffeit-nt. 


Self  Excitation 


For  the  cases  of  self  excitation  uc 
instability,  i.e.,  subsonic  stall,  super¬ 
sonic  stall,  supersonic  shock,  conditions 
ot  choke,  disk  shroud  system  subsonic 
stall,  etc.,  it  is  generally  accepted, 
Cardirale  (1980),  Danforth  (1976), 
Armstrong  (1960),  Danforth  (1967),  that 
sufficient  operational  margin  must  always 
be  provided. 

'.ethods  of  calculating  the  conditions 
for  this  type  of  self  excitation  are  pro¬ 
vided  m  other  chapters  of  this  handbook 
but,  because  of  the  difficulty  of  ->erform- 
lng  these  calculations,  it  will  always  be 
necessary  to  verify  that  sufficient  opera¬ 
tional  marqin  is  provided..  At  t-v  .  design 
stage,  in  addition  to  the  prediction  for 
the  nominal  conditions,  it  will  Iso  be 
necessary  to  allow  for  other  adoj'-ional 
effects.  For  instance  intake  distortion 
and  intake  air  density  under  flight  condi¬ 
tions,  figure  4z  and  fc'igur“  42,  arc  taken 
from  Halliwell  (1978)  as  examples. 
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Figure  42.  Correlation  of  Integrated 
Distortion  Parameter  with 
Average  Flutter  Onset  Speed 
For  Different  Intake  Types. 


Forced  Response  and  Resonance  Conditions 

Th*  location  of  possible  resonant 
condit  ons  can  be  obtained  from  the  pre¬ 
dicted  Campbell  diagrams.  However  diagrams 
will  indicate  many  resonances,  especially 
if  the  harmonics,  as  well  as  the  basic 
frequencies  generated  from  obstructions  in 
the  air  stream  are  included.  The  problem 
exists  as  to  which  of  these  resonances  may 
be  accepted  in  the  design,  and  to  identify 
those  which  should  be  removed,  either  by 
modification  to  the  blade  to  change  the 
frequency  or  by  adopting  a  different  num¬ 
ber  cf  obstructions,  e.g.,  struts  across 
the  air  stream. 


Currently,  the  ability  of  theoretical 
methods  to  predict  the  amplitudes  of  these 
resonances  is  not  very  qood,  and  so  re¬ 
course  has  to  be  made  to  experience  based 
design  rules.  Armstrong  (I960),  Danforth 
(1967)  recommended  that  resonances  with 
the  lowest  4  modes,  and  a  recognized  cir¬ 
cumferential  disturbance  should  not  exist 
in  the  high  portion  of  the  speed  range. 
Armstrong  (1960)  suggests  that  the  lower 
limit  of  this  speed  band  should  extend 
down  to  the  idle  zone,  and  also  that  this 
rule  should  apply  to  two  stages  adjacent 
to  the  source  of  excitation.  It  is  also 
stressed  in  Danforth  (1967)  that  a  "two 
per  rev"  resonance  in  the  idle  to  maximum 
speed  range  should  not  be  accepted,  as 
some  degree  of  this  excitation  pattern 
will  always  be  present. 

The  presence  of  low  engine  orders  is 
especially  relevant  when  considering  the 
early  stages  of  a  compressor,  and  the  pos¬ 
sible  excitation  due  to  intake  distortion 
patterns.  Armstrong  (1965)  reports  on 
some  early  work  which  was  carried  out  to 
predict  the  levels  of  fan  blade  vibration 
from  aircraft  intake  distortion  patterns.' 
With  today's  improved  analysis  procedures, 
it  is  expected  that  this  type  of  predic¬ 
tion  could  be  much  improved. 

Danforth  (1974)  outlines  the  type  of 
analysis  which  will  be  required  to  predict 
fully  the  levels  of  vibration  from  distor¬ 
tion  patterns.  However,  there  is  little 
puDiisnea  data  showing  the  accuracy 
attained  by  these  more  complex  and 
thorough  analyses. 
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Figure  43.  Effect  of  Intake  Air  Density 
on  Supersonic  Flutter  Onset  - 
Accumulated  Test  Data  For 
'30  MPe  Stress. 


For  obstructions  downstream  of  a  ro¬ 
tor  blade,  Armstrong  (1967)  suggests  that 
if  the  obstruction  in  the  air  stream  can 
be  approximated  to  an  aerofoil,  then  it  is 
possible  to  estimate  the  velocity  varia¬ 
tions  of  the  flow  by  employing  a  potential 
flow  calculation  for  the  equivalent  stan¬ 
dard  shape.  It  was  found  that  the  best 
corielation  was  obtained  by  a  comparison 
of  the  measured  'af*  of  the  resonant  blade 
and  the  relevant  harmonic  of  the 
excitation.  This  correlation  is  repro¬ 
duced  in  Fiqure  44  from  which  an  antici¬ 
pated  'af*  can  be  obtained  from  the 
magnitude  of  the  flow  disturbance. 


Rotor  to  Stator  Resonance 

With  close  pitching  of  rotor  to 
stator  blade  rows  in  a  compressor,  there 
is  a  possibility  of  the  flow  disturbance 
arising  from  the  blades  in  the  adjacent 
blade  row.  Because  of  the  relatively  high 
numbers  of  blades  in  a  row,  the  modes  of 
vibration  which  will  be  excited  are  nor¬ 
mally  the  higher  modes.  Cardinale  (1980) 
discusses  this  problem  and  considers  de¬ 
signing  the  appropriate  adjacent  blade 
rows  with  the  required  aspect  ratio  to 
avoid  the  rotor's  or  stator's  first  two 
stripe  (l-2s)  panel  mode  resonance  with 
its  adjacent  row's  passing  frequency. 
This  is  illustrated  in  Figure  45  from  the 
reference.  Based  on  their  current  solidity 
trends,  they  found  the  criterion  to  be 
satisfied  when  the  ratio  of  blade  to 
stator  aspect  ratio  was  approximately  0.6. 


Fiqure  44.  Comparison  of  Downstream 
Excitation . 


Figure  45.  Schemes  for  Frequency  Tuning 


Rotating  Stall  Separated  Flow 

Until  th^  mid  1960's,  there  was  a 
significant  problem  of  compressor  blade 
failure  due  to  unsteady  rotating  stall  or 
separated  flow  type  of  excitation. 
Armstrong  (1960)  in  the  Design  Rules  for 
Blade  Vibration  the  following  is  proposed, 
"so  that  the  general  level  of  vibration 
and  the  lower  levels  of  random  type  of  vi¬ 
bration  can  be  accommodated,  the  compres¬ 
sor  blades  should  be  stressed  to  withstand 
a  minimum  vibration  of  ±  2.0  ft/sec. ". 

With  the  aluminium  (and  to  a  lesser 
extent  with  the  steel)  alloys  which  were 
used  for  blades,  this  anticipated  level  of 
vibration,  together  with  the  steady 
stresses  would  be  very  significant,  and  in 
some  cases  would  not  provide  an  acceptable 
blade  design.  Two  things  have  eased  the 
problem.  The  first  is  the  wider  use  of 
the  titanium  alloys  with  their  inherent 
ability  to  withstand  higher  levels  of  vi¬ 
bration,  thereby  making  it  easier  to  com¬ 
ply  with  the  above  design  rule.  The 
second  major  factor  is  the  wider  use  of 
variable  geometry  within  the  compressor. 
This  results  m  a  reduced  speed  range  zone 
with  rotating  stall,  or  separated  flow, 
and  often  the  excitation  is  of  reduced 
intensity. 

It  is,  however,  a  prudent  design  rule 
to  adopt  wherever  possible,  to  enable 
unanticipated  minor  excitations  to  be 
withstood . 


Design  Verification 

In  the  design  process,  many  assump¬ 
tions  have  to  be  made  in  order  to  idealize 
the  problem  until  it  becomes  one  which  is 
tractable.  It  is  therefore  necessary 
throughout  the  engine  development  process, 
to  carry  out  testinq  to  ensure  that  the 
behaviour  of  the  parts  is  in  acceptable 
agreement  with  the  predicted  characteris¬ 
tics  of  the  idealized  systems. 


at  least  a  small  number  of  blades. 
Usually,  4  blades  are  instrumented  an 
identical  way.  This  will  then  allow  for 
differences  in  manufacturing  tolerances, 
which  may  affect  the  mechanical  damping, 
etc.,  to  be  covered  in  a  general  way.  One 
factor  which  should  be  specifically 
accounted  for  is  the  influence  of  blade 
frequency  variations  on  the  amplitudes  of 
vibration.  Research  work  has  shown  that 
the  largest  and  smallest  amplitudes  of  a 
blade  row  are  often  predicted  to  occur  on 
either  of  the  blades,  with  the  highest  or 
lowest  frequencies.  It  is  therefore  ad¬ 
visable  to  select  these  blades  and  to  in¬ 
clude  them  in  trhe  smaller  number  to  be 
instrumented . 


Rig  Compressor  Testinq 

Aerodynamic  rig  tests  provide  an 
ideal  opportunity  to  establish  the  vibra¬ 
tion  characteristics  of  the  blading  over 
the  whole  performance  map  of  the  unit.  In 
this  way  it  will  be  possible  to  establish 
the  zones  of  self  excitation  in  relation¬ 
ship  to  the  anticipated  work  line.  In 
this  connection,  it  is  worth  reminding  the 
reader  that  it  is  often  the  practice  with 
large  compressor  tests  to  throttle  the  in¬ 
take  to  reduce  the  power  requirements.  As 
we  have  seen,  this  will  have  the  effect  of 
increasing  the  onset  speed  for  flut*  *r. 

With  units  incorporating  variable 
stator  vanes,  it  is  normal  to  carry  out 
testing  with  the  full  range  of  variable 
angle  settinqs,  to  establish  the  extent  of 
rotating  stall  zones,  and  any  possible 
flutter  conditions  on  the  following  rows. 
This  information  is  essential  to  set  sat¬ 
isfactory  operating  control  laws  fcr  the 
vanes,  so  that  a  satisfactory  margin  from 
these  flutter  conditions  is  determined. 

A  number  of  the  techniques  employed 
in  this  type  of  testing  with  variable 
stator  geometry  are  covered  in  Cardinale 
(1980) . 


Mechanical  Aspects 


Engine  Development  Tests 


Testing  therefore  has  to  establish 
the  following  characteristics  of  the  basic 
components • 

A.  The  natural  frequencies  are  as  pre¬ 
dicted  with  a  representative  tyoe  of 
fixing. 

3.  The  fatigue  strength  of  the  blade  is  as 
anticipated . 

C.  The  natural  frequencies  in  the  operat¬ 
ing  machine  are  not  unexpectedly  influ¬ 
enced  by  touching  platforms,  shrouds, 
spacer  constraints,  etc. 

D.  The  combined  bladed  disks  assembly  fre¬ 
quencies  are  as  predicted. 

The  levels  of  vibration  for  a  given 
set  of  component  characteristics  will  be 
dependent  upon  the  aerodynamic  test  con¬ 
ditions,  and  the  mode  of  operation  of  the 
unit  which  will  be  briefly  discussed 
below.  However,  these  amplitudes  may  also 
be  influenced  by  factors  which  cannot  be 
readily  allowed  for  by  calculation,  and  so 
it  is  necessary  to  obtain  test  data  from 


If  design  verification  is  to  be 
applied  satisfactorily,  it  is  essential 
that  engine  components  are  instrumented  in 
engine  use  as  early  as  possible.  Priority 
should  be  given  to  the  first  and  last  two 
rows  of  compressors,  as  well  as  to  stages 
adjacent  to  variable  geometry  stators. 
This  testing  will  confirm,  on  the  correct 
engine  component  parts ,  the  indications 
obtained  during  compressor  testing.  This 
testing,  however,  will  be  representative 
of  enqine  use,  as  it  will  be  operated  over 
the  correct  work  lines.  It  is  normal 
practice  to  carry  out  recordings  over  slow 
accelerations  and  decelerations  at  the 
rate  of  l pproximately  2,0C0  rpm/min 
Armstrong  (1960),  Armstrong  (1967),  and  in 
addition,  slam  accelerations  and  decelera¬ 
tion  should  also  be  recorded.  This  type 
of  testing  is  included  in  the  table  Figure 
21  of  conditions  to  be  surveyed  and  in¬ 
cludes  data  from  Danforth  (1975). 

As  part  of  the  engine  development 
program,  tests  should  always  be  carried 
out  with  the  engine  fitted  behind  an  air¬ 
craft  intake.  This  will  confirm  whether 
any  additional  forcing  excitations  are 


16-31 


present  in  the  intake  flow.  The  bench 
test  program  should  also  include  the  con¬ 
sequences  of  likely  malfunction  of  the 
engine  control  system;  examples  beinq? 
sudden  opening  of  reheat  nozzle,  mal  oper¬ 
ation  of  variable  vanes  or  blow  off  valve, 
operation  of  deicing  air. 

Strain  gauge  testing  should  also  be 
employed  durinq  any  testing  in  engine  al¬ 
titude  test  facilities,  as  this  will  pro¬ 
vide  an  early  anticipation  of  the  influ¬ 
ence  of  the  worst  flight  conditions.  As 
Fig.  43  would  imply,  high  intake  densi¬ 
ties,  i.e.,  high  aircraft  speeds  at  low 
levels,  may  cause  a  worsening  of  any  flut¬ 
ter  condition. 


Flight  Testing 

A  series  cf  fliqht  tests  will  be 
essential  to  ensure  that  service  failures 
can  be  avoided.  Normally  it  will  be  the 
early  stage  blading  which  will  be  instru¬ 
mented  because  they  will  be  affected  most 
by  the  special  flight  conditions.  These 
conditions  will  result  from  the  aircraft 
operations  which  cannot  be  simulated  in 
the  altitude  test  plant.  Typically,  they 
will  be: 

A.  Intake  conditions  during  the  take-off 
phase  for  supersonic  aircraft. 

B.  Operation  of  single  and  dual  engines  in 
installations  where  the  intake  of  one 
will  affect  the  second. 

C.  Aircraft  incidence. 

0.  Aircraft  yaw. 

E.  High  speed  *q'  turns  and  spirals. 

F.  Approach  and  ‘landing  conditions: 
reverse  thrust.- 

G.  Firing  of  any  armament. 

H.  Operation  of  reheat. 

I.  Aircraft  intake  operation  for 
supersonic  flight. 

The  testing  should  include  any 
special  aircraft  maneuvers  as  listed  above 
but  recordings  of  deceleration  and  accel¬ 
erations  should  also  be  made  during  high 
and  low  speed  flight  at  a  range  of  alti¬ 
tudes  throughout  the  flight  envelope. 
Finally,  it  is  prudent  to  carry  out  re¬ 
cording  throughout  normal  flights  or 
sortie  patterns. 

Normally  in  this  work  the  early  stage 
blading  will  be  instrumented .  However,  be¬ 
cause  of  the  knowledge  from  previous  test¬ 
ing,  if  specific  engine  orders  are 
generated,  which  may  cause  problems  on 
later  stages,  then  on  subsequent  flights 
these  too  should  be  included  for 
verification. 


CONCLUSIONS 

Fatigue  is  the  failure  mode  of  a 
metal  which  has  been  subjected  to  a  large 
number  of  applications  of  stress.  Under 
conditions  of  high-frequency  vibration, 
which  is  typical  for  the  blading  of  gas 


turbines,  the  level  of  vibration  may  be 
sufficiently  high  to  cause  fatigue 
failure.  It  is  normal  for  these  high- 
cvcle  fatigue  cracks  to  propagate  very 
quickly  and  as  there  is  no  prior  elonqa- 
tion  of  the  material  the  final  fracture 
takes  place  without  warning.  The  fatigue 
strength  of  a  component  is  dependent  upon 
many  factors,  e.g.,  material  charac¬ 
teristics,  manufacturing  methods  which 
determine  the  material  structure  and  re¬ 
sidual  stress,  applied  steady  stress, 
stress  concentration  and  surface 
condition.  The  materials  which  are  used 
conventionally  for  gas  turbine  blading  ex¬ 
hibit  a  high  degree  of  scatter  in  their 
fatigue  strength  and  this  characteristic, 
combined  with  the  variability  or  manufac¬ 
ture  of  components,  creates  one  of  the 
major  problems  in  the  assessment  of  blade 
vibration  levels • 

The  blading  of  a  gas  turbine  is  con¬ 
tinuously  subjected  to  forces  which  will 
cause  it  to  vibrate.  The  most  difficult 
vibration  situation  to  assess  is  that 
which  may  cause  a  long-term  service  fail¬ 
ure  to  occur.  Under  these  conditions,  ex¬ 
perience  shows  that  it  will  be  necessary 
to  carry  out  fatigue  tests  on  the  compo¬ 
nent  to  obtain  a  sufficiently  accurate 
measure  of  the  blade's  fatigue  strength. 
A  high  fatigue  strenqth  requires  attention 
to  detail  design  and  also  to  ensure  that  a 
qood  distribution  is  obtained  for  the 
applied  steady  stress  as  well  as  the  al¬ 
ternating  stress  caused  by  the  vibration. 
The  use  of  the  af  -  tip  amplitude  times 
frequency  -  techniques  helps  to  verify 
that  a  high  fatigue  strength  has  been 
obtained. 

It  is  expected  that  it  will  always  be 
necessary  to  confirm  by  engine  testing 
that  a  design  is  satisfactory  from  a  vi¬ 
bration  point  of  view.  Blades  can  be  sub¬ 
jected  to  two  major  classes  of  excitation 
-self  excitation,  e.g.,  flutter,  or  forced 
resonant  vibration.  In  the  case  of  self 
excitation  the  Published  data  recommend 
that  a  margin  of  operation  from  the  onset 
of  flutter  be  available  throughout  the 
total  operation  of  the  engine.  Self  exci¬ 
tation  can  be  distinguished  from  forced 
resonance  response  by  detailed  analysis  of 
the  strain  gauge  signal  from  the  vibrating 
component.  For  flutter,  the  response  will 
be  at  the  natural  frequency  of  the  compo¬ 
nent  or  assembly  and  is  not  dependent  upon 
a  forcing  function  being  present.  With  a 
forced  resonant  condition  the  essential 
forcimj  frequencies  are  likely  to  be  seen 
away  from  resonance  and  the  response  of 
the  vibrating  component  will  increase  as 
the  forcing  frequency  coincides  with  the 
natural  frequency. 

As  it  is  generally  not  possible  to 
operate  engines  without  forced  resonances 
being  present  in  the  running  range,  it  is 
necessary  to  ensure  that  the  levels  of  vi¬ 
bration  will  not  give  rise  to  an  unaccept¬ 
able  incidence  of  fatigue  failure  during 
the  engine  working  life.  This  can  be 
achieved  by  the  measurement  of  the  maximum 
alternating  stress  present  on  the  blade 
and  then  forming  a  comparison  with  the 
fatigue  properties  of  the  material.  In 
this  process  it  is  necessary  to  allow  for 
the  material  scatter,  the  influence  of 
steady  stresses  and  cemperature,  stress 
concentrations  and  the  degradation  of 


properties  due  to  erosion,  corrosion,  and 
fretting.  A  good  data  bank  in  conjunction 
with  experience  of  application  is  required 
to  ensure  all  factors  are  accommodated 
correctly.  An  alternative  method  of 
assessment  measures  the  level  of  vibration 
achieved  in  engine  operation  for  each  of 
the  normal  modes  of  vibration  of  the  com¬ 
ponent  and  then  compares  this  level  with 
an  acceptable  one  which  is  derived  from 
fatigue  tests  on  the  component. 
Experience  has  shown  that,  when  measured 
amplitudes  are  double  those  which  are  sat¬ 
isfactory  for  service  then  failures  with 
short  lives  are  likely  to  take  place.  The 
advantage  of  the  method  lies  in  the  abil¬ 
ity  to  allow  for  the  variation  of  the 
fatigue  strength  of  components  and  can 
easily  be  extended  to  include  surface 
deterioration  effects,  e.g.,  erosion  and 
corrosion.  Because  the  vibration  is  mea¬ 
sured  ir  the  amplitudes  of  the  normal 
modes  rather  than  the  maximum  stress,  one 
strain  gauge,  or  some  other  convenient 
method  of  vibration  measurement,  can  be 
used  to  cover  a  number  of  modes  and  this 
is  an  advantage  in  the  testing  for  design 
verification.  A  disadvantage  is  that  the 
method  is  not  directly  applicable  to  vi¬ 
bration  involving  an  assembly  mode  because 
of  difficulty  of  carrying  out  the  neces¬ 
sary  fatigue  tests  and  calibrations. 


The  2s 1  range  of  amplitudes  between 
those  which  are  acceptable  for  long  life 
and  those  which  may  result  in  a  dangerous¬ 
ly  3hort  life  ensures  that  it  will  always 
be  necessary  to  measure  the  operating  am¬ 
plitudes  in  an  engine  in  order  to  assess 
them  accurately.  It  is  difficult  to  see 
how  predictive  m  thods  car,  become  a  prac¬ 
tical  alternative  due  to  the  largely  un¬ 
known  factors  which  must  be  considered  to 
achieve  the  amplitude  accuracy.  The  fac¬ 
tors  which  have  to  be  considered  include 
mechanical  damping,  all  sources  of  excita¬ 
tion  including  variations  in  aircraft  in¬ 
take  distortions  over  the  full  flight 
envelope,  the  influence  of  blade  to  blade 
coupling  due  to  variation  in  natural 
frequencies.  However,  the  role  of  the 
predictive  methods  must  be  to  ensure  that 
designs  are  not  considered  which  would 
generate  extremely  short  life  failures. 
The  aeroelastic  work  will  also  indicate 
the  best  way  in  which  a  design  can  be 
modified,  to  reduce  the  level  of  excita¬ 
tion,  should  an  unacceptable  level  be  mea¬ 
sured  during  the  engine  design  verifica¬ 
tion  testing. 
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APPENDIX  I 


THE  DERIVATION  OF  THE  'af'  RELATIONSHIP 
FOR  CANTILEVERS 


The  vibration  velocity  can  be  used  as 
a  criterion  for  the  assessment  of  vibra¬ 
tion  stress.  The  proposition,  which  is 
outlined  in  a  general  way  by  H.G.  Tates 
(1948),  can  be  developed  analytically  for 
a  cantilever  beam  of  constant  cross  sec¬ 
tion  when  it  is  vibrating  in  its  flexural 
mode.  The  analysis  follows  a  standard 
type  of  text,  e.g.,  Timoshenko  (1937). 


For  a  beam  of  uniform  cross  section, 
El  is  constant  and  we  have 


where 


b2 


El 

mA 


If  we  assume  that  the  beam  is 
vibrating  at  a  natural  frequency  u  and 
so,  with  y»Xsinut  where  X  is  the  mode 
shape  and  is  a  function  of  x 


d^X 

dx^ 


b*  X 


By  using  the  notation 


“2  B 

b*  “ 


el  2mA 
El 


A.  1 


A.  2 


it  can  easily  be  verified  that  sinpx  , 
cospx  ,  sinhpx  ,  and  coshpx  are 
solutions  of  A. 1  and  thus  that  the 
general  solution  can  be  of  the  form 

X=  Cl  ( cospx-r coshpx )  +c2  ( cospx-coshpx ) 

+C3<  sinpx+sinhpx) 

+C4 ( sinpx-sinhpx)  -  - - -  -  -  A. 3 


With  the  usual  assumptions  that  the  cross 
sectional  dimensions  are  small  compared 
with  the  length  of  the  beam,  and  that  it 
is  vibrating  in  one  of  its  principal 
planes  of  flexure,  then  the  following  will 
define  the  deflection  curve. 


where  El  is  the  flexural  rigidity 

H  is  the  bending  moment  at  any 
cross  section 

Differentiating  twice: 


The  last  equation  is  for  a  bar  sub¬ 
ject  to  a  distributed  load  of  intensity  w. 
This  load  can  be  due  to  the  inertia  load 
of  the  vibrating  beam  itself;  the  inten¬ 
sity  being  equal  to  the  reversed  mass 
inertias  of  the  cross  section.  Therefore, 
with  m  =  mass  per  unit  volume,  A  the  cross 
sectional  area: 


with  the  values  of  <=3  ,  c2  ,  C3  ,  and  C4 
being  determined  by  the  particular  end 
conditions  for  the  beam.  In  the  case  of  a 
cantilever  beam  for  the  fixed  end 

x=0  ,  X=0  and  «  0  (i.e.,  deflection 

and  slope  zero); 
for  the  free  end 

g2v  h3y 

x«L,  dx^°°  an<3  diT3”0  bending 

moment  and  shearforce  are  zero). 

Thus  at  x=0  X=0=cj 

g^=-C2P(sinpx+sinhpx)+C3P(cospx+coshpx) 
+C4P(cospx-coshpx)  -------  a. 4 

with  x=0  s  0  =  03 
j2v 

Therefore  gj7“-C2P2 (cospx+coshpx) 

-C4P2(sinpx+sinhpx)  ------  a. 5 

rf  3v 

S-^=+c2P3( sinpx-sinhpx) 
-C4p3(cospx+coshpx)  -------  A. 6 


8^(EX0)  *  “  raA'0 
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.  d2X  „  d3X  „ 

At  X*L  dPa°  ^~° 


0=-C2P2 ( cospL+coshpL ) -C402 ( s i npL+si nhpL ) 


_  ( slnpL+sinhpL) 

2  4  (cospL+coshpL) 


0* -c4 ( s i npL-s i nhpL ) .IsinpL+sinhpL) 
*  (cospL+coshpL) 


From  A. 6 

i  nr»I  -oi  nhnT.l  _ 

1 cospL+coshpL) 
-C4 ( cospL+coshpL) 
0*sin2pL-sinh2pL+cos2pL+cosh2pL 
+2cospLcoshpL 


Remembering  sin2e+cos2  9- 1 

and  cosh2e-sinh20“  1  -  --  --  --  -  a. 7 


relationship  A. 7 

Squaring  both  sides  we  have 

■}  4c23in2pLsi nh2pL _ 

a  cos  2pL+cosh  2pf,+2cospI.coshpL 


m  4Cosln2pLsinh2p 
*  cos  2pL+cosh  2pL-2 


A. 10 


by  using  the  frequency  relationship  A. 8. 
Thus,  the  following  relationships  between 
stress  and  tip  amplitude  will  be  valid  for 
any  of  the  flexural  natural  frequencies. 

From  A. 8  and  A. 7  cos2pLcosh2pl>  1 


therefore, 

cosh2pL=  ■— *-2p~ l  +  sinh2pL  -  -  -  -  A.  11 


we  have  cospLcoshpL=-l 


A. 8 


This  is  the  frequency  relationship 
which  determines  the  natural  frequencies 
of  a  cantilever  beam  in  flexure,  the  first 
six  roots  of  which  are: 

PlL  p2L  p3L  P4L  psL  p6L 

0  4.730  7.853  10.996  14.137  17.279 


therefore. 


sinh2pl^ 


l-cos2pL  -sin2pL 

COS  2pL  COS2pL 


From  A. 10  and  A. 7 


A. 12 


,  ,  'l-COS2pL' 

?  4c->sin2pLsinh2pL_4c-)Sin2pLi  cos*pL  ‘ 
-sin2pL-sinh2pL^-sin2pI.-,  l-cos2pL . 

^  cos2pL  ' 


The  frequencies  can  be  obtained  using  the  4cl f sin2pL-3ln2pLcos2pLl  2 

definition  of  p  from  equ.  A. 2  -sin2pLcos2pL+sin2pL  4C2  '  -  a.iu 


etc.  for  higher  roots. 


We  now  proceed  to  obtain  the  rela¬ 
tionship  between  the  bending  moment  and 
stress  at  the  fixed  end  x=0  for  the 
amplitude  of  vibration  at  the  free  end 
x=L 

Mjp^-EI  [|i4]»2EIc2p2  from  A.5 
x»o 


For  half  total  tip  amplitude  a  at  x=L 
from  A. 3  as  cj=c3=0 

a=  c3 ( cospL-coshpL ) +c4 ( sinpL-s i nhpL) 

=C2(oospL-coshpL)+c2 (si npL-s inhpL) • 


a«2c2  -  --  --  --  --  --  --  --  a. 14 


Hence  using  A. 9 
Mx=o  '  EJP2a 

From  normal  bending  theory  the  stress 
0  on  a  section  of  2nd  moment  of  area 
I=Ak2  where  k=  radius  of  gyration  and 
y  is  the  distance  of  stressed  fiber  from 
the  neutral  axis  then  with  A. 14 

»*  f  8  *  yEp2a  =  yEaw  ^  ^ 

Therefore  .f  -  ^  |  ^ 


(sinpL-slnhpL) 

(cospL+coshpL) 


from  A. 6 


f-2sinpLsinhpL  1 
2  cospL+coshpL 


with  the 
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INTRODUCTION 

Improvements  in  the  metallurgy  of 
superalloy  materials  make  it  possible  to 
use  them  at  higher  temperatures.  This  is 
of  great  importance  in  aeronautics,  where 
gas  turbines  are  widely  used  for  propul - 
sion.  In  addition,  new  cooling  techniques 
for  turbine  blades  lead  to  increased  tur¬ 
bine  inlet  temperatures  and  therefore 
better  turbine  efficiency. 

However,  it  follows  from  this  increase 
in  temperature  that  more  severe  thermo¬ 
mechanical  problems  are  encountered  when 
dealing  with  the  design  and  life  predic¬ 
tion  of  turbine  blades  (and  disks). 

Roughly  speaking,  two  phenomena  are  to 
be  described  for  such  a  predict io..:  creep 
and  fatigue,  with  particular  emphasis  on 
low  cycle  fatigue. 

This  part  of  the  chapter  deals  with 
the  method  of  life  prediction  developed  at 
ONERA  whose  main  steps  are: 

-  Behavior  of  the  macroscopic  volume 
element . 

-  Damage  accumulation  under  creep-fatigue 
conditions. 

-  Numerical  methods  of  stress  and  damage 
calculation  in  complex  structures 
undergoing  thermomechanical  loading, 
i.e.,  submitted  to  generalized  visco¬ 
plastic  behavior. 

Although  it  was  developed  for  gas  tur¬ 
bines,  the  method  presented  here  can  be 
applied  to  any  kind  of  structure  under¬ 
going  thermomechanical  loading.  He 


describe  now  the  above  mentioned  steps  of 
the  life  prediction  method.  Most  of  them 
are  described  in  more  detail  in  the  cited 
references. 

It  must  be  mentioned  that  all  the  re¬ 
sults  obtained  here  were  obtained  in  the 
course  of  a  very  close  and  fruitful  coop¬ 
eration  between  ONERA  and  SNECMA. 


BEHAVIOR  OF  MACROSCOPIC  VOLUME  ELEMENT 
General  Remarks 

Two  main  thermodynamical  concepts  are 
generally  considered  when  describing  the 
mechanical  behavior  of  materials,  Odquist 
and  Hult  (1962). 

A.  -  the  present  state  of  the  material 

depends  on  the  present  values  and 
past  history  of  observable  vari¬ 
ables  only  (such  a3:  total 

strain,  temperature...) 

B.  -  or  it  depends  only  on  the  pre¬ 

sent  values  of  both  observable 
and  internal  variables. 

All  the  developments  made  at 
O.N.E.R.A.  are  derived  from  the  second 
one,  and  assume  the  existence  of  a  thermo¬ 
dynamic  potential  (the  free  energy  for 
example)  from  which  the  relations  between 
the  state  variables  and  thermodynamic 
forces  are  defined:  it  is  also  considered 
that  dissipative  potentials,  associated 
with  the  generalized  normality  rule,  allow 
the  a  priori  verification  of  the  second 
principle,  Handel  (1962). 


Figure  1.  "Hardening"  Effect  due  to  Straining 
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In  the  context  of  plasticity  and  vis¬ 
coplasticity,  such  general  concepts  have 
been  applied  by  many  workers,  giving  rise 
to  a  coherent  tool,  especially  for  the 
classical  flow  rules,  Halphen  and  Nguyen 
(1975),  Sidoroff  (1975). 

In  the  next  sections  we  shall  derive 
and  present  a  model  able  to  describe  com¬ 
plex  behavioral  effects  such  asi  cyclic 
hardening  or  softening,  time  recovery, 
aging  and  strain  memory. 


In  order  to  describe  this  kind  of  be¬ 
haviour,  it  is  worthwhile  to  use  a  state 
equation  written  as: 

F  [o,  ep,  ep)  »  o  '  (2) 
(for  the  one-dimensional  case). 

A  product  of  power  functions  gives  good 
results  over  a  wide  range  for  the  primary 
creep  as  well  as  for  the  tensile  test  or 
relaxation  test,  Lemaitre  (1971). 


Description  of  the  Model  of  Viscoplastic 
behavior 

Strain  hardening 

The  inelastic  straining  of  a  material 
almost  always  results  in  hardening.  This 
is  perceptible  macroscopically,  e.g.  after 
a  plastic  flow  under  tensile  stressing: 
the  apparent  yield  strength  increases  and 
the  material  exhibits  a  greater  resistance 
to  a  subsequent  plastic  flow  (Fig.  1). 
The  decrease  in  the  strain  rate  during  the 
primary  phase  of  creep  tests  also  results 
from  work-hardening.  We  thus  associate  an 
increase  in  the  inelastic  strain  with  an 
increase  in  the  density  of  the  disloca¬ 
tions,  which  lose  their  mobility  by  piling 
up  on  obstacles  or  by  forming  cells. 

The  cumulated  plastic  strain  p  is 
thus  a  natural  hardening  parameter.  It  is 
defined  by: 

P  ”  (f  Epij  •  ‘pij)  d) 


o  -  K  E^/m  .  t£/n  (3) 

This  three-coefficient  relation  is  easily 
generalized  to  the  three-dimensional  form 
if  we  assume  an  isotropic  hardening 
hypothesis.  With  the  Von-Mises  criterion, 
we  can  say  that: 


j(«)-  (f  ale’)172.  Kp1/"  .  p""  (9) 

where  p  is  given  by  (1)  and  o'  is  the 
deviatoric  stress  tensor. 

The  viscoplastic  strain  occurs  at  con¬ 
stant  volume  and  we  have: 

h  ’  I  p  (5) 

This  elementary  theory  of  viscoplasticity 
with  isotropic  hardening  is  valid  in  the 
case  of  nearly  pioportional  monotonic 
loadings. 


The  hypothesis  of  strain  hardening 
(SH)  is  more  accurate  than  the  time  har¬ 
dening  one  (TH)  as  can  be  seen  from  a  two- 
level  creep  test.  Figure  2  shows,  sche¬ 
matically,  what  should  be  the  results  of  a 
two  level  creep  test  according,  respec¬ 
tively,  to  the  SH  and  TH  hypothesis.  In 
that  sort  of  test,  the  higher  level  (02) 
follows  the  lower  one  (oj).  Experimental 
data  confirms,  generally,  the  SH  hypo¬ 
thesis,  Rabotnov  (1969),  Larson  and 
Storakers  (1978). 

In  order  to  describe  this  kind  of  be¬ 
haviour,  it  is  worthwhile  to  use  a  state 
equation  written  as: 


For  other  kinds  of  loadings,  inter¬ 
nal  stress  must  be  introduced  in  the 
equations. 


The  various  internal  stresses 

The  idea  of  internal  stress  is  not 
new.  It  was  introduced  in  the  thirties  by 
Orowanto  provide  a  better  way  of  express¬ 
ing  the  observed  macroscopic  behavior,  in 
particular,  in  polycrystal  and  multiphase 
materials.  In  these  materials,  the  expo¬ 
nent  in  the  secondary  creep  phase  law 
(No-ton's  law),  for  example,  is  very  high: 


F  (0,  cp,  Ep)  =  o  '  (2) 


Figure  2.  Time  and  Strain  Hardening  Visualized  Schematically  by  Two-Level  Creep  Tests. 
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Among  other  things,  introducing  an 
internal  stress  makes  it  possible  to 
reduce  this  exponent  greatly,  to  values 
of  2,  3,  or  4,  as  justified  by  physical 
theory.  The  internal  stress  can  be  mea¬ 
sured  in  the  secondary  phase  of  creep  by 
successive  unloadings,  modifying  the  law 
as  follows,  Culie  et  al.  (1982). 


threshold  k  also  depends  on  the  size  of 
the  precipitates,  because  of  the  various 
bypasses  of  shear  forces  making  the  dislo¬ 
cations  move  across  the  precipitates.  Let 
us  note  immediately  that  a  macroscopic 
model  has  been  developed  to  express  the 
variations  in  this  internal  stress,  in¬ 
duced  by  temperature  changes  (partial  dis¬ 
solution  of  the  medium-size  precipitates, 
followed  by  reprecipitation  of  a  finer 
phase),  Chabache  and  Cailletaud  (1979). 


Ip  »  (V1)"  <7> 

The  internal  stress  may  be  a  scalar  or 
a  tensor  depending  on  the  type  of  interac¬ 
tion  considered.  On  the  macroscopic  level, 
four  types  of  internal  stresses  can  be 
introduced,  corresponding  to  an  additive 
decomposition  of  the  applied  stress.  In 
3-D  form  we  can  write: 

j(g-X)  -  k  -  R  -  R*-  Kp1/n*  o  (8) 


which,  under  pure  tensile  stress,  reduces 
to: 

*  •  1/n 

«»X  +  k  +  R  +  R  -  Kp*'  o 
where  ( 9 ) 

o  «  «1  +  Kp1//n 

-  X  is  a  second-order  tensor,  called  the 
back  stress  or  rest  stress  corresponding 
to  long-distance  interactions:  intergran¬ 
ular  stress  induced  by  the  nonhomogeneous 
plastic  strains  from  one  grain  to  the 
other,  interactions  between  dislocations 
and  precipitates,  as  exact  calculations 
have  shown  on  the  precipitate  scale.  Carry 
and  Strudel  (1978). 

-  k  is  orowan's  isotropic  (or  scalar) 
stress.  It  corresponds  to  the  initial 
yield  strength  of  the  material  and,  among 
other  thinqs,  depends  on  the  volume  frac¬ 
tion  of  precipitates  and  the  initial  den¬ 
sity  of  the  dislocations.  This  flow 


This  model  has  been  shewn  to  describe, 
very  accurately,  the  additional  hardening 
Induced  by  overheating  periods  for  the  IN 
100  alloy  in  the  range  of  900-1000“C. 

-  R  is  the  variation  in  Orowan's  stress 
induced  by  a  plastic  strain.  It  is  di¬ 
rectly  related  to  the  increase  in  the  dis¬ 
location  density,  but  may  also  depend  on 
the  dislocation  configuration,  e.g.  creat¬ 
ion  of  dislocation  cells,  size,  and  fine¬ 
ness  of  the  cell,  etc. 

-  R*,  sometimes  called  Rsol  or  th*  drag 
stress,  is  included  to  describe  the  har¬ 
dening  as  seen  by  the  atoms  or  particles 
in  solution.  This  hardening  slows  down 
the  movement  of  the  dislocation  by  a  drag 
phenomenon. 

-  The  last  term,  g„  -  Kp1//n  is  the  vis¬ 
cous  stress  itself  (viscous  friction) 
which  can  be  approximated  initially  by  a 
power  function.  Of  course,  equation  (8) 
can  be  rewritten  in  the  ordinary  form 
( 1 ) : 

#  «  ~A--R  -  RV  (10) 

Many  models  have  been  developed  to 
describe  the  variations  in  the  internal 
stresses  X,  R,  R*. 


Constitutive  equations  for 
viscoelasticity 


The  law  of  viscoplasticity  (10)  de¬ 
rives  from  a  viscoplastic  potential  of  the 
form,  Chaboche  (1977): 


*  _K_  .Jf  o-X)  -  k 

’  "  n+1  1  K 


R  -  R» 


n+1 

)  (ID 


Using  expression  (10)  for  the  modulus  p 
of  the  plastic  strain  rate,  we  again  find: 


U_  =  2  • 

So  2  p 


a'  -  X' 

J  "  X) 


(12) 


J(o-X)  designates,  for  example,  the 
second  invariant  of  the  deviator  g'-X' 
of  g-X,  for  a  /on  Rises  type  material. 


This  model  brings  in  a  flow  threshold, 
given  by  ke  =  k  +  R  +  R  .  Figuie  3  indi¬ 
cates  schematically  the  actual  domain  of 
elasticity  centered  at  X,  of  radius  ke,  in 
the  deviator  plane  of  the  stress  state. 
The  surfaceaof  equal  dissipation  (or  of 
equal  rate  p)  is  found  by  similarity. 
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It  can  be  noted  that,  In  the  limit 
case  or  a  very  slightly  viscous  material, 
(n  being  very  large)  the  present  theory 
must  be  replaced  by  a  time-independent 
theory  of  plasticity  which  will  not  be 
described  here. 


Non-linear  kinematic  hardening 

Let  us  first  take  R  »  R*  ■  0.  The  on¬ 
ly  hardening  effect  is  kinematici  a 
translation  of  the  surfaces  in  the  stress 
space.  This  type  of  hardening  is  prepon¬ 
derant  in  many  situations,  and,  con¬ 
sequently,  must  be  accurately  described  if 
one  wishes  to  predict  the  cyclic  behaviour 
of  a  material. 

The  simplest  kinematic  model  is 
linear,  and  was  originally  developed  by 
Prager  (1949).  It  reads: 

X  •  j  c.cp 

or  (13) 

dx  =  |  c.dcp 


dX  ■  c  a  dep  -  cX |dcp|  (15) 

The  nonlinearity  introduced  by  the  re¬ 
call  term  is  thus  not  the  same  during  a 
flow  under  tensile  or  under  compressive 
loading:  the  relation  is  nonunique  be¬ 
tween  X  and  tp  and  the  concavity  of  the 
stress-strain  curve  is  correctly  repro¬ 
duced,  even  in  the  limiting  case  of  plas¬ 
ticity  (Fig.  4b).  At  each  half  cycle, 
beginning  with  epo,  XQ,  the  kinenatic 
model  (15)  is  integrated  explicitly: 


X(ep)  =*  va  +  [xQ-va ]exp(-c( Cp-epo) )  (16) 

and  the  stress  is  then  expressed  by: 

o  *  \(ep)  +  vk  +  vKp1^0  (17) 

where  v  *  ?  1  gives  the  direction  of  the 
flow.  Figure  3b  shows  this  stress  decom¬ 
position  schematically. 

The  kinematic  model  gives  the  shape  of 
the  hysteresis  loop,  but  also  the  relation 
between  the  amplitudes  at  the  stabilized 
cycle  (here  stabilization  is  very  fast  for 
a  periodic  symmetrical  loading). 


This  linear  kinematic  model  has  two  dis¬ 
advantages:  1)  The  stress-strain  curve  is 
poorly  expressed  in  the  limit  case  of 
time-independent  plasticity.  2/  It  cannot 
describe  the  controlled-stress  ratchet  ef¬ 
fect  or  the  effect  of  the  mean  stress 
relaxation,  under  cont -oiled  cyclic 
strain.  Flqure  4a  shows  how  the  model 
ctabilizes  at  th$  first  cy els. 

Introducing  a  recall  term  to  express 
an  evanescent  plastic  strain  memory  effect 
brings  a  significant  improvement, 
Armstrong  and  Frederick  (1966). 

dX  =  |  c  a  dtp  -  cX  dpi  x(o)  -  o  (14) 


Let  us  clearly  note  the  essential  differ¬ 
ence  between  the  two  plastic  strain  in¬ 
crease  terms  dep  and  dp.  Under  tensile- 
compressive  loading,  for  example,  we 
have: 


■—  -  a.tanh  (c  +k+Kp1/n  (18) 


For  the  viscoplastic  material,  they  depend 
on  the  rate. 

This  model  of  viscoplasticity,  using 
only  the  five  temperature-dependent  coef¬ 
ficients  n,  K,  k,  a,  and  C,  already  gives 
a  very  good  approximation  of  the  cyclic 
behaviour,  as  illustrated  for  IN  100  alloy 
in  the  Figures  5  and  6.  In  a  rather 
limited  strain  domain  (<0.5%)  the  model 
correctly  reproduces  the  cyclic  curves, 
the  hysteresis  loop  and  the  effect  of  the 
loading  rate  or  hold  time  in  cyclic  creep 
tests . 


Figure  4a. 
Figure  4b. 


Immediate  Stabilization  of  the  Linear  Kinematic  Model 
( 7'  ime- 1  ndependent  Scheme ) . 

Nonlinear  Kinenatic  Modem:  Stress  Decomposition. 


Note  that  the  cycles  stabilize  in  the 
nonlinear  kinematic  model  only  if  the 
loading  is  symmetrical  (zero  mean  stress). 
Qualitatively,  the  model  thus  describes 
the  ratchet  effects  (nonzero  omean)  under 
tensile-compressive  loading  as  well  as, 
for  example,  the  cyclic  torsion  super¬ 
imposed  on  a  constant  tensile  stress,  and 
also  describes  the  effects  of  the  mean 
stress  relation  under  controlled  strain 
loading  (nonzero  Omean*- 

The  valid  strain  range  is  widened  and 
the  quantitative  description  of  the  rat¬ 
chet  effects  is  improved  when  we  super¬ 
impose  several  models  of  the  sane  types  as 
follows,  Krempl  ( 1977 ) s 


m 

X  -  IX 
1  k 

(19) 

d*k  "  |  ck  ak  d£p  -  ckxk  dp 


One  of  the  models  can  be  linear,  for 
example: 


dXj  ■  |  cdep  (20) 

For  proportional  loading,  the  work¬ 
hardening  model  is  still  integrated  ex¬ 
plicitly.  Pigure  7  illustrates  the  model¬ 
ing  possibilities. 


Isotropic  hardening 

In  order  to  obtain  a  better  fit  of  the 
monotonic  hardening  curve,  and  of  the  cyc¬ 
lic  softening  or  hardening  ones,  it  is 
necessary  to  describe  an  if-otropic  harden¬ 
ing,  that  is  to  introduce  an  equation  for 
R  evolution.  A  simple  form  of  such  an 
equation,  similar  to  the  kinematic  case, 
is: 


dR  =  b- (Rg-R)*dp 

(21) 

R(o)  ■  o 

This  internal  stress  varies  as  a  func¬ 
tion  of  the  cumulated  plastic  strain  p  . 
After  a  certain  number  of  cycles  (less  as 
the  strain  amplitude  increases)  it  stabil¬ 
izes  at  the  value  R8  .  This  is  necessary, 
or  else  the  only  possible  stabilized  cycle 
would  be  elastic.  We  integrate  to  get: 


Figure  6.  Modelization  of  the  Cyclic 
Curves  for  the  IN  200/Alloy 
at  1000*C. 


Pigure  5.  The  Model  of  Viscoplasticity 
Applied  to  the  IN  100  Alloy: 
Stabilized  Hysteresis  Loop. 


R(p)  =  Rs(1-exP(~bP) )  <Z2) 

Coefficients  b  and  Rs  depend  on  the 
temperature.  Tensile-compressive  stress 
is  now  expressed  in  the  form: 

o  =  X  (ep)  +  vk  +  vR(p)  +  vK-p1,/n  (23) 

For  a  controlled  strain  amplitude  (alter¬ 
nating,  for  simplicity),  we  have  at  each 
cycle: 

°M  *  xm(Acp^  +  k  +  r(p)  +  ^  (24) 

where  is  the  plastic  strain  rate  for 
the  maximum  stress.  In  this  loading  con¬ 
figuration  EpM  is  not  very  different  from 
the  total  controlled  strain  rate;  in  any 
case,  it  can  be  considered  to  be  approxi¬ 
mately  the  same  at  each  cycle.  Further¬ 
more,  XL  is  little  different  from  a 
Th  CAEp/2.  Applying  relation  (24)  to  each 
cycle,  to  the  stablized  cycle  and  to  the 
first  cycle,  considering  the  approxima¬ 
tions  we  have  mentioned,  we  get: 


*  l-exp(-bp)  (25) 
<jm  are  the  stress  peaks 


ZMO- 


°MS  ~  °MO 
where  an  and 


in  the  stabilized  cycle  and  in  the  first 
cycle. 
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4*  »  ♦*  (o,  Aj»  c9-  T,  oj)  (30) 

For  a  theory  with  time  (or  rate)  effects 
the  generalized  normality  is  expressed  by: 


It— 

3a 


-  ii_ 

3Aj 


(31) 


He  see  that  the  intrinslj  dissipation  is 
necessarily  positive  if  6*  is  convex,  pos¬ 
itive  and  equal  to  zero  at  the  origin 
( a  »  Aj  -  0): 

Di  -  a:  *p"Aj  *  aj  -  (32) 


To  fit  the  viscoplasticity  law  with 
nonlinear  kinematic  hardening  and  isotro¬ 
pic  hardening  into  this  thermodynamic 
framework,  we  simply  use  the  following 
expressions  for  the  two  potentials: 


Figure  7.  Stress-Plastic  Strain  Curve  pt  *  i  A:ee!Ce  +  4  cao:a+W(p)  (33) 

Obtained  by  Superimposing  2  i 

Three  Kinematic  Variables. 


Thermodynamical  aspects 

The  present  approach  has  been  deve¬ 
loped  in  a  general  thermodynamic  rranework 
of  irreversible  processes  with  internal 
variables,  Germain  (1973),  Sidoroff 
(1975),  Halphen  and  Nguyer  (1975). 

Let  us  summarize  this  theory  briefly 
as  it  applies  to  small  quasistatic  trans¬ 
formations,  using  T  for  the  temperature, 
ce  for  the  internal  variable  that  describe 
the  current  state  of  the  volume  element. 

Two  potentials  are  used:  a  thermo¬ 

dynamic  potential,  e.g.  the  free  energy: 

7  »  7(  e9,  T,  aj)  (26) 


*  _  K  ,  G-(3/4a)X:X+(l/3)czaq:g,n*i 
♦  n+1  1  K  ’ 

where  G  expresses  the  elastic  range; 

G  -  j(a-x)  -  R  -  k  i  0  (35) 

assuming  here  that  R*  «  0  .  We  get  the 
associated  variables  from  the  first 
potential: 

a  *  p  *  A :e0I  X  *  p  j  caa 

(36! 

R  =  p|^  «  w' (p) 

d  a 


The  total  strain  is  divided  into  ther¬ 
moelastic  strain  ce  and  plastic  strain  e  * 
ee  +  ep*  The  second  potential  controls 
the  dissipation: 


♦  =  ♦  ( ce»  &j '  ee'  31,  <»} )  (27) 


The  hypothesis  of  normal  dissipativity 
leads  successively  to: 


’eP 


Itl 

3a 


a’-X 
J  [  a-X 


t>  = 


111  =  111  , 

3R  3G 


1  f  -6  l1/2 
3  EP-ep) 


(37) 


The  variables  ee,  T,  a  appearing  in  this 
potential  are  considered  as  parameters. 
The  Clausius-Duhem  inequality,  expressing 
the  second  principle,  leads  to: 


36« 

3X 


From  the  last  relation  we  get: 


o 


P 


37 

3ee'' 


?  = 


37.  »  . 

1T;  *3 


31! 


(28) 


X  =  j  caa  *  -j  cafp  -  cXp 


(38) 


where  a  is  the  stress  tensor,  t  is  the 
entropy,  p  is  the  density  and  Aj  are  the 
thermodynamic  forces  associated  with  the 
internal  variables  aj  . 


D  *  a  :  tp  -  Aj*oj  -  J  q  grad  T  i  o  (29) 

This  must  be  positive  because  of  the 
second  principle.  This  is  automatically 
the  case  if  we  adopt  the  hypothesis  of 
generalized  normality,  using  the  potential 
6  obtained  from  6  by  a  Lependre-Fenschel 
transformation  on  the  variables 


which  is  identical  to  (14)  in  the  non¬ 
linear  kinematic  model.  We  note  that 
p  is  actually  the  cumulated  plastic 
strain.  Using  (34)  and  (35),  we  get  the 
plastic  strain  rute  modulus  by: 

p  _  M  t  G+(3/4a)X:X-(i/3)c2aa:a  ^n 

3G  K  (39) 

2 

and,  using  X  *  j  C  a  a,  we  find  the 
relation  (10)  again  exactly,  with  R*  =  0  . 


ee,  aj  . 
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DAMAGE  DESCRIPTION 

General  Remarks 

In  the  previous  paragraph,  we  have 
seen  that  a  model  with  internal  variables 
is  able  to  describe  the  macroscopic  me¬ 
chanical  behaviour  of  a  metallic  material 
undergoing  viscoplastic  straining.  yet, 
during  this  straining,  and  particularly 
under  cyclic  conditions,  microscopical 
phenomena  take  place,  such  as  dislocation 
motion,  which  lead  to  macroscopical  de¬ 
fects  of  significant  size  classically 
known  as  cracks. 

Since  the  presence  of  cracks  can  mark¬ 
edly  reduce  the  strength  of  a  structure, 
it  is  obvious  that  the  prediction  of  crack 
initiation  is  of  paramount  imDortance  in 
engineering  design.  For  instance,  the 
assessment  of  the  structural  integrity  of 
a  turbine  disk  must  be  achieved  before  any 
usage  of  the  engine,  since  the  burst  of 
such  a  disk  can  lead  to  very  serious 
damage  to  the  passengers  and  the  airframe, 
and  even  to  complete  loss  of  the 
aircraft. 


The  Continuous  Damage  Approach: 
One-Dimensional  Aspects 

Mechanistic  concept  of  a  macroscopic 

Internal  variable. 

Before  any  damage  theory  can  be  de¬ 
veloped,  it  is  necessary  to  define  what  we 
mean  by  the  ultimate  stage  of  the  damage 
processes.  Current  Continuous  Damage 
Mechanics  assumes  ..hat  this  final  stage 
corresponds  to  the  macroscopic  crack 
initiation,  that  is  the  presence  of  a 
material  discontinuity,  sufficiently  large 
as  regards  the  microscopic  heterogeneities 
(grains,  subgrains...).  In  such  a  case, 
the  main  macroscon'c  crack  is  assumed  to 
be  developed  thrc  qii  several  grains,  ir 
order  to  show  a  ‘jfficient  macroscopic 
homogeneity,  in  size,  geometry  and  direc¬ 
tion,  leading  to  a  possible  treatment 
through  the  Fracture  Mechanics  concepts 
(see  the  schematic  illustration  in  Figure 
8).  Let  us  remark  that,  c  rntrary  to  the 
usual  definitions,  the  present  one  can  be 
approximately  associated  with  the  breaking 
up  of  a  uniaxial  specimen  subjected  to 
tension-compression. 


The  classical  way  to  predict  crack 
initiation  was  to  use  the  so-called  “para¬ 
metric  failure  relations."  Since  the 
original  idea  and  work  of  Kachanov  (1958) 
and  Rabotnov  (1969)  on  the  con'  t  of 
“macroscopic  damage,"  we,  at  ONEKA,  have 
contributed  to  develop  an  alternate  way  of 
prediction  known  as  “Continuous  Damage 
Mechanics. * 

The  object ivas  of  this  paragraph  are 
to  briefly  introduce  the  theory,  review 
its  specific  advantages  compared  to  the 
classical  approach,  illustrate  it  by  the 
results  obtained  for  some  materials  and 
finally  open  the  discussion  on  its 
applicability  and  possible  future 
developments. 

n  nties !  Micro 

Dislocations |  s/tp  j  -  crick 

j  bonds  j  nutation 

1  ooi 
Clossicol  _ J 

crock  mitation 


The  theory  is  sup  jotted  by  the  physi¬ 
cal  idea  that  crack  initiation  is  preceded 
by  a  progressive  interna!  deterioration  of 
the  material,  which  induces  a  loss  of 
strength  in  terms  of  strain  as  well  as  in 
terms  of  remaining  life.  Kachanov  (1958) 
first  proposed  to  relate  these  two  aspects 
through  a  macroscopic  damage  variable, 
introduced  with  the  effective  stress 
concept.  The  phenomenological  idea  of  a 
damage  parameter  D  taking  into  account,  on 
a  macroscopic  scale,  the  microscopic 
deteriorations  (voids,  decohesions,  micro¬ 
cracks,...)  is  generally  accepted,  Krempl 
(1977),  with  the  following  limiting 
valuest  D  =■  0  for  the  initially  un¬ 

stressed  material,  D  =  Dc  at  failure,  that 

^  Micro-  !  t'j'.ro  !  Micro  - 

\  propayat.cn>  -  cr  ipejetm 


01  I 


Present  definition 
of  crick  initiation 


Dimige  mechanics 


.i Fracture 
mechanics 


Surface 


Figure  8.  Schematic  Illustration  of  a  Macroscopic  Creek  Initiation  Concept. 
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is  at  the  macroscopic  crack  initiation 
time  (in  several  works  the  critical  value 
Dc  is  taken  as  1).  The  effective  stress 
concept  is  used  to  describe  the  effect  of 
damage  on  the  strain  behaviour:  a  damaged 
volume  of  material  under  the  applied 
stress  o  shows  the  same  strain  response  as 
the  undamaged  one  submitted  to  the  effec¬ 
tive  stress  (Fig.  9).. 

o  *  o/(l-D) 


ofiiili 

0  0-0 

\  /t™ 


Figure  9.  The  Effective  Stress  Concept. 


Under  this  definition  0  represents  a  loss 
of  effective  area  taking  into  account 
decohesions  and  local  stress  concentra¬ 
tions  through  homogeneization  concepts, 
Duvaut  (1976). 

neoendinq  on  the  concerned  areas,  dif¬ 
ferent  i.u.r-'-'scopic  measures  of  damage  have 
been  used  in  cho  past:  in  addition  to 

density  changes  or  electric  resistivity 
measurements,  Cailletacd  et  al  (1980),  one 
can  distinguish  between: 

-  measures  of  the  remaining  life  as  used 
in  creep,  Woodford  (1973),  or  in 
fatigue,  Kommers  (1945). 

-  measures  of  the  reduction  in  fatigue 
limits,  Bui  Quoc  et  al  (1971),  which 
need  many  rests  to  define  the  damage 
evolution  curves, 

-  measures  of  the  stress-strain  behav¬ 
iour,  which  are  now  retained  because  of 
their  easier  applicability  in  each  test 
(independently  of  the  others).  They 
can  be  obtained  in  terms  of  elastic 
strain  (Young's  modulus),  Lemaitre  and 
Dufailly  (1977),  plastic  strain  range, 
Chaboche  (1974),  or  stress  range. 


In  the  particular  case  of  stress  con¬ 
trolled  tests,  measurements  of  plastic 
strain  range  evolution,  lead  to  damage 
measurements  through  the  classical  Manson- 
Coffin  equation  for  the  undamaged  stabil¬ 
ized  stress-strain  behaviour  and  the  ef¬ 
fective  stress  concept  for  the  last  part 
of  the  test.  According  to  this  hypo¬ 
thesis: 

4cP  *  t  k (T-dJ  ^  <40) 

Stabilized  conditions  correspond  to: 

Ae  **  (Aa/K)m  where  m  is 
^s 

determ  j<  d  from  a  number  of  cyclic  tests. 
The  damage  follows  from#  Chaboche  (1974), 


D  «  1  -  (Ac  /atpj  '  (41) 

Figure  10  shows  the  example  of  IN  100 
refractory  alloy  tested  at  1000*C,  at  5 
Hz,  under  completely  reversed  stress 
control.  Let  us  underline  the  high  non¬ 
linearity  of  damage  evolution  and  the 
stress  dependency. 

Using  similar  procedures,  directly  de¬ 
duced  from  the  initial  propositions  of 
Kachanov  one  can  obtain  the  creep  damage 
evolution  during  creep  tests  (Lemaitre 
and  Chaboche  (1975),  (Fig.  11).  Eq.  (1) 
corresponds  to  the  initial  theory  of 
Kachanov.  Actually,  the  micros-.iic 
damage  process  can  give  little  1;,  .  of 
effective  area  before  crack  initiation, 
especially  under  fatigue  loading:  this 
gives  rise  to  very  small  values  of  the  D 
parameter  until  a  large  fraction  of  life 
is  consumed,  which  induces  highly  non¬ 
linear  damage  evolution  curves.  However, 
it  must  be  emphasized  that  small  values  of 
D  can  lead  to  large  reductions  in  life: 
using  the  present  approach,  the  damage  is 
no  longer  proportional  to  N/Np. 


Figure.  10.  Fatigue  Damage  Evolution 

Curves  as  Measured  Through 
Plastic  Strain  Range  and 
Effective  Stress  Concept: 

IN  100  Alloy,  lOOCC,  5  Hz 
Frequency,  Load. 

The  lost  area  interpretation  can  be 
considered  under  many  situations  but  con¬ 
stitutes  a  first  approximation  only.  It 
applies  mostly  to  the  ultimate  crack 
micropropagation  stage  of  the  tests. 
Futurp  improvements  could  be  obtained  by 
introduction  of  two  damage  parameters 
corresponding  to  the  micro-initiation  and 
macropropagation  stages,  as  in  the  simpli¬ 
fied  approach  of  the  Double  Linear 
Cumulative  Damage  Rule,  Manson  et  al 
(1965) . 


Let  us  begin  with  an  important  remarks 
these  equations  have  to  be  developed  in 
differential  form:  an  expression  of  D  as 
a  function  of  time,  for  example,  consti¬ 
tutes  only  a  response  of  the  material  to  a 
particular  forcing  parameter.  All  equa¬ 
tions  using  the  consumed  potential  as  a 
damage  parameter  are  thus  eliminated. 


Second  general  remark:  if  nonlinear 
cumulative  effects  are  needed,  these  equa¬ 
tions  must  have  unseparable  variables  in 
terms  of  damage  and  the  chosen  forcing 
parameter,  Krerapl  (1977),  Duvaut  (1976), 
Cailletaud  et  al  (1980),  Woodford  (1980), 
Kommers  (1945),  Bui  Quoc  et  al  (1971), 
Lemaitre  and  Dufailly  (1977),  Chaboche 
(1974).  In  other  words,  the  damage 
response  functions  have  to  be  different 
under  different  loading  conditions,  Bui 
Quoc  et  al  (1971) . 


Three  types  of  damage  evolutions  can 
be  considered:  as  a  function  of  stress  in 
the  static  plastic  failure  (or  in  fa¬ 
tigue))  as  a  function  of  time  for  the 
creep  processes  (ot  for  corrosion  or  ir¬ 
radiation  processes),  and  as  a  function  of 
cycles  for  the  fatigue  processes.  Each  of 
them  has  to  be  identified  by  some  specific 
tests,  independently  of  the  others,  lead¬ 
ing  to  the  determination  of  the  corre¬ 
sponding  differential  damage  equations. 
Their  one-dimensional  isothermal  form  is, 
Lemaitre  and  Chaboche  (1975). 

dDj  »  F1(<>,a,D1,...  )do 

dD2  =  (  4*  a»  ^2 '  •  *  *  ]^t  (42) 

dD3  *  Fj ( 4, a.Dj, . . . JdN 


Here  4  denotes  t!  >'  chosen  forcing  vari¬ 
ables:  stress  or  strain  or  plastic 
strain,  and  a  represents  the  internal 
variables,  describing  for  example  the  har¬ 
dening  state  of  the  material. 


when  several  processes  act  simultan¬ 
eously,  the  interaction  effect  has  to  be 
determined  through  special  tests:  for 

example,  the  combination  of  creep  and 
fatigue  effects  could  be  treated  by  intro¬ 
ducing  coupling  terms  in  eq.  (42) 

dD2  -  F2  ( 4,  a,D2 ' ^3 '  *  •  • 

(43) 

dDj  *  F3  ( 4,  a, D2 , D3 , . .  •  ]dN 


Although  some  microphysical  studies 
use  such  coupling  parameters,  most  of  the 
present  day  cumulative  damage  theories  are 
based  on  the  simplifying  hypothesis  that 
damage  variables  (here  D2  and  Dj)  are  of 
similar  nature  and  interact  in  an  additive 
manner,  which  corresponds  to  the  special 
forms: 


dD2  -  f'2(4»a,^2  +  b3,,.,)dt 

(44) 

dDj  =  F3 ( 4, o,D2  +  D2,,..jdN 


As  shown  in  several  applications,  the 
nonlinearities  of  the  interaction  pro¬ 
cesses  can  effectively  be  described,  be¬ 
cause  of  the  different  nonlinearities  in 
functions  f2  and  f3  .  Under  this  hypo¬ 
thesis  only  one  damage  variable  has  to 
be  considered  for  the  general  case. 
Combination  of  eqs.  (42)  leads  to: 


dD  =  Fi  ( 4r  a,D)cla  +  82(4,0, D)dt 
+  F3(4,a,D)dN 


Figure  11.  Creep  Damage  Evolution  Curve', 
as  Measured  Through  Strain 
Rate  and  Effective  Stress 
Concept:  IN  100,  lOOO^C., 
AU2GN ,  180'C. 


Application  to  the  Refractory  Alloy  IN  100 

Creep-fatigue  interaction 

The  creep  and  fatigue  damage  were  in¬ 
dependently  characterised  from  pure  creep 
and  pure  fatigue  (high  frequency)  tests, 
through  failure  measurements  and  damage 
measurements. 

Equations  of  damage,  Lemaitre  and 
Chaboche  (1975),  Manson  et  al  (1965), 
Chaboche  et  al  (1973),  can  be  explicitly 
integrated  (see  Figs.  10,  11).  This  leads 
to  the  possibility  of  description  of  se¬ 
quence  effects  as  in  the  case  of  two  level 
fatigue  tests  (see  Fig.  12).  As  already 
mentioned  by  several  workers,  Bui  Quoc  et 
al.  (1971),  Lemaitre  and  Dufailly  (1977), 
Chaboche  (1977),  Lemaitre  and  Chaboche 
(1975),  Manson  et  al  (1965),  these  se¬ 
quence  effects  are  consistent  with  the 
stress  dependency.  Figure  13  illustrates 
how  the  linear  Palmgree-Mmer  rule  does 
not  hold  in  such 

Two  types  of  ,  ,n-fatigue  situations 
can  be  considered.  First,  the  two  level 
tests  where  a  portion  of  life  is  spent  in 
fatigue  (resp.  creep),  the  remaining  life 
is  being  measured  under  creep  (resp. 
fatigue).  For  IN  100,  such  testing  leads 
to  nonlinear  effects  with  life  summations 
greater  than  1  (resp.  smaller  than  1),  be¬ 
cause  the  measured  fatigue  damage  rate 
(Fig.  10)  is  much  smaller  than  the  creep 
damage  rat ■*  (Fig.  11)  when  they  are  nor¬ 
malized  by  the  total  life.  This  has  been 
experimentally  checked  and  compared  quite 
satisfactorily  with  damage  equations  (Fig. 
14). 


(45) 
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Figure  12.  Prediction  of  Two-Stress-Level-Fatigue  Tests  -  IN  100  Allow. 


The  second  case,  more  important  for 
the  applications,  appears  when  creep  and 
fatigue  act  simultaneously  during  each 
eyelet  low  frequency  stress  controlled  or 
strain  controlled  cyclic  tests,  cyclic 
creep,  cyclic  tests  with  hold  times  under 
strain  control.  In  such  cases  the  deve¬ 
loped  damage  equations,  Chaboche  et  al 
(1978),  are  numerically  integrated,  the 
nonlinear  interaction  effect  being  repro¬ 
duced  through  the  different  damage  rates 
■inHee  creep  tr.d  ur.dar  fatigue  for  a  given 
damage  state.  This  <s  supported  by  the 
physical  idea  that  (veep  cavities  nucleate 
early  in  the  life  and  accelerate  the  nu- 
cleation  and  the  propagation  of  fatigue 
microcracks. 

Figure  15  shows  that  such  a  theory 
predicts  nonlinear  creep-fatigue  inter¬ 
action  with  a  stress  range  dependency: 
the  lower  the  stress,  the  greater  the 
interaction  that  is  the  greater  the  life 
reduction  by  comparison  with  pure  fatigue. 
Such  predictions  are  consistent  with  ex¬ 
perimental  results  reported  in  ths  liter¬ 
ature,  Krempl  and  Walker  (1968),  and  agree 
fairly  well  with  results  of  cyclic  creep 
tests  performed  with  IN  100.  For  this 
material  the  Low-Cycle  High  Temperature 
fatigue,  with  or  without  hold  times,  is 
predictable  from  damage  equations  deter¬ 
mined  under  pure  creep  and  pure  fatigue 
conditions,  as  shown  in  Figure  16.  Let  us 
emphasize  that  the  predictions  shown  in 
Figures  15  and  16  have  been  made  with 
equations  whose  constants  have  Deen  deter¬ 
mined  only  from  pure  creep  and  pure 
fatigue  tests. 


Figure  13.  Schematic  Explanation  of  Non- 
Linear  Cumulative  Effects  From 
the  Damage  Evolution  Curves. 


Stress-strain  behaviour  of  the  damage 
materlaT 

In  the  case  of  high  temperature  visco¬ 
plastic  behaviour  of  some  refractory 
alloys,  particular  strain  rate  equations 
have  been  developed,  using  isotropic  and 
nonlinear  kinematic  hardening  rules, 
Chaboche  et  al  (1978),  consistent  with  a 
general  thermodynamical  framework.  For  IN 
100  alloy,  the  one-dimensional  isothermal 
equations  are: 

ip  »  (-  1?C|.L-.S- )n.  siqn( o-x)  (46) 
X  *  cF(p)  (atp-X|  £p|-b|x|n'sign(x)  (47) 
F(p)  *  *+(l-t)exp(-Bp) 

(48) 

P“  /t|ep(t)|d* 
o 

where  p  and  X  are  isotropic  and 
kinematic  internal  variables  and  n,  K, 
C,  a,  b,  m,  B,  t  are  coefficients. 


Figure  14.  Creep  Rupture  after  Pure 
Fatigue  Cycling;  IN  100, 
1000*C.  (0  tests, 

_  predictions). 


Figure  IS.  Creep-Fatigue  Interaction  for 
Cyclic  Creep  Tests  (IN  100, 
1000*C.). 


This  formulation  brings  together  con¬ 
cepts  and  equations  proposed  by  several 
workers  and  contains  many  descriptive  pos¬ 
sibilities  of  nonlinear  hardening,  creep 
and  relaxation,  Bauschinger  effects,  with 
the  strain  rate  equation  (46)  and  the  non¬ 
linear  kinematic  hardening  (47),  stabil¬ 
ized  cyclic  behaviour,  cyclic  hardening  or 
softening  through  isotropic  hardening  de¬ 
pendence  (48), time  softening  (high  temper¬ 
ature  recovery  effects)  induced  by  the 
last  term  in  eq.  (47). 

Moreover,  some  microstructural  harden¬ 
ing  effects  induced  by  temperature  changes 
can  be  described  through  the  introduction 
of  additional  internal  variables,  Chaboche 
and  Cailletaud  (1979). 


Ac  BO  SOO'C 


CM, 


Figure  16.  Prediction  of  Strain  Controlled 
Cyclic  Tests  on  IN  100,  from 
the  Measured  Stabilized  Loops 
and  the  Non-Linear  Creep- 
Fatigue  Damage  Equations. 


Introduction  of  the  coupling  with 
damage  effect  is  easily  done  by  the  effec¬ 
tive  stress,  replacing  o  by  o/l-D  .  Con¬ 
sistency  in  the  hardening  rule  needs  also 
the  modification  of  X  by  X/l-D  . 

This  makes  possible  to  describe  terti¬ 
ary  creep  effects  as  shown  for  IN  100  in 
Fig.  17. 


Figure  17.  Prediction  of  Creep  Curves  and  Creep-Fatigue  through  Coupled 
Viscoplastic  and  Damage  Equations  IN  100,  1000*C.). 


17-12 


STRUCTURAL  LIFE  PRBDICITON  AT  HIGH 
TEMPERATURE.  UNDER  COMPLEX  LOADINGS. 
CHABOCKE  AND  CAILLETAUD  (1980 

Structure  Analysis  In  viscoplasticity 

The  object  of  this  paragraph  is  to 
present  the  "structural*  aspect  of  life 
time  prediction.  i.e..  the  numerical 
methods  and  tools  which  have  been  devel¬ 
oped  at  O.N.E.R.A.  to  integrate  the 
results  described  in  the  two  previous 
sections. 

This  has  resulted  in  a  finite  element 
code  named  ’EVPCYCL",  suitable  for  treat¬ 
ing  two-dimensional  structures  under  plane 
stress,  plane  strain,  or  axisymmetrical 
cases. 

This  code  exhibits  a  great  versatility 
concerning  the  choice  of  constitutive 
equations;  for  instance,  one  can  choose  to 
describe  isotropic  hardening  or  kinemati- 
cal  hardening  or  both,  etc....  Time  de¬ 
pendent  temperature  fields  are  also 
accepted.  We  describe  now  some  features 
of  this  code. 


In  some  isothermal  problems,  K  is  then 
triangularized  and  assembled  only  once; 
for  the  time  dependent  temperature  cases, 
we  use  a  linear  interpolation  of  the  in¬ 
verse  of  K  between  two  exact  values,  in 
order  to  minimize  the  computation  cost. 


Viscoplastic  algorithm 

As  already  seen,  we  can  write  the 
constitutive  equations  as: 

cp  =  F(o,aj,T) 

P  J  (52) 

=  g[o,a3,T) 

where  the  a3  are  scalar  or  tensorial  vari¬ 
ables  describing  the  hardening  state  of 
the  material,  and  T  is  the  temperature. 
It  follows  that  a  step  by  step  integration 
process  is  required;  several  options  are 
offered  in  EVPCYCL: 

-  completely  explicit 
(Euler,  second  order) 


EVPCYCL  Finite  Element  Code 


semi-implicit 

(Euler-Cauchy ) ,  Chaboche  (1978) 


Finite  element  aspects 

This  part  of  the  code  is  quite  clas¬ 
sical:  the  unknowns  are  the  nodal  dis¬ 
placements  (q),  which  are  linked  to  the 
displacements  (u)  and  strains  (e)  within 
the  elements  through  the  matrices  N  and  B, 
giving: 


v  -  N.  g 
e  =  3.  q 

...e  total  strain 
terms: 


(49) 

is  the  sum  of  three 


ie  :  elastic  strain 

ep  :  viscoplastic  strain 

etp  :  thermal  strain  (*  a8) 

so  that  Hooke's  law  leads  to: 

o  =  Ue  -  Dep  -  DaQ.n  (50) 

where  a  is  the  thermal  expansion 
coefficient, 

8  the  temperature, 

(!  unit  tensor  in  Rj  space. 


The  last  two  terms  can  be  considered 
as  an  initial  stress,  so  that  one  can 
write: 


K.q  =  F  +  F0 


(51) 


where  K  is  the  classical  stiffness 
matrix  (depending  on  the  elastic  constants 
of  the  material  and  not  on  the  visco¬ 
plastic  behaviour). 


F  and  F0  are  the  nodal  forces 
equivalent  to  external  loads  and  initial 
stress. 


The  most  often  used  is  the  second 
order  one,  developed  at  ONERA,  Savalle  and 
Culie  (1978).  In  uns  method  we  perform 
an  automatic  computation  of  the  time  inte¬ 
gration  step  before  the  time  increment,  by 
using  the  first  and  second  derivatives  of 
Ep  and  aj  which  are  explicit  at  time  t, 
since,  if  y  designates  the  stage  variable 
vector  ( Cp  and  aj)  one  can  write: 


«*)-  t?)  Vft Mil- 


One  featur-  of  tie  chosen  algorithm  is  to 
increment  only  the  state  variables  cp  and 
a3  which  leads  to: 

(ep)t+At  *  lep)t  +  l^p)t*^  +  [®p)f*  2 

(54) 

(a})t+4t  “  (aj)t  +  C^j)fAt  +  (®j)t*  ~~2~ 

The  first  order  terms  are  obtained 
after  expressing  equilibrium  at  time  t, 
(51)  giving  the  knowledge  of  ep  ;  the 
second  order  terms  are  obtained  by  solving 


Kq  =  F  +  F0  (55) 
where  F0  depends  on  cp,  T. 

We  can  then  obtain  the  third  order 
term  in  ep  and  aj  ,  which  allows  the  opti¬ 
mal  determination  of  the  time  increment, 
by  assessing  that  the  third  order  term  in 
the  Taylor  expansion  must  be  negligible 
compared  to  the  sum  of  the  first  and 
second  order  terms. 
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The  time  increment  is  obtained  from 
equation  (56): 

n|*  (t)  +  y(t).-^|  (56) 

n  being  a  precision  factor  of  roughly 
5.10-2.  Although  this  method  is  not 
rigorously  established,  it  leads  to  a  re¬ 
markably  safe  algorithm.  In  addition,  it 
has  the  advantage  of  needing  only  the 
approximate  incrementation  of  and  aj 

which  avoids  the  cumulation  of  errors  ana 
gives  good  stability  to  the  algorithm 
(although,  by  nature,  an  explicit  algo¬ 
rithm  is  less  stable  than  an  implicit 
one) . 


Example  of  an  Applications  Biaxial 
Fatigue  Disk 

The  geometry  and  mesh  are  indicated  in 
Figure  18,  the  elements  used  are  tri¬ 
angles,  the  problem  is  axisymmetrical. 

Loading  conditions 

The  temperature  is  assumed  as  uniform 
and  constant.  Two  cases  were  studied: 

-  550*C,  low  rotation  speed  : 

1500  r.p.m 

high  rotation  speed: 

27700  r.p.m/10  s 

-  650*C,  low  rotation  speed  : 

1500  r.p.m 

-  high  rotation  speed: 

24000  r.p.m/90  s 


Results 

For  the  stresses,  results  are  shown  in 
Figures  19,20,  and  21  for  the  two  tempera¬ 
tures.  At  the  lower  temperature,  the 
material  is  only  slightly  viscous  and 
stress  redistribution  is  essentially 
plastic;  in  contrast,  at  650*C  the  vis¬ 
cosity  is  present,  so  that  we  observe  vis¬ 
coplastic  flew  during  the  hold  time. 

For  the  550*C  case,  two  computations 
were  made,  one  using  a  complete  model 
describing  the  behaviour  continuously  from 
the  first  cycle  until  obtaining  the  stabi¬ 
lised  one,  and  a  second  one  where  only  the 
mcdel  describing  the  stabilized  cycle  is 
used.  Figures  19  and  20  show  the  great 
qualitative  difference  between  these  two 
cases,  in  particular,  the  zone  under  high 
stress  being  much  more  extended  in  the 
first  case.  This  would  lead  to  large 
differences  in  predicting  life  time. 

Finally,  a  comparison  was  made  with  a 
corresponding  test  where  the  increase  in 
the  diameter  of  the  bore  was  measured  as 
.04  mm.  The  computed  values  were  .04  and 
.07  ma  respectively  at  the  external  sur¬ 
face  and  in  the  plane  of  symmetry  which 
shows  good  agreement. 


Figure  18. 


Mesh  for  F.E.M.  Analysis. 
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Figure  19.  T  *  550*C.  -  Stress  Distribution  with  Complete  Behaviour  Described 


17-14 


crrP  (h  fh) 

G9  >600 

EZ3  <s so 


°oe 

^  >$oo 
EO  <S5o 


Figure  20.  T  ■  550*c.  -  Stress  Distribution  with  Behaviour  of  Stabilized  Cycle. 
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Figure  21.  T  =  650°C.  -  stress  Distribution  (Complete  Behaviour). 


Life  time  prediction  of  turbine  blades 

The  general  method  previously  de¬ 
scribed.  i.e.s 

-  structure  analysis  under  viscoplastic 
behaviour 

-  damage  cumulation  for  creep-fatigue  in¬ 
teraction  has  been  applied  to  the  case 
of  two  turbine  blades  with  different 
cooling  ducts,  but  made  of  the  same 
material,  the  IN  ICC  refractory  allot. 

In  this  case,  the  structure  analysis 
was  performed  using  Bernoulli's  kinemati- 
cal  hypothesis  for  beams,  Chaboche  and 
Culie  (1980);  the  damage  behaviour  was 
described  using  the  Manson-Cof f in  equa¬ 


tions,  Manson  (1954),  Coffin  (1954),  for 
fatigue,  and  the  Kachanov-Rabotnov  equa¬ 
tion  for  creep,  Rabotnov  (1969). 

The  computed  crack  initiation  numbers 
of  cycles  were  compared  (Fig.  22)  to  the 
experimental  ones  obtained  through  tests 
on  actual  blades  with  thermal  and  centri¬ 
fugal  loadings  (see  Fig.  23  for  the  de¬ 
scription  of  the  experimental  set-up). 

All  this  work  is  fully  described  by 
Policella  and  Culie  (1981).  It  can  be 
shown,  from  Figure  22,  that  the  predic¬ 
tions  fall  reasonably  in  the  experimental 
scatter  zone,  the  number  of  cycles  to 
initiation  being  determined  by  extrapolat¬ 
ing  the  curves  of  crack  length  versus  num¬ 
ber  of  cycles  toward  zero  length. 
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CONCLUSIONS 

The  Continuous  Damage  Mechanics  has 
been  proved  to  be  an  accurate  tool  for 
prediction  of  crack  initiation. 

It  must  be  noted  that  it  is  a  complex 
tool*  either  in  its  numerical  implementa¬ 
tion  on  computers)  or  concerning  the  ex¬ 
perimental  determination  of  behaviour  and 
damage  models#  particularly  for  multi¬ 
dimensional  situations.  Yet#  this  com¬ 
plexity  allows  one  to  treat  very  difficult 
problems,  where,  for  instance,  the 
materials  undergo  microstructural  changes 
during  the  period  of  loading,  as  already 
pointed  out. 


For  the  time  being,  extensions  of  this 
approach  are  in  progress  concerning  the 
following  items: 

-  description  of  viscoplastic  behaviour 
and  damage  of  materials  exhibiting  a 
high  initial  anisotropy,  like  single 
crystal  alloys: 

-  numerical  treatment  of  fully  three- 
dimensional  structures  and  behaviour. 
It  must  be  noted  that  this  requires 
very  powerful  computers. 


Figure  22.  Comparisons  of  Predicted  Number  of  Cycles  to  the  Test  Results. 


Figure  23.  Description  of  the  Experimental  Set-Up 


18-1 


AEROELASTIC  COUPLING  -  AN  ELEMENTARY  APPROACH 

by  Franklin  0.  Carta 
United  Technologies  Research  Center 
East  Sartford,  CT  06108 
USA 


INTRODUCTION 

In  the  Introduction  and  Overviev  of  Voluae  1, 
the  vide  diversity  of  flutter  and  vibration 
instabilities  of  turboaachinery  blade  rovs  faced  by 
the  designer  have  been  described.  Coaaon  to  all  of 
these  instabilities  are  tvo  necessary  requirements 
for  thea  to  occur:  1)  an  available  energy  supply 
(i.e.,  the  aoving  air  streaa)  and  2)  a  zero  or 
negatively  daaped  systea.  In  the  aost  eleaentary 
sense,  the  vord  "systea”  refers  to  the  coabination 
of  the  blading  and  the  airstreaa.  Taken  alone,  the 
blades  have  positive  daaping.  The  inclusion  of  the 
airstreaa  vill  either  increase  or  decrease  the 
daaping  of  the  systea,  and  in  the  case  of  a 
negatively  daaped  systea,  vill  lead  to 
self-excitation  or  flutter.- 

It  should  be  noted  that  the  eaphasis  on 
self-excited  phenoaena  in  this  chapter  does  not 
laply  that  this  is  the  only  laportant  vibratory 
problea  faced  by  the  engine  designer.  Indeed, 
there  are  several  chapters  in  this  Manual  (Chapters 
9,  16,  17,  19,  20,  22)  that  are  concerned  vith 
forced  vibration,  resonant  response,  and  fatigue  of 
engine  structures.  Nevertheless,  aost  or  all  of 
these  phenoaena  Involve  the  close  coupling  and 
interaction  of  aerodynaaics  and  structures,  and  for 
this  reason,  the  present  topic  vas  chosen  to 
introduce  the  reader  to  the  subject  of  coupled 
aeroelaticity  -n  axial  flov  turboaachines,  in 
preparation  for  the  chapters  that  follov. 

It  is  historically  appropriate  to  initiate 
this  chapter  vith  a  brief  reviev  of  the  evolution 
in  engine  design  that  led  to  the  occurrence  of 
coupled  flutter,  and  to  its  subsequent  analysis  and 
prediction  by  the  energy  aethod.  Prior  to  the 
early  1960s  the  observed  flutter  of  turboaachinery 
blading  vas  usually  a  single-degree-of-freedoa 
instability  associated  vith  high  blade  loading,  and 
vas  invariably  called  "stall  flutter"  (cf.-  Chapter 
7).;  Although  several  aultiblade  unsteady 
aerodynaaic  theories  existed  (Lane  and  Vang  1954, 
Slsto  1952,  and  Whitehead  1960),  they  vere  all 
bared  on  linear  potential  flov  of  an  lncoapresslble 
fluid  past  infinitely  thin  flac  plate  airfoils. 
Clearly,  none  vere  applicable  by  virtue  of  the 
nonlinear  nature  of  the  governing  aerodynaaics. 
Hence,  eapiriclsa  vas  the  only  tool  available  to 
the  designer.- 

The  eapiriclsa  took  the  fora  of  a  plot  of 
reduced  velocity  (U/boi)  vs.  incidence  angle 
(Fig..  1)  in  vhich  the  lover  left  portion  of  the 
plot  vas  flutter  free  and  represented  "goodness", 
vhile  the  upper  right  portion,  above  the  curved 
boundary,  vas  a  region  of  progressively  increasing 
torsional  stress,  leading  ultimately  to  blade 
failure  (cf.  Fig.  2  of  the  Introduction  of  Vol.  1, 
and  Fig.  2  of  Chapter  7).  If  a  blade  design 
yielded  an  operating  condition  at  "1",  vithin  the 
flutter  regiae,  the  designer  could  apply  a  series 
of  corrections  that  voald  lead  to  a  reduction  in 
angle  of  attack  (vhich  vould  yield  a  lover  pressure 
rise  and  vas  therefore  unfavorable),  or  a  reduction 
in  velocity  (having  the  saae  unfavorable  effect  on 
performance),  or  an  increase  in  torsional 
frequency,  u  ,  vhich  vould  also  decrease  the 
value  of  thj  ordinate  of  the  operating  point  to  ”2” 
in  Fig.,  1. 


Vithin  limits,  the  Increase  in  torsional 
frequency  vas  a  viable  fix  to  this  problem.  It  vas 
generally  accomplished  by  increasing  the  thickness 
of  the  blade,  vhich  had  the  effect  of  increasing 
engine  velght.  Early  designs  vere  based  on  steam 
turbine  technology,  in  vhich  thick  blade:  vere  the 
norm,  and  the  percentage  increase  in  bulk  vas  not 
prohibitive  to  the  overall  system  operation. 
Hovever,  as  higher  performance  vas  required  of  the 
engine,  thin  blades  of  higher  aspect  ratio  vere 
found  to  provide  this  extra  performance  margin,  and 
unfortunately,  both  of  these  blade  characteristics 
vere  found  to  place  the  operating  point  securely 
vithin  the  flutter  region  of  Fig.  1.  Further 
discussions  of  these  early  problems  can  be  found  in 
Shannon  (1945),  Armstrong  and  Stevenson  (1960),  and 
Sisto  and  Ni  (1970).. 

The  introduction  of  part-span  shrouds  (called 
snubbers  or  clappers  in  Great  Britain)  provided  an 
additional  constraint  that  dramatically  raised  both 
the  torsional  and  bending  frequencies  of  the  blades 
vithout  materially  affecting  the  overall  veight, 
and  in  some  Instances  permitted  the  use  of  thinner 
(and  hence  lighter)  hardvare.  The  need  for  this 
configuration  vas  driven  by  the  introduction  of  the 
fan  engine,  vhich  required  one  or  more  stages  of 
extra  long  blades  at  the  compressor  inlet  to 
provide  an  annulus  of  air  to  bypass  the  central 
core  of  the  engine.  This  solved  i  e  stall  flutter 
problem,  but  introduced  a  more  insidious  problem, 
initially  termed  "non-integral  order  flutter", 
vhich  vas  impossible  to  predict  vith  the  available 
empirical  tools.  The  term  "non-integral  order"  vas 
chosen  because  the  flutter,  vhich  involved  the 
coupling  of  bending  and  torsion  modes,  did  not 
occur  exclusively  at  the  intersections  of  the 
engine  order  lines  and  the  natural  frequency  curves 
of  the  Campbell  diagram  (cf.  Fig.  3  of  the 
Introduction  to  Vol.  1).  The  problem  vas  further 
exacerbated  by  the  relative  supersonic  speeds  at 
vhich  the  blade  tips  operated.. 


FLUTTER 

BOUNDARY 


INCIDENCE  ANGLE,  » 


Figure  1  Schematic  staR  flutter  map. 
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At  this  tiae  (in  the  esrly  1960s)  there  were 
no  applicehle  aerodynamic  theories  capable-  of 
modeling  the  coaplex  flov  field  in  the  tip  region 
of  the  nev  fan  jet  geometry,  shown  schematically  in 
Fig.  2.  Here  the  axial  velocity  was  subsonic,  but 
its  vector  sum  vith  the  wheel  speed  yielded  a 
supersonic  relative  speed  that  placed  the  leading 
edge  Mach  waves  ahead  of  the  leading  edge  locus  of 
the  blade  rov.  Thus  the  relatively  simple  theory 
of  Lane  (1957)  for  supersonic  through-flov  vas 
inapplicable.  Furthermore,  the  incompressible 
theories  cited  above  were  inappropriate  for 
compressible  flov,  and  vere  far  too  complicated  for 
routine  computations  on  existing  computer  hardvare, 
and  hence  could  not  be  used  even  for  trend  studies. 

The  present  chapter  will  reviev  the  first 
published  work  to  provide  a  means  for  identifying 
the  phenomenon  and  for  predicting  its  behavior 
(Carta  1967).  Although  the  Initial  paper  relied  on 
unsteady  aerodynamic  theories  for  Isolated  airfoils 
in  an  incompressible  flov,  the  fundamental 
principle  vas  sound,  and  its  later  use  vith  the 
supersonic  cascade  theory  of  Verdon  (1973)  and 
subsequent  aerodynamic  theories  vas  shorn  to  be 
accurate  as  a  predictive  design  tool  by  engine 
manufacturers  (Hikolajczak  et  al  1973,  Ballivell 
1975,  I960)., 

The  object  of  this  chapter  is  to  introduce  the 
reader  to  the  concept  of  the  coupled,  multlblade 
flutter  Instability.  The  fundamental  aeroelastic 
equations  linking  aerodynamic  forces  and  moments 
vith  elastic  blade  deformations  vll  be  manipulated 
to  yield  a  prediction  of  the  vork  per  cycle  of 
coupled  motion,  leading  to  a  stability  prediction. 
Although  superceded  by  more  modern  approaches  and 
techniques  this  will  serve  to  highlight  the  need  to 
understand  both  the  aerodynamic  and  the  structural 
contributions  to  the  phenomenon.  The  remainder  of 
this  tvo  volume  vork  has  been  devoted  to  satisfying 
this  need.. 

NOMENCLATURE 


Figure  2  Supersonic  cascade  with  subsonic  leading 
K)gi  loctlS. 


K  stiffness,  lb/ft 

Kj,  kinetic  energy,  ft-lb 

L  lift,  lb  (positive  upvard),  or 

lift  function 


a 

diacnsionless  distance  of  pivot  axis  of 

a 

2 

mess,  lb-sec  /ft 

A 

the  aidchordp  in  seaichords 

lift  function 

H 

moment,  ft-lb  (positive  nose  up),  or 
moment  function,  or  Mach  nuaber 

An 

amplitude  of  nth  vave 

n 

number  of  blades 

b 

seal chord,  ft 

N 

nuaber  of  vaves,  or  number  of  nodal 

B 

c 

ccr 

C(k) 

■oaent  function 

daaplng,  lb-sec/ft 

critical  daaping,  lb-sec/ft 

Theodorsen  function 

r 

s' 

s  -  s'/S 

diameters 

radius,  ft 

peripheral  distance  along  rim,  ft 

dimensionless  peripheral  di-tance  along 
rim 

f 

frequency »  cps 

S 

peripheral  vave  length,  ft 

Fd 

daaping  force,  lb 

t 

time,  sec 

F(k) 

real  part  of  Theodorsen  function 

T 

period  of  daaped  notion 

G(k) 

iaaginary  part  of  Theodorsen  function 

U 

velocity  relative  to  eoving  blade, 

h' 

bending  deflection,  ft  (positive 
downward) 

V 

ft/-ec 

vork,  ft-lb 

h  -  h'/b 

diaensionless  bending  deflection, 

X 

displacement,  ft 

i 

in  seaichords 

vr- 

a 

tvist  angle,  rad,  or  Incidence  angle, 
deg  (positive  nose  up) 

h  -  iu'U 

reduued  frequency  parameter 

T* 

chordal  stagger  angle,  deg 

k_  *  2kH/(H^-l)  compressible  reduced 

r 

daaping  ratio 

frequency 
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6  logarithmic  decrement,  or  blade 

deflection,  ft 

I)  dimensionless  spanvise  station 

$  phase  angle  between  bending  and 

torsional  lotions,  rad 

X  normalised  work  ten 

ft  real  part  of  eigenvalue 

v  imaginary  part  of  eigenvalue 

2  4 

p  air  density,  lb-sec  /ft 

r  gap,  ft 

a  interblade  phase  angle 

u  frequency,  rad/sec 

Subscripts 

ax  axial 

B  bending  tera 

C  coupling  ten 

d  duped  value 

h  due  to  bending 

I  imaginary  part 

0  root  radius  or  natural 

frequency 

p  pitching  ten 

R  real  part 

t  torsional 

tan  tangential 

T  tip  value 

TOT  total 

a  due  to  pitch 

Superscripts 

(~ )  amplitude  or  average  over 

one  cycle 

C),(")first  and  second  derivatives 
vith  respect  to  tiie 


SYSTEM  MODS  SHAPES 

The  vibratory  lode  shapes  vhlch  can  exist  on 
a  rotor  consisting  of  a  flexible  blade-disk-snroud 
systea  are  well  known  to  structural  dynuicists  in 
the  turboaachinery  field  anv  are  discussed  in 
detail  in  chapter  15  of  this  voluae..  Although 
both  concentric  and  diaaetric  modes  can  occur,  the 
latter  are  the  only  systea  aodes  vhich  are  of 
interest  in  the  present  chapter.  These  diaaetric 
aodes  are  characterized  by  node  lines  lying  along 
the  diameters  of  the  wheel  and  having  a  constant 
angular  spacing.  Thus,  for  exuple,  a  two-nodal 
dlaaeter  node  would  have  tvo  node  lines 
intersecting  normally  at  the  center  of  the  disk, 
and  a  three-nodal  diameter  aode  would  have  three 
node  lines  intersecting  at  the  disk  center  with  an 
angular  spacing  of  60  deg  between  adjacent  node 
lines  (see  Fig.  3).  These  diaaetric  aodes  are  the 


physical  eabodiaent  of  the  elgensolutlons  of  the 
systea,  and  it  can  be  shovn,  using  standard 
atructural  dynaaical  techniques,  that  the  systu 
frequency  for  uch  aode  is  primarily  a  function  of 
the  physical  distribution  of  the  systea  ass a  and 
stiffness  and  is  only  slightly  affected  by  the 
rotation  of  the  systu.  Thus  the  syatu 
frequencies  do  not  necessarily  coincide  vith 
integral  aultlples  of  the  rotor  apeed,  and  in 
fact,  such  colncidencea  of  frequency  are  avoided 
for  the  lover  frequencies  if  possible. 


QJ  TWO  NODAL  DIAMETER  PATTERN 


b)  THREE  NODAL  DIAMETER  PATTERN 


FHjt're  3  Typical  diametric  node  configurations. 


A  graphic  depiction  c*  these  coupled  disk 
modes  can  be  found  in  the  "rubber  wheel" 
experiment  performed  by  Stargardter  (1966)  in 
vhlch  a  flexible  aultiblade  rotor,  vith  integral 
part-span  ring,  was  spun  over  s  range  of 
rotational  speeds  and  subjected  to  integral  order 
excitations  vith  air  jets.  The  deforaation  aode 
shapes  vere  exaggerated  relative  to  k  "real” 
rotor,  but  left  no  doubt  about  the  physics  of  the 
problu  and  the  key  role  played  by  the  part  span 
shroud  in  coupling  the  bending  and  torsion  aodes. 
Figure  4,  taken  froa  the  vork  that  led  to  the 
paper,  shovs  the  flexible  vheel  in  plan  viev,  and 
two  other  edgevise  vievs  of  two-  and  three- 
nodal  dlaaeter  vibrations.  Of  necessity,  these 
are  integral  order  aodes  because  of  the  use  of  an 
excitation  source  that  was  fixed  in  space. 
Hovever,  they  differ  froa  the  nonintegral  order 
flutter  aodes  only  in  that  they  are  stationary  in 
space  vhlle  the  nonintegral  aodes  are  traveling 
waves . 
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(a)  Rubber  Wheel 


(b)  Two  Nodal  Diaeter 
Vibration 


(c)  Three  Nodal  Diameter 
Vibration 


Figure  4  Rubber  wheel  deformation. 


In  the  early  1960s,  a  number  of  instances  of 
nonintegral  order  vibrations  at  high  stress 
occurred  in  both  engine  and  test  rig  compressor 
rotors.  The  stress  levels  reached  in  a  number  of 
cases  were  sufficiently  high  to  severely  limit  the 
safe  operating  range  of  the  compressor.  Attempts 
to  relate  these  vibrations  to  the  stall  flutter 
phenomenon  or  to  rotating  stall  failed,  largely 
because  the  vibratons  often  occurred  on  or  near 
the  engine  operating  line.  Subsequent  analysis  of 
these  these  cases  revealed  that  the  observed 
frequencies  of  these  instabilities  correlated  veil 
with  the  predicted  frequencies  of  the  coupled 
blade-dlsk-shroud  notion  described  previously. 

The  initial  object  of  the  1967  analysis  was 
to  explore  the  underlying  mechanism  of  thia 
instability  and  to  show  that  under  certain 
conditions  of  airflow  and  rotor  geometry  this 
coupled  oscillation  was  capable  of  extracting 
energy  frem  the  alratream  in  sufficient  quantities 
to  produce  an  unstable  vibratory  motion.  A 
further  objective  vas  lo  make  the  analysis 
sufficiently  general  to  permit  its  use  with 
advanced  aerodynamic  and/or  structural  dynamic 
theories,  and  ultimately,  to  provide  the  designer 
with  a  ool  for  flutter  free  opetatinn. 


ANALYSIS 

Two-Dimensional  Section  Coefficients 

The  unstesdy  aerodynamic  theory  of  a 
two-dimensional  thin  airfoil  executing  simple 
harmonic  motion  In  vertical  translation  and/or 
twist  has  been  extensively  investigated  by  a 
number  of  authors  (Theodorsen  1935,  Scanlan  and 
Rosenbaum  1951,  Bisplinghof f ,  Ashley,  and  Halfman 
1955)  and  will  not  be  discussed  In  any  great 
detail,  in  this  chapter.  However,  for  clarity  in 
the  ensuing  derivation,  it  is  expedient  to 
describe  briefly  the  physical  system  being 
considered  and  to  define  the  nomenclature  to  be 
used  in  the  analysis. 


NOTE  QUANTITIES  POSITIVE  AS  SHOWN 


Figure  5  Airfoil  section  notation  showing  both 
undeflected  and  deflected  blade. 


Figure  5  is  a  schematic  representation  of  a 
two-dimensional  airfoil  section  displaced  in  both 
vertical  translation  (normal  to  the  chord)  and 
twist.  The  effects  of  translation  of  the  airfoil 
parallel  to  the  chord  are  of  second  order 
(Vhltehead  1960)  and  have  been  neglected  herein. 
The  complex,  t irae-dependen*  unsteady  lift  and 
moment  per  unit  span  are  given  by 


iLT 


-*pb3<o2  [a,4  —  ♦  A;|aj  (1) 


M  ■  MK  ♦  iMj  -  xpb^ur 
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vhere  A^,  Aa,  B^,  sod  Bo  represent  the 
standard  unsteady  aerodynamic  coefficients  --  lift 
due  to  bending,  lift  due  lo  twist,  moment  due  to 
bending,  and  moment  due  to  twist,  respectively. 
For  example,  if  Theodorseu's  theory  (193i)  for  an 
isolated  airfoil  at  aero  incidence  oscillating  in 
an  Incompressible,  two-dimensional  flow  is  used, 
these  quantities  may  be  rewritten  in  the  form  of 
Smllg  and  Vasserman  (1942)  as 


An 
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where,  in  turn,  L^,  L0  ,  N^,  and  Maare 

tabulated  in  both  Scanlan  and  Sailg.  (Note  that 
in  these  sources  the  positive  lift*  and  vertical 
translation  are  both  directed  dovnvard  vhlch 
accounts  for  the  negative  right-hand  side  of 
equation  (1).)  Appropriate  coefficients  for  other 
aerodynanic  conditions  aay  be  inserted  for  A^, 

*a»  Bh,  and  Ba,  and  it  ahovn  in  Mikolajciak 
(1975)  and  Ballivell  (1975)  that  this  leads  to  an 
accurate  prediction  of  the  instability  boundary. 
At  present,  though,  the  developaent  will  be  based 
on  the  coefficients  V  A0,  Bh,  B„,  Mid 
consequently  will  be  quite  general.; 


It  is  veil  known  fro*  unsteady  aerodynamic 
theory  that  the  forces  and  *o*ents  acting  on  an 
oscillating  airfoil  are  not  in  phase  with  the 
motions  producing  these  forces  and  nonents.  A 
convenient  representation  of  this  phenomenon  is 
obtained  on  writing  the  insteady  coefficients  in 
coaplex  for*  as  •  Aj^  ♦  iAhI'  etc*'  an<* 
the  ti*e  dependent  displac  Bents  as 


h 

a 


ho  ♦  ihT 


h  cos  we  ih  sin  wt 


•  —  !(  uit  0) 

Ojj  +  idj  •  aeu^  ' 

a  cos  (wt  +  0)  +  id  sin  (wc  +  0) 


(4 


where,  in  general,  it  has  been  assuaed  that  the 
torsional  notion  leads  the  bending  Motion  by  a 
phase  angle,  8.  In  thia  equation,  h  •  h  Vb  is 
the  diawnslonless  bending  displaceaent,  and  h  and 
a  are  the  diaensionless  aaplitudes  of  the  notion 
in  bending  and  torsion,  respectively. 


The  line  Integrals  over  one  cycle  of  notion  are 
equivalent  to  an  integration  over  the  range 
o  sdw  <  after  the  Indicated  Integrations 
in  equation  (6)  are  perforaed  and  the  equation  is 
simplified,  the  total  vork  done  on  the  systen  is 
given  by 


''TOT  *  s^bb^u2  fAhIi>^  +  [(A^  -  PhR)ain  0 

♦  (AOI  ♦  Bhl)coa  0]dh  +  BaId2}  (7) 


In  this  equation,  the  quantities  A.  ^  and  B 
represent  the  danping  in  bending  and1 the  danping 
in  pitch,  respectively.  "or  an  isolated  airfoil 
oscillating  at  zero  incidence  in- an  Incompressible 
flov,  both  of  these  danping  terns  vill  be  negative 
and  hence  vill  contribute  to  the  stability  of  the 
systen. 

The  sign  of  the  cross-coupling  tern  in 
equation  (7)  (the  tern  enclosed  by  the  square 
brackets  and  multiplied  by  the  product  ah  ) 
is  strongly  dependent  on  the  phase  angle  betveen 
the  notions, 8  .  7 1  the  usual  classical  flutter 

analysis,  the  phase  angle  remain.  an  until 

the  end  of  the  calculation,  at  vhich  tine  it  nay 
be  evaluated  as  an  output  quantity.  For  the 
configuration  presently  under  consideration - 
however,  the  physical  constraint  of  the  structure 
on  the  node  shape  fixes  9  to  be  a  specific  input 
quantity,  as  vill  be  shovn  in  the  next  section.- 
This  quantity  within  the  square  brackets  is 
doninant  in  specifying  regions  of  unstable 
operation.. 

Relations  Betveen  Blade  Notions 
and  Disk  Deformation 


Two-Dimensional  Work  Per  Cycle 

The  differential  work  done  by  the  aerodynanic 
forces  and  noaents  in  the  course  of  this  notion  is 
obtained  by  computing  the  product  of  the  in-phase 
components  of  force  and  differential  vertical 
displaceaent  and  of  aoment  and  differential  tvist.- 
Accordingly,  the  work  done  per  cycle  of  notion  in 
each  node  is  obtained  by  Integrating  the 
differential  work  in  each  mode  over  one  cycle. 
The  total  work  done  per  cycle  of  coupled  notion  is 
given  by  the  sun 


“TOT*  -b^4dhR+^MRdaR  (5> 


It  is  assuaed  that  a  given  rotor  systen 
consists  of  a  set  of  flexible  blades  uniformly 
distributed  on  the  periphery  of  a  flexible, 
rotating  disk.  To  deternine  the  phase  relations 
betveen  the  conponents  of  blade  vibration, 
consideration  is  given  to  the  portion  of  the  blade 
vhich  is  in  the  ianedlate  neighborhood  of  the  disk 
rin.  The  noaenclature  for  a  conpressor  blade  row 
is  illustrated  in  Fig.  6,  in  vhich  the  blades  have 
been  schematically  represented  as  a  series  of  flat 
plates  oriented  at  a  chordal  stagger  angle  aCH 
relative  to  the  line  connecting  the  leading  edges 
of  all  blades.. 


vhere  the  nlnus  sign  is  required  becau-  and  h 
are  defined  to  be  positive  in  opposite  oi.-ctions.. 
It  is  important  to  note  that  in  equation  (5), 
positive  work  iaplles  instability  since  these 
equations  represent  work  done  by  the  air  forces  on 
the  systen. 

To  compute  these  integrals,  L-  and  (L  are 
obtained  from  equations  (1)  and(2) ,  the  real 
parts  of  equations  (4)  are  differentiated,  and 
these  quantities  are  substituted  into  equation  (5) 
to  yield 


“tot  -  -*PbV(S#[AhgE  cos  uc  -  AhIC  sin  ut 
+  Aagn  coa(ut  +  0)  -  AaIasin(ut  ♦  0)  ]sin  ucd(uc) 

+  u  f  cot  ut  -  BhIS  sin  ut  +  ig!  cot(uc  ♦  0) 
-  B0Io  tin  (ut  +  0)]  sin  (uc  +  0)d(uc)|  (6) 


/DIRECTION  OF 
ROTATION 


Figure  6  Cascade  geometry. 

The  disk  deformation,  vhich  is  prinarily  in 
the  axial  direction,  is  denoted  by  5lx(»')  at  ih* 
disk  rin,  vhere  s'  is  the  peripheral  distance 
along  the  rin,  neasured  from  a  diametric  node 
point.  It  can  be  assuaed  that  for  snail 
amplitudes  of  vibration  the  rin  node  vill  be 
sinusoidal  and  given  by  the  foraula 


Th*  aapllcudes  of  the  periodic  functions  suit  be 
equal,  and  therafore 
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5ax  *  *ax  *in  <2«#'/S)  •  ein  2*s  (8) 


where  a  is  the  dlaensionless  peripheral  distance 

aeasured  In  units  of  the  wavelength,  S,  and  where  -  _ 

7  is  the  amplitude  of  the  peripheral  wave  "  b  co*  “ch 

at  the  disk  ria. 


The  blade  eabedded  in  the  ria  of  the 
compressor  disk  aay  nov  be  represented  by  tha 
intersection  of  a  line  segMnt  (l.e.,  the  blade) 
and  a  portion  of  the  disk  deforaation  curve,  with 
the  angle  of  intersection  betveen  the  line  segaent 
and  the  tangent  to  the  curve  equal  to  agg.  This 
is  shown  in  Fig,  7,  in  vhich  both  a  deflected  and 
an  undeflected  ria  are  depicted. 


Figure  7  shovs  that  the  blade  twist,  a  ,  is 
given  by  the  slope  of  the  disk  deforaation  curve, 
and  upon  differentiating  equation  (8),  the  result 
is 


o  *  can'^Cdd^/ds' )  "  tin”1 


[2  so 

— co#  2## 
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2**. 


’  cos  2  vs 


(9) 


a  - 


(14) 


Bence  equations  (11)  and  (12)  becoae 


cos  uc  ■  -sin  2#s 
cos  (ut  +  0)  *  cos  2»s 


(15) 


In  order  to  satisfy  this  set  slaultaneously,  one 
possible  solution  for  the  phase  angle  is  9  -  -  w/2 
(l.e.,  the  bending  notion  leads  the  torsional 
notion  by  90  deg).  This  result  can  also  pf 
obtained  intuitively  (at  least  for  the  aagnitude 
of  the  phase  angle)  froa  the  fact  that  at  the 
nodal  points  in  the  disk  ria  the  blade  will 
experience  aaxiaua  tvist  with  no  noraal 
displacement,  vhereas  at  the  antinodes  in  the  disk 
ria  the  blade  will  have  no  twist,  but  vlll 
experience  aaxiaua  noraal  displaceaent ,  as  shown 
in  Fig.  8. 


NOTE  U  DENOTES  UPPER  SURFACE 
L  DENOTES  LOWER  SURFACE 


b)  DEFLECTED  ROTOR 


Cl  BENDING  AND  TWIST  DISTRIBUTIONS 


for  a  sufficiently  snail  angle,  a  .-  The  figure 
also  shovs  that  the  dlaensionless  noraal 
deflection  is  given  by 


h  ■  h'/b  *  -  cos 

3 

■  -  cos  Ojjj  sin  2-s  (10) 


where  use  has  lean  Bade  of  equation  (8).; 
Equations  (10)  and  (9)  will  nov  be  set  equal  to 
the  real  parts  of  h  and  a  ,  respectively,  from 
equations  (4)  vith  the  result 


ii  cos  uc  -  -  j-**  cos  oCH  sin  2»s  (11) 


o  cos  (uc  +  0)  •  - **  cos  2*s  (12) 

S 


Figure  8  Torsion  end  bending  motions  caused  by 
coupled  blade-dlsk-shroud  Interaction. 


Thus  far  the  development  has  been  carried 
out  at  the  dis't  ria.-  (Actually,  the  disk 
participation  in  the  coupled  notion  is  usually 
quite  saall,  and  it  vill  be  seen  later  that  the 
major  contribution  to  the  coupling  betveen 
bending  and  torsion  often  derives  froa  the 
presence  of  a  part-span  shroud.)  In  considering 
any  arbitrary  outboard  station  on  the  blade  span, 
it  can  be  assuaed  that  the  saae  phase  angle, 
8-  -w/2  vlll  exist  betveen  the  bendlng_  and 
torsion  notions.  Bovever,  the  eaplitude  h  vlll 
be  different  froa  that  given  by  equation  (13)  by 
an  amount  obtained  froa  the  vector  sun  of  the 
blade  deforaation  relative  to  the  disk  ria  in  the 
axial  and  tangential  directions,  and  the 

aaplltudea  vlll  be  different  from  that  given  in 
equation  (14)  by  an  aaount  equal  to  the  blade 
tvist  relative  to  the  root  position.  Use  was 
made  of  an  existing  structural  dynamics  coaputer 
program  to  deteraine  the  characteristic  vibration 
nodes  and  frequencies  of  a  typical  rotor  systea 
consisting  of  disk,  blades  and  part-span  shroud. 
(As  stated  earlier,  these  procedures  are 

discussed  in  detail  in  Chapter  15.)  The  computed 
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quantities  relevant  t<-  the  present  study  ar« 
i lx  and  S(tn,  tha  axial  and  tangantinl 
deformation*  of  tha  blade  at  tha  (Ivan  radial 
station,  aaasurad  relative  to  tha  original  blade 
position  in  tha  plana  of  the  undefor*ed  disk,  and 
5 ,  tha  total  tvist  distribution.  Thus,  at  any 
arbitrary  radial  station  outobard  of  tha  ria,  tha 
banding  aaplitude  vill  be  computed  froa  tha 
fornula  (sea  Fig.,  9). 


K  •  “  V*«2  +  ^*"2  CO'  [^H  +  t*"”1 

z  z. 

'  r“  «•  Vh  ■  ,in  “ch 


(16) 


rlgura  9  Blade  deformatlc.i  natation  outbevd  of  Made 
root  showing  both  unde  fleet  ad  and  deflected 
blade. 


Stability  of  Blade-Disk-Shroud  Cjaiem 

The  value  of  the  phase  angle,  6  -  -x/2,  aay 
nov  be  substituted  into  equation  (7)  and  the 
resulting  tvo-diaensional  aerodynamic  vork  per 
cycle  at  each  spanvise  station  reduces  to 


wTOT  "  ’2Ph2U2  [k2*hlh2  -  (k2A.«  '  v2BhR>“  h 

(17) 


vhere  k»bpy!l  is  the  reduced  frequency  paraaeter. 

(The  use  of  the  combinations  k2A., , 

2  2  2  hi 

k  k  and  k  B ^  in  the  original  1967 

paper  vas  dicta  .ed  by  convenience  and  by  this 
availability  of  the  aerodynamic  coefficients 
in  this  form.) 


Equation  (17)  is  an  expression  for  the 
tvo-diaensional  aerodynamic  vork  per  cycle  »t  any 
arbitrary  span  station,  say  at  radius  r,  as 
measured  from  the  engine  centerline.-  The  vork 
done  on  the  entire  blade  is  obtained  by 

integrating  equation  (17)  over  the  blade  span, 
'or  *he  root,  at  r  -  r-,  to  the  tip,  at  r_» 
a-  1  after  normalizing  the  deformations,  b 
afia  C  ,  vith_  respect  to  the  tip  bending 

deflection,  h^,  this  gives 


S_2 

*T 


(k2*®  '  k28ng)  g  '  g 
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dr 


(18) 


It  vas  stated  earlier  that  the  stability  of 
the  system  vas  related  > j  the  algebraic  sign  of 
the  vork  expression;  l.e.,  positive  aerodynamic 
vork  implies  Instability  and  negative  aerodynamic 
vork  implies  stability.  As  shovn  in  equation 
(18),  the  aerodynamic  vork  dona  on  the  system  is 
a  direct  function  of  the  squares  and  products  of 
the  oscillatory  amplitudes  vhick  are  ordinarily 
obtained  from  a  numerical  solution  of  the 
characteristic  equation  for  the  vibratory  system. 
It  is  veil  knovn  froa  elementary  vibration  theory 
that  the  results  of  such  a  calculation  are  given 
in  the  form  of  relative  amplitudes  rather  than 
absolute  amplitudes.'  Therefore,  the  aerodynamic 
vork  can  only  be  calculated  on  a  relative  basis 
and  in  its  prevent  form  it  cannot  be  used  to 
predict  either  the  absolute  stability  level  of  a 
particular  configuration  or  the  relative 
stability  levels  betveen  tvo  configurations- 
Since  one  of  the  objects  of  the  original  study 
vas  to  devise  a  prediction  technique  that  vould 
permit  the  evaluation  of  alternative  rotor 
designs  from  the  standpoint  of  system  stability, 
the  theoretical  development  vas  necessarily 
extended  to  overcome  this  deficiency. 


In  addition  to  the  relative  amplitudes  of 
motion,  the  structural  dynamics  solution  provides 
average  kinetic  energy  of  vibration  of  the  entire 
blade-disk  system,  based  on  the  relative 
amplitudes  of  notion.  It  is  shovn  in  Appendix  1 
that  for  a  simple,  linear,  spring-aass-dashpot 
system,  the  ratio  of  damping  vork  per  cycle  to 
average  kinetic  energy  is  proportional  to  the 
logarithmic  decrement  of  the  system,  vhich  is 
independent  of  the  absolute  amplitudes  of  the 
system.  A  comparable  ratio  of  the  aerodynatic 
vork  done  per  cycle  on  the  entire 
blade-disk-shroud  system  to  the  average  kinetic 
energy  of  vibration  of  the  system  may  be  made  and 
this  vill  be  equal  to  the  logarithmic  decrement 
of  the  system.  First,  hovever,  the  normalized 
aerodynamic  vork  per  cycle  obtained  for  one  blade 
in  equation  (18)  must  be  multiplied  by  the  number 
of  blades  on  the  entire  disk,  n,  and  then  by  the 
proportionality  factor,  1/4,  from  equation  (26) 
in  Appendix  1.  Tne  lesult  is 


nW/hT2 

4KE/fL2 


(19) 


—  —  2 

vhere  Kg/bj,  is  the  average  kinetic  energy 
of  the  syster,  also  normalized  vith  respect  to 
hj  ,  end  vhere  a  positive  value  of  $ 
represents  stable  operation.  Equation  (19) 
yields  an  absolute  measure  of  sys'e.  stability 
vhich  is  Independent  of  relative  amplitudes. 
Bence  the  results  obtained  say  be  used  to 
evaluate  both  the  absolute  stability  of  a 
particular  configuration  and  the  relative 
stability  betveen  tvo  or  more  configurations. 
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RESULTS 


Calculation  Procedure 


To  llluetrate  the  use  of  this  theory,  the 
stability  characteristics  of  a  typical  rotor  vere 
investigated  and  the  results  are  presented  belov. 
The  input  quantities  for  use  in  equation  (18) 
vere  obtained  both  froa  experisents  and 
analytical  studies  conducted  on  an  actual  rotor 
at  a  given  rpa.  These  data  consisted  of:  (a)  the 
geoaetric  paraaeters  for  the  configuration, 
aCH‘  b’  r0’  ‘V  *nd  n*  ,he  steady-state  aero- 
dynaaic  paraaeters,  p  and  Uj  and  (c)  for  each 
prescribed  disk  nodal  diaaeter  pattern  and  blade 
aode,  the  relative  aaplitudes  of  the  blade 


deforaation  coaponents,  6^,6 


tan’  5  >  th* 


average  systea  kinetic  energy,  K_,  and  the 


systea  natural  frequency,  u>0.  toe  each  nodal 
diaaeter,  equation  (16)  vas  used  to  calculate  h 


froa 


*ax  "d 


and  both  h  and  a  vere 


then  noraalized  vith  respect  to  the  tip  bending 
deflection,  h_,  and  plotted  in  Pigs.  10  and  11 
as  functions1  of  the  dlaensionless  spanvise 
variable  n  .(r-r0)/(r--r0).  In  both  of  these 
figures  the  shroud  location  at  n -  0.653  is 
indicated  by  short  tic-aarks  on  each  curve. 


The  stability  analysis  of  the  rotor  systea 
for  any  given  nodal  pattern  vas  p-rforaed  by 
calculating  the  spanvise  "arlation  of  the  reduced 
frequency  parsaeter,  k,  and  using  this  to  obtain 
the  spanvise  variations  in  the  unsteady 
aerodynaalc  coefficients,  k2iLj,  k2^,  k2Bhg, 
k2l^j  vhich  are  functions  of  k.  These 
quantities  vere  then  Inserted  into  equation  (18) 
together  vith  the  noraalized  aode  shapes  and 
other  spanvise  variables  and  Integrated 
nuaerlcally.  Finally,  the  logarithaic  decreaent, 
s  ,  vas  coaputed  froa  equation  (19).-  The 
relevant  details  of  this  analysis  are  described 
in  the  subsequent  sections  of  this  chapter.. 


Structural  Dynaaics  of  Typical  Rotor  Systea 


The  dynaaic  systea  chosen  for  analysis  in 
this  chapter  consists  of  a  blade-disk-shroud 
configuration  in  vhich  the  blade  oscillates  in 
its  first  bending  and  first  torsion  nodes,  and 


the  overall  systea  vibration  nodes  encoapaas  2 
through  8  nodal  diaaeters.  Figures  10  and  11 
contain  the  spanvise  variations  of  bending 
deflection  and  blade  tviat,  both  noraalized  vith 
respect  to  the  bending  deflection  at  the  blade 
tip  for  the  specific  nodal  diaaeter  under 
consideration.  Figure  10  shovs  that  as  the 
nuaber  of  nodal  diaaeters  Increases  the  bending 
node  shape  undergoes  a  consistent  change  in  vhich 
the  deforaation  of  the  tip  region,  uutboard  of 
the  shroud,  increases  relative  to  the  Inboard 
region. 

In  Fig.  11,  hovever,  it  is  seen  that  the 
torsional  content  of  the  vibration  (relative  to 
the  tip  bending)  first  Increases  and  then 
decreases  vith  increasing  nuaber  of  nodal 
diaaeters.-  This  suggests  a  variable  aaount  of 
coupling  betveen  bending  and  torsion  as  the 
systea  aode  changes  froa  one  nodal  diaaeter  to 
another.  Purtheraore,  the  aajor  change  in  tvist 
distribution  for  each  curve  occurs  over  the 
portion  of  the  blade  inboard  of  the  deforaed 
shroud,  which  inposes  a  twisting  aoaent  on  the 
blade  as  a  result  of  this  deforaation.  Hence, 
the  presence  of  a  deforaed  shroud  produces  the 
coupling  betveen  blade  tvist  and  bending,  and  the 
degree  of  this  coupling  is  aodified  by  the 
dlaaetric  nodal  pattern.- 


SMNWISE  STATION,  1} 


SPANWISE  STATION,,  vj 


Figure  10  Span’’  is#  variation  of  bending  deflection 
normalized  with  respect  to  tip  bending 
deflection  for  each  nodal  diameter. 


Figure  1 1  Spanwiae  variation  of  twist  distribution 
normalized  with  respect  to  tip  bending 
deflection  for  each  nodal  diameter., 


A  very  revealing  and  infornative  plot  is 
shovn  in  Fig.-  12,  in  vhich  only  the  tip  value  of 
the  noraalized  deforaation  ratio  («/Rj)t,  has  been 
plotted  as  a  function  of  frequency.  This 
figure  indicates  a  very  strong  variation  of 
(a/ h,.)_  vith  the  nuaber  of  nodal  diaaeters 
(i.e.,  vith  natural  frequency);  it  is  relatively 
snail  at  both  snail  and  large  nodal  diaaeters  and 
reaches  a  laxiaua  value  at  approxiaately  4  or  5 
nodal  dleieters.  Thus,  it  appears  that 

torslon-ber.iing  coupling  is  a  aaxiaua  for 
intermediate  nodal  diaaeters,  vith  a 
predoainantly  bending  notion  occurring  at  either 
extreae.  'his  Increase  in  coupling  for 
intermediate  nodal  diaaeters  aay  be  regarded  as 
either  a  relative  increase  in  blade  tvist  or  a 
relative  decrease  in  blade  bending.  The  absolute 
deforaations  are  uniaportant  since  the  stability 
equations  (18)  or  (19)  are  expressed  soleljr  in 
teras_  of  the  noraalized  deforaations  h/hj 
and  a/Kj.  * 
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FREQUENCY,  ♦-  Cp* 

Figure  12  Variation  of  blade  tip  datiaetion  ratio  with 
frequancy. 


Stability  Analyst*  Using  Isolated  Airfoil  Theory 

The  stability  sys tea  vas  originally 
determined  using  equations  (18)  and  (19)  and 
eaploying  unsteady  isolated  airfoil  theory  as 
described  in  Appendix  2.  The  logarlthaic 
'  c-eaent,  g  ,  vas  calculated  for  each  nodal 
c.MK-ter  (2  through  8)  at  the  resonant 
frequencies  appropriate  for  each  ease.  Results 
of  -«se  stabllitlty  calculations  are  fount  in 
Fig.  13.  The  natural  frequency  in  each  case  is 
denoted  by  the  circled  point.  Systea  stability 
is  indicated  by  positive  values  of  S  and 
Instability  is  indicated  by  negative  values  of 
S.  It  is  seen  froa  this  figure  that  the  systaa 
is  stable  for  the  2,  6,  7,  end  8-nodal-diaaeter 
Bodes  and  is  unstable  lor  the  J,  4,  and 
5-nodal-diaaeter  nodes,  vith  ainlnua  stability 
(i.e.,  aaxiaua  instability)  occurring  at  four 
nodal  diaaeters.  A  coaparison  of  Fig.  13  vith 
Fig.  12  reveals  a  rather  strong  correlation 
between  aaxiaua  systea  instability  and  aaxiaua 
torsion-bending  coupling,  represented  ir.  Fig.  12 
uy  the  aaxiaua  values  of  (a/h_)_  at  four 
nudal  diaaeters.  Siailar  results  were  obtained 
fur  a  nuaber  of  rotor  configurations  vhich  vere 
analyzed  using  these  procedures..  Thus  it  van 
tentatively  concluded  that  the  greater  the  degtee 
of  coupling  between  torsion  and  bending  in  a 
shrouded  rotor,  the  greater  the  likelihood  of  a 
flutter  instability.: 


Coaparison  Between  Theory  and  Experiaent 

The  theoretical  procedure  for  an  isolated 
airfoil  at  zero  incidence  described  in  a 
previous  section  was  aodified  slightly  (by  the 
engine  developaent  groups)  for  use  in  evaluating 
various  rotor  configurations.  An  Iterative 
procedure  vas  developed  vhich  produced  the  rotor 
paraaeter  values  for  the  neutrally  stable  condi¬ 
tion,  6  -  0,  in  vhich  the  incoapresslble 
isolated  airfoil  theory  of  Theodorsen  (1935)  vas 
used  at  low  speeds,  and  the  supersonic  isolated 
airfoil  theory  of  Garrick  and  Rublnov  (1946)  vas 
used  at  high  speeds.  A  nuaber  of  rotors  vere 
considered  in  this  study,  and  in  each  case, 
values  of  blade  tip  deflection  ratio, 
(or  /hj.)T,  and  reduced  velocity  at  the  blade 
tip,  (U/bu  )_,  vere  obtained  for  the 
condition  of  zero  logarlthaic  decreaent,  S>  0. 
The  locus  of  points  so  obtained  yielded  a  narrov 
band  of  scattered  points  through  vhich  a  faired 
curve  was  dravn.  This  foraed  a  single  zero 
daaping  stability  boundary  valid  for  all 
configurations,  as  shovn  in  Fig.  14.  It  is 
interesting  to  note  that  the  theoretical  curve 
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Figure  13  Variation  o«  logarithmic  decrement  with 
frequancy  using  Isolated  airfoil  theory. 
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—  LOCUS  OF  POINTS  FOP  WHICH  8-0  (THEORY) 
•  CONFIGURATIONS  WHICH  FLUTTERED 
A  CONFIGURATIONS  WHICH  DO  NOT  FLUTTER 
• — «-A  DENOTES  REDESIGN  OF  UNSTABLE 
CONFIGURATION  TO  OBTAIN  STA8UTY 


DEFLECTCN  RATIO,  (5/KT)T  (AfiBTRARY  SCALE) 

Figure  14  Stability  bou.idary  —  comparison  between 
theory  and  experiment. 


of  Fig.  14  nay  also  be  confined  by 
interpolating  Figs.;  12  and  13  to  6  -  0,  through 
fictitious  curves  passed  through  the  circled 
eigensolutions.  This  vas  done  for  several 
configurations  in  the  report  (Carta  1966)  that 
feraed  the  basis  for  the  1967  paper.. 

In  Fig.  14  the  region  beneath  and  to  the 
ieft  of  the  curve  represents  stable  operation, 
aid  the  region  above  and  to  the  right  of  the 
ctrve  represents  unstable  operation.  Super- 
isposed  on  this  curve  are  the  results  of  a 
nuaber  of  engine  and  rotor  tests.  The  solid 
circular  syabols  represent  configurations  vhich 
fluttered  and  the  open  triangular  syabols 
represent  stable  configurations.  It  is  seen 
that  the  engine  experience  And  the  theoretical 


prediction  vote  in  good  agreeaent  for  thttc 
early  cun.  Furthermore,  tvo  of  the  unstable 
configurations  vere  redesigned  to  yield  stable 
rotors,  as  indicated  by  the  arrovs  connecting 
tvo  pairs  of  points.  Hence,  it  vas  felt  that 
the  theory  had  soee  aerlt  in  predicting  as  veil 
as  explaining  the  occurrence  of  coupled 
blade-disk-shroud  flutter.  Hovever,  it  vas  also 
felt  that  the  agreement  a chic  .J  through  the  use 
of  incoupressible,  isolated  tirfoll  theory  on  a 
high  speed,  aultiblade  systea  vas  tenuous  at 
best,  and  a  aajor  effort  vas  continued  by  a 
nuaber  of  researchers  to  extend  the  aerodynaalc 
aodel  to  include  aore  realistic  effects.  Before 
these  aodern  developaents  are  discussed,  a  brief 
reviev  of  the  energy  distribution  aaong  the 
nodes  vlll  be  aade,  and  a  portion  of  a 
paraaetric  study  of  coupling  effects  vill  be 
exaained. 

Spanvise  Variations  in  the  Daaping 
and  Coupling  Terms 

In  the  previous  section  on  Stability 
Analysis,  the  aajor  eaphasis  vas  placed  on  the 
variation  in  stability  paraaeter  vith  changes  in 
frequency  {i.e.,  nuaber  of  nodal  diameters).  In 
this  section,  soae  brief  considerations  vlll  be 
given  to  the  individual  terns  in  the  vork 
equation  and  their  spanvise  variations  as  they 
are  affected  by  changes  in  frequency. 

For  convenience  the  expression  for  the  vork 
per  cycle  at  each  spanvise  station,  equation 
(17),  vill  be  revritten  as 


(20) 


vhere 


WB  *  o2  <*>2  °2  *2  *hl  S2 


<2l) 


is  the  local  tvo-dinenslonal  vork  due  to 
bending, 

vtc  -  -v2  pb2  U2  (k2  A<*  -  k2  Bhg)o  h  (22) 


is  the  local  tvo-dieensionel  vork  due  to 
coupling  end 


V.  -  V2  pb2  U2  k2  BaI  S2 


(23) 


is  the  local  tvo-diaenslonal  vork  due  to  pitch. 
Before  these  quantities  can  be  usefully 
investigated,  they  aust  be  neraalixed  in  such  a 
vay  that  aeaningful  coaparisons  betveen  various 
cases  aay  be  aade.  In  t,ie  course  of  this  study, 
it  vas  found  that  the  tip  value  of  the  local 
vork  due  to  bending, 


Ws  Pb2  U2  k2  Aht  R2 
WBT  (pb2  U2  k2  aJ,  R2)t  <25' 


"hi  "  ■'TIP 


Wr  Pb2  U2  (k2A_a  -  k2BhB)o  K 

1-  -  -S_  .  ,  W -  (26) 

WBT  (pb  U  k  AhI  h  )TIp 


Wp  Pb2  U2  k2  3„  o2 


hBT  u  k  *hl  ®  ^TIP 


(27) 


It  vas  stated  earlier  that  the  quantity 
Vg-  vas  alvays  a  negative,  non-zero  nuaber, 
ana  hence  implied  a  stable  condition  for  this 
paraaeter  at  the  blade  tip.  By  definition  the 
value  of  at  the  tip  vill  be  +1.0  since  at 
this  point  V-  is  divided  by  itself.-  Hence  a 
positive  value  of  any  of  the  normalized  vork 
teras  vill  indicate  a  stable  tendency  (in 
contrast  to  a  negative  value  of  the  absolute 
vork  paraaeter)  and  a  negative  value  of  any  of 
the  noraalized  vork  teras  vlll  indicate  an 
unstable  tendency. 

Froa  Fig.  13  the  most  unstable  condition 
vas  e  4  nodal  diaaeter  vibration,  vhlle  the  most 
stable  vas  an  8  nodal  diaaeter  vibration.  The 
quantities  X,,  A-,  and  X  are  plotted 
versus  diaensionless''  span  station  for  these  tvo 
conditions  in  Fig.  IS.  An  exaalnatlon  of  this 
plot  provides  a  great  deal  of  insight  into  the 
mechanise  involved  in  this  flutter  phenoaenon- 
In  both  panels,  the  distributed  vork  is 
negligible  inboard  of  the  aidspan,  and  is 
significant  only  over  the  outer  1/3  of  the  span.. 
The  noraalized  vork  in  bending,  XB,  is  alvays 
positive  (stabilizing),  and  reaches  its  normal 
value  of  1.0  at  the  tip.  In  both  instances  the 
noraalized  coupling  vork,  xc,  is  negative 
(destabilizing),  and  the  noraalized  vork  in 
pitch  X»,  is  of  second  order  and  can  be 
and  can  be  ignored.  For  the  4  nodal  diaaeter 
case,  the  banding  and  coupling  vork  both  reach 
approxiaately  the  saae  value  at  the  tip,  but  the 
distribution  over  the  span  is  such  that  the 
destabilizing  integrated  vork  in  coupling  is 
greater  in  magnitude  that  the  stabilizing 
integrated  vork  in  bending.  This  leads  to  a  net 
instability  of  the  systea  in  this  node.  (A 
similar  situation,  vith  less  obvious  differences 
betveen  bending  and  coupling  distributions,  is 
found  for  the  less  unstable  3  nodal  diaaeter 
code  in  Fig.  31  of  Carta  (1966).)  In  contrast, 
the  spanvise  distributions  for  the  8  nodal 
diaaeter  node  shov  tnat  the  stabilizing  votk  in 
bending  is  significantly  greater  in  aagnitude 
than  the  coupling  vork  over  the  entire  span,  and 
accordingly,  the  systea  is  stable  at  this 
condition. 


WBT  -  z2  (pb2  U2  k2  Ahl  h2)TIp  (24) 


vas  negative  and  non-zero  for  all  values  of 
frequency  in  all  cases  considered.  (It  vill  be 
recalled  that  negative  vork  iaplies  stability 
since  this  represents  vork  done  by  the  air  on 
the  blade.)  Therefore,  in  viev  of  the  negative 
definite  behavior  of  V„,  it  vas  decided  to 
noraallze  all  three  local  vork  teras,  W_, 
Wc,  and  Vp,  vith  respect  to  this  tip  value 
of  V-  for  the  specific  nuaber  of  ncdal 
diameters  being  considered.  The  noraalized 
quantities  are  defined  belov. 


Use  of  Advanced  Aerodynaalc  Theories 
and  Typical  hode  Shapes 

These  results  in  Fig.  15  vere  for  a 
-o-called  first  faally  spanvise  node..  Hore 
ty^tal  higher  order  faally  nodes,  having 
additional  circumferential  nodes  lines,  vere 
exaained  iialependently  by  Hikolajczak,  et  al 
(1975)  and  by  Hallivell  (1975),  for  state  of  the 
art  coapressors  of  the  aid  1970s.  Hallivell 
used  the  aerodynaalc  theory  of  Nagashiaa  and 
Whitehead  (1974)  and  obtained  the  spanvise 
distribution  of  vork  per  cycle  s',ovn  in  Fig.  16 
for  the  second  faally  codes.  This  confiras  the 
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DIMENSIONLESS  SPANWISE  STATION,  f) 


Figure  15  Variation  of  normalized  work  terms  with  apan. 


Figure  16  Fan  unsteady  work  competent!  at 
1Q0  par  cent  speed  four-diametar 
second  famtty  mode  (from  HsIHwsll 
1975). 


distributions  of  vork  shown  in  Fig.  15.  Note 
that  Hallivell's  results  are  diaensional,  and 
are  inverted  relative  to  Fig.  15.  Be  further 
coaputed  the  integrated  vork  per  cycle  for  each 
component  of  the  stability  equation,  and  the 
results  are  shovn  in  Fig.  17  as  a  function  of 
nodal  diaaeter  nueber,  again  for  the  second 
faaily  node.  Here  again  the  coupling  tera  is 
destabilising,  and  opposite  to  the  bending  tera. 
An  overall  systea  instability  for  the  4,  5,  and 
6  nodal  diaaeter  forward  traveling  vaves  vas 
predicted,  and  vas  confiraed  as  4  nodal 
diaaeters  for  the  test  coapressor. 

The  vork  by  Mikolajczak  et  al  (1975) 
concentrated  on  the  overall  aerodynaalc  daaplng 
of  several  coapressor  designs.  This  vas 
preceded  by  the  cascade  study  of  Snyder  and 
Coaaerford  (1974)  which  also  exaalned  the 


Figure  17  Fan  unsteady  work  components  at  100  par 
cent  speed  variation  with  second  family 
mods  number  (from  HsWwaM  1975). 

typical  coapressor  designs.  The  vork  by 
Mikolajczak  and  his  co-authors  eaployed  several 
aerodynaalc  theories,  depending  on  the  local 
aerodynaalc  conditions.  For  the  supersonic 
relative  flov  (vith  subsonic  axial  Mach  nuaber) 
use  vas  Bade  of  Verdon  (1973),  and  for  subsonic 
flovs  Salth's  theory  (1971)  vas  used.:  In 
addition,  esabered  thin  airfoils  vere  treated 
using  an  extension  of  Vhltehead's  early  vork 
(I960)  or  the  analysis  of  Sisto  and  Ni  (1974). 

Three  radial  nodes  vere  exaalned  in  this 
work,  which  concentrated  on  tvo  coapressor 
rotors.  Rctor  A  vas  designed  specifically  to  be 
susceptible  to  an  unstalled  supersonic  flutter 
in  its  second  radial  node.  It  experienced 
flutter  at  !?.?00  rpa  in  its  second  node  vith  a 
4  nodal  diaaeter  vibrational  pattern.  The 
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Figure  it  Damping  prediction*  far  P»WA  leaaarch  rotor 
at  flutter  *p**d. 

predicted  aerodynuic  duping  for  the  three 
nodes,  plotted  as  a  function  of  reduced 
frequency,  is  found  in  Fig.  18.  This  clearly 
shows  the  second  aode  to  be  the  least  stable 
node,  although  the  5  and  6  nodal  diaaeter 
patterns  appear  to  be  theoretically  aore 
unstable  than  the  1  nodal  diaaeter  pattern.  The 
sensitivity  of  predicted  stability  to  rpa  for 
Rotor  A  is  shown  in  the  prediction  of  Fig.  19 
for  the  second  radial  aode.  Rotor  B  (a 
NASA  1800  fps  design)  was  specifically  designed 
to  be  flutter  free  over  its  performance  range. 
It  vas  tested  successfully  with  no  flutter  up  to 
12,164  rpa.  The  predicted  aerodynuic  daaplng 
for  the  first  three  radial  nodes  vas  positive 
for  all  nodal  diaaeters,  as  shovn  in  Fig.  20. 
In  a  suaaary  of  these  and  several  other  rotor 
designs,  the  Hlkolajczak  paper  shovs  that  the 
use  of  the  analytical  prediction  techniques 
described  here  vere  consistently  conservative 
(at  least  up  to  the  date  of  publication)  and 
generally  capable  of  predicting  the  correct 
flutter  aode,  vhen  it  occurred.  This  is  shovn 
in  Fig.  21,  vhere  the  predicted  aininua 
aerodynaalc  duping  for  each  of  several  rotors 
is  plotted  horizontally  for  the  first  three 
radial  nodes.  The  tabulation  at  the  right  of 
this  figure  briefly  describes  each  rotor  and 
Indicates  the  observed  flutter  aode  when  it 
occurred.  It  should  be  noted  that  the  estiaated 
aechanical  daaplng  of  a  typical  rotor  systea 
(the  sua  of  aaterial  and  frictional  duping)  vas 
approxinately  0.03.  Thus,  it  can  be  seen  froa 
Fig.  21  that  whenever  flutter  vas  observed,  the 
analysis  predicted  a  level  of  negative 
aerodynuic  duping  vhich  was  coaparable  to  this 
expected  level  of  aechanical  duping  of  the 
rotor.. 


PARAMETRIC  VARIATIONS 
Effect  of  Shroud  Location 

In  the  original  1966  report  a  paraaetric 
study  vas  Bade  of  the  effect  of  part  span  shroud 
location  on  systea  stability.  The  results 
already  discussed  vere  for  the  standard 
configuration  having  a  part  span  shroud  at  the 
65. 3X  span  station.  Additional  locations  of 
SOX,  60.SX,  69. IX,  and  BOX  span  vere  also 
exuined.  As  before,  this  study  vas  constrained 
by  the  use  of  isolated  flat  plate  aerodynuic 
theory,  but  it  is  believed  that  the  physical 
principles  involved  are  sound  and  that  the 
relative  changes  in  predicted  stability  are 
correct. 


Figure  18  Second  mod*  damping  as  a  funotlon  of  rotor  spud. 


Figure  20  Damping  prediction  tor  NASA  1*00  fps 
rotor  at  100%  speed. 
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Figure  21  Damping  anaiyat*  a*  an  unatalted  supersonic 
mm#r  preoKHon  uxm. 
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The  eost  important  finding  of  thif  study 
vss  that  tha  stability  of  tha  systea  decreases 
rapidly  as  tha  shroud  '.a  aoved  outboard.  This 
is  shown  in  Fig.  22  in  which  a  nuaber  of 
noraally  stable  conditions  for  the  basic 
configuration  becaae  quite  unstable  as  the 
shroud  was  aoved  outboard.  This  unstable 
tendency  is  caused  by  the  associated  increase  in 
coupling  between  the  torsion  and  bending  aodes, 
shown  in  Fig.  23,  in  which  a  nuaber  of  curves  of 
the  noraalised  twist  distribution  have  been 
plotted  as  a  function  of  spanvise  station  for 
three  values  of  nodal  disaeter  nuaber  (4,  6,  and 
8)  and  five  shroud  locations.  For  each  nodal 
diaaeter,  curves  have  been  plotted  for  the 
shroud  location  at  the  502,  60. SX,  65.32,  69.12, 
and  802  span  station.  The  position  of  the 
shroud  has  been  indicated  by  a  short  tic  aark  on 
each  curve. 

The  priaary  effect  to  be  noted  in  Fig.  23 
is  the  increase  in  coupling  (l.e.,  the  Increase 
in  noraalised  twist  value)  vithin  each  nodal 
diaaeter  plot  as  shroud  location  is  aoved 
outboard.  This  increase  in  coupling  is  caused 
by  tvo  factors.  First,  as  the  shroud  is  aoved 
outboard,  a  larger  portion  of  the  blade  (the 
inboard  portion)  is  subjected  to  the  oscillating 
tvistlng  aoaent  of  the  shroud  at  resonance  in 
the  systea  node  vibration,  and  a  saaller  portion 
of  the  blade  (the  reaainder  of  the  blade 
outboard  of  the  shroud)  is  driven  at  an 
off-resonance  condition.  (Actually,  for  the  6 
and  8  nodal  diaaeter  vibrations  with  an  802 
shroud  position  it  appears  that  the  outboard 
portion  aay  also  be  at  or  near  a  resonance 
condition,  but  it  is  felt  that  this  is  an 
Isolated  phenoaenon  and  is  not  iaportant  in 
general.)  Second,  as  the  shroud  is  aoved 
outboard,  the  portion  of  the  blade  outboard  of 
the  shroud  becoaes  sitffer  in  bending; 
consequently,  the  tip  bending  deflection,  vhich 
is_the  nornalizing  facto,  in  the  denoainator  of 
“fhj,  becoaes  relatively  saaller,  and 
therefore  the  entire  level  of  the  curve  is 
raised.  In  effect,  the  torsional  notion  has 
increased  at  the  expense  of  the  bending  notion. 


50  SO  TO  BO 


Finally,  it  is  obvious  that  as  the  shroud 
is  aoved  inboard  the  systea  stability  increases 
—  at  least  for  the  type  of  coupled  flutter 
instability  being  considered  herein.  Bovever, 
another  effect  of  aoving  the  shroud  inboard  is 
to  increase  the  cantilever  length  of  the  blade 
portion  outboard  of  the  shroud,  which  reduces 
both  the  cantilever  bending  and  cantilever 
torsion  frequencies  of  this  part  of  the  blade.. 


SHROUD  LOCATION,  PERCENT  SPAN 

Figure  22  Effect  of  shroud  location  on  stability 
parameter. 
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Figure  23  E.fect  of  shroud  location  o:,  normaRzed  twist  distribution. 
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This  reduction  in  frequency  at  a  fixed  value  of 
reeultant  velocity  into  the  stage  produces  an 
increase  in  reduced  velocity,  U/bu ,  and  the 
blade  syatee  outboard  of  the  shroud  aay  becoae 
susceptible  to  either  e  torsional  stall  flutter, 
a  bending  buffet,  or  both.  Clearly  in  any 
design  procedure  a  coaproeisa  mist  be  aade 
between  a  flutter-free  configuration  relative  to 
the  coupled  flutter  phenoaenon,  and  a 
flutter-free  configuration  relative  to  either 
torsional  stall  flutter  or  bending  buffet. 

Interblade  Phase  Angle 

In  aost  of  the  early  vork  described  above 
the  interblade  phase  angle  vas  necessarily  a 
quantity  fixed  to  the  configuration  under 
exaaination,  and  not  usually  subjected  to 
paraaetric  scrutiny  in  a  sensitivity  analysis. 
By  virtue  of  its  definition  it  vas  inextricably 
tied  to  the  fixed  nuaber  of  blades  in  the  rotor, 
n,  and  to  the  nuaber  of  disturbances  over  the 
rotor  circuaference,  N,  by  the  foraula 


o  -  -2*/(n/N)  -  -2»  N/n  (28) 


'  CASCADE  A 


a  isolated  atarou 


NOTE,  CMCIED  POINTS  SEPMSIMT 
*  atCSEMENT  OP  *0*  KELATIVt  TO  0**0  A*** 


vhere  the  ainus  sign  is  associated  with  a 
backward  traveling  wave  relative  to  the  rotor, 
and  vhere  N  is  also  the  nuaber  of  nodal 
diameters  that  forma  the  basis  of  this  chapter. 
Note  that  in  general  the  forward  traveling  wave 
is  associated  with  systen  instability  (Hallivell 
1975). 

Physically,  the  interblade  phase  angle  is  a 
aeasure  of  the  phase  lag  or  lead  of  adjacent 
blades,  and  has  been  the  subject  of  several 
experimental  studies  at  low  susbonlc  speeds  of 
its  important  effect  on  aerodynamic  damping 
(Carta  and  St..  HUalre  1980,  Carta  1983), 
primarily  in  cascade.  An  analysis  of  the  effect 
of  varying  o  for  a  single  degree  of  freedom 
pitching  motion  of  a  supersonic  cascade  of  thin 
blades  operating  in  a  subsonic  axial  flov  vas 
presented  by  Verdon  and  McCune  (1975).  It  is 
veil  known  (e.g.  Carta  1983)  that  the  stability 
of  an  airfoil  executing  a  pure  pitching  notion 
depends  only  on  the  sign  of  the  imaginary  part 
of  the  pitching  moment.  (Note  that  in  this  case, 
vith  h  -  0,  equation  (17)  reduces  to  the  form 


mtot  *  *2pt>2  fc2  Boi  52  ‘  ^I5  (29) 


vhere  the  last  term  _^s  a  consequence  of  using 
equation  (2).)  If  Mj  is  positive,  then  the 
vork  per  cycle  is1  also  positive,  vhich 
represents  an  unstable  condition.  Figure  24  is 
a  phase  plane  plot  of  the  complex  moment 
coefficient,  taken  from  Verdon  and  McCune  (1975) 
for  this  condition.  The  open  points  connected 
by  curves  represent  increments  of  A  o  -  30 
deg  relative  to  the  specified  values  of  o  -  0, 

tr/2,v,  3x/2.  Each  curve  is  for  a  different 
compressible  reduced  frequency,  kc  -  2kM/(N2-l), 
from  0.5  to  2.0.  Corresponding  values  of  the 
complex  moment  coefficient  for  an  isolated  flat 
plate  airfoil  in  a  supersonic  flov,  computed 
froa  the  theory  of  Garrick  and  Rubinov  (1946), 
are  represented  by  the  solid  symbols.  Tvo 
concepts  are  revealed  by  this  figure.  The 
first,  which  is  obvious,  is  that  isolated 
airfoil  theory  is  inaaequate  to  predict  the 
extent  of  the  unstable  region  for  this  single 
degree  of  freedom  oscillation.  The  second, 
which  is  also  obvious,  but  vhich  has  subtle 
implications,  is  that  the  interblade  phase  angle 
has  a  significant  effect  on  systen  stability. 
For  the  analysis  described  here,  vhich  vas  an 


Figure  24  Moment  coefficients  due  to  pitching 
motions  of  cascade  A  and  Isolated 
atrfoH. 

infinite  cascade  of  theoretical  airfoils,  the 
points  and  their  connecting  curves  represent  a 
continuum  of  valid  and  realizable  solutions.; 
Thus,  any  interblade  phese  angle  can  be 
represented  by  this  plot.  It  will  be  shown 
presently,  however,  that  for  a  roto  vith  a 
finite  number  of  blades,  a  similar  closed 
diagram  is  generated  by  the  stability  analysis 
of  a  coupled  motion,  in  vhich  the  only  valid 
solutions  are  for  the  specific  values  of 
interblade  phase  angle  that  satisfy  equation 
(28).  Under  these  circumstances,  a  variation  in 
a  implies  a  corresponding  change  in  nuaber  of 
blades,  and  the  effect  on  stability  vill  be 
profound. 

An  illustration  of  the  assertion  that  the 
nuaber  of  blades  has  a  strong  effect  on  system 
stability  through  the  interblade  phase  angle  is 
discussed  in  the  papers  by  Kaza,  et  al  (1987a, 
1987b)  vhich  deal  vith  single  rotation  propfans. 
Both  papers  deal  vith  thin,  flexible,  lov  aspect 
ratio  blades  susceptible  to  large,  nonlinear 
deflections  in  a  strongly  three-dimensional 
flov..  To  further  complicate  matters,  the  blades 
have  large  sveep  and  tvist  vhich  couples  blade 
bending  and  torsional  motions  vithin  each  blade, 
and  their  flexibility  and  proximity  to  one 
another  engenders  an  aerodynamic  coupling 
siailsr  to  .hat  caused  by  part  span  supports.. 
In  addition,  a  flexible  hub  also  contributes  to 
the  system  coupling. 

An  analysis  of  the  stability  of  the  basic 
propfan,  denoted  by  SR3C-X2,  vas  performer  for 
an  eight  blade,  a  four  blade,  and  a  single  blade 
configuration.  The  results  are  presented  in 
Fig.  25  (taken  froe  the  1987a  paper),  vhich  is  a 
root  locus  plot  of  the  complex  eigenvalues, 
consisting  of  the  real  part,  fi  (proportional  to 
damping),  and  the  imaginary  part,  v  (proportion¬ 
al  to  frequency).  Thus,  in  this  phase  plane 
plot  the  stable/unstable  boundary  is  at  g-  0, 
vith  flutter  occurring  for  a  positive  real  part.; 
The  single  blade  systea  has  a  single  eigenvalue, 
located  veil  vithin  the  stable  region  of  the 
phase  plane.  The  four  blade  systen  has  four 
eigensolutlons,  represented  by  interblade  phase 
angles  90  deg  apart.-  This  configuration  is  also 
fully  stable.  Bovever,  the  eight  blade  system, 
vith  eight  eigensolutlons  spaced  360°/8  -  45  deg 
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•part,  surrounds  the  tvo  other  systea  solutions, 
and  borders  on  the  unstable  region  for  o= 180  deg 
and  225  deg.  In  this  Instance  it  would  appear 
that  an  Increase  In  the  nuaber  of  blades  has 
interallied  the  interblade  coupling,  possibly 
through  the  cascading  effect,  and  has  caused  a 
deterioration  of  the  systea  stability.  (The 
prediction  is  shots  to  be  in  good  agreeaent  with 
theory  in  Fig..  15  of  this  paper.) 

An  extension  to  a  aistuned  case  vas  the 
subject  of  the  Kaza  1987b  paper.  Once  again  the 
SR3C-X2  rotor  vas  analyzed,  together  with  a 
rotor  designated  the  SR3C-3.  Both  of  these  were 
tuned  rotors,  as  in  the  1987a  paper.;  In 
addition,  a  deliberately  aistuned  rotor,  the 
SR3C-X2/SR3C-3,  vas  analyzed.  It  vas  aodeled  as 
an  idealized  alternately  aistuned  rotor  having 
four  identical  blade  pairs  vith  tvo  different 
blades  in  each  pair,  one  froa  the  SR3C-X2  rotor, 
and  one  froa  the  SR3C-3  rotor.  The  analysis 
yielded  the  plots  shovn  in  Fig.  26,  taken  froa 
the  19b/b  paper.  In  this  case  all  three  rotors 
have  eight  eigensolutions..  The  SR3C-X2  (circled 
points)  vas  already  discussed  in  the  previous 
paragraph.  It  vas  an  unstable  rotor,  vith  a 
measured  flutter  condition  that  coincided  vith 
the  real  part  of  the  eigenvalues  equal  to  zero. 
Conversely,  the  SR3C-3  (triangular  points)  vas 
a  stable  rotor  during  the  experiments,  and 
yielded  eigensolutions  coafortably  avay  froa  the 
stable/unstable  boundary..  The  aerodynaaic 
coupling  of  the  aistuned  rotor  (square  points) 
appears  to  be  gone,  and  the  eigensolutions  are 
divided  into  tvo  nested  groups,  vith  the  high 
frequency  group  near  the  center  of  the  SR3C-X2 
eigensolutions,  and  the  lav  frequency  group  in 
the  vicinity  of  the  SR3C-3  solutions. 

The  previous  paragraphs  serve  to  point  out 
the  coapllcations  associated  vith  aultiblade 
systea  coupling,  and  the  need  for  accurate 
nodeling  of  the  interblade  phase  angle  effects. 
They  also  introduce  the  reader  to  the  concept  of 
aistuning  as  it  affects  systea  stability, 
although  the  discussion  is  restricted  to  ideal 
paired  aistuning.  A  detailed  study  of  arbitrary 
or  randon  aistuning  is  beyond  the  scope  of  the 
present  chapter,  and  the  reeder  is  referred  to 
the  ‘ral  papers  by  Kaza  and  Kielb  (1982, 
198,  -985),  Kielb  end  Kaza  (1983,  198A), 
Bendiksen  (1984),  and  to  the  chapter  that 
follovs. 


Figure  25  Root  locus  plot  of  the  mode  with  least  damping: 
M « 0.59, 52-6080  rpm,  SR3C-X2  rotor. 
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Figure  26  Calculated  root  locus  plot  of  the  lowest 

damped  mode  for  the  SR3C-X2,  SR3C-3,  and 
SR3C-X2/SR3C-3  rotors  at  6320  rpm  and  0.528 
freestream  mach  number. 


CONCLUSION 


APPENDIX  1 


It  vas  shovn  in  the  original  1967  paper 
that  the  energy  aethod,  using  unsteady  isolated 
airfoil  theory,  and  applied  to  actual  aultiblade 
rotors,  yielded  results  that  vere  remarkably 
accurate.  This  fortuitous  agreeaent  vas 
sufficiently  encouraging  to  foster  a  continuing 
developaent  of  the  technique  and  its  constituent 
aerodynaaic  and  structural  dynaaic  coaponents. 
As  shovn  in  these  tvo  voluaes  and  in  the  sever al 
citations  to  advanced  analyses,  current  practice 
has  gone  veil  beyond  the  relatively  siaplistic 
viev  of  this  early  paper.  The  aerodynaaic  input 
nov  encompasses  aultiblade  systems  subjected  to 
coapressible  flovs,  and  structures  are  aodeled 
to  include  noniinearities  and  aistuning. 
Nevertheless,  the  paper  has  served  its  purpose 
veil.  In  its  original  fora  it  set  the  stage  for 
the  continual  iaproveaent  of  engine  flutter 
prediction  aethods,  and  in  this  Manual  it 
provides  the  reader  vith  a  vehicle  for 
coordinating  the  separate  disciplines  vhich, 
together,  represent  the  aodern  approach  to 
flutter  prediction  of  turboaachlne  ,  blade  rovs. 


Logarithmic  Decrement  for  Simple  Linear  Systea 

The  simple  sprlng-aass-dashpot  system  is 
governed  by  the  linear  differential  equation 


x  ♦  2urx  ♦  i^x  -  0  (30) 


vhere  (see  Scanlan  and  Rosenbaua  1951) 
u  *  7k/b  *  undamped  natural  frequency  ^ 


T  “  c/cc 
c_r  *  2m«  -  critical  damping 


(31) 


The  damping  force  alvays  opposes  the  velocity 
and  is  given  by 


Fd  »  -cx  »  -Tccrx  -  -2ha<* 
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Bence  the  differential  work  done  by  the  daaper 


dw  "  Fjdx  -  -2Ymi*dx  ■  -2Yml«Jdt 


Therefore,  the  work  done  per  cycle  of  lotion  is 


W  *  -2m»u  ^  x2dt  (32) 

At  any  instant  of  tiae  the  kinetic  energy 
due  to  the  notion  is 


APPENDIX  2 


Unsteady,  Incoapressible, 
for  Isolated  Airfoil 


Potential  Flow  Theory 


The  appropriate  unsteady  aerodynaaic 
£or  incoapressible,  inviscid, 
Kr  S.  *  two-diaensional  isolated 

altt0i}  hav*  b«n  Previously 
aentioned  in  equation  (3).  On  page  399  of 
Scan lan  and  Rosenbaua  (1951),  the  coefficients 
V  Lo  »  *v  Ma  are  related  to  the 
Theodorsen  (1935)  circulation  function  C(k)  « 
P(k)  +  iG(k),  by  the  equation 


Y  M  mm  _j2 

L'V  tux 


and  hence  the  average  kinetic  energy  over  one 
cycle  of  the  notion  is 


KE  *  T  $  KEdt  ”  ~  f  *2dt  -  ^4  f  i2ic  (33) 


where  T  -  2sAud  is  the  period  of  the  daaped 
■Otion..  It  ca»  be  shown  (cf.  Scanlan)  that  the 
daaped  frequency  is  given  byojd  -uV  1  y2.. 


If  the  ratio  of  the  work  per  cycle  to 
average  kinetic  energy  for  the  saae  cycle  is 
taken,  then  froa  equations  (32)  and  (33), 


W 


X 


E 


8n 


(34) 


On  page  58  of  Church  (1957),  the  logarithaic 
decreaent  of  a  daaped  aotlon  is  given  by 


Lh  ’  1  -  —  C(k) 

1  i  ,  2 

La  ’  T  -  -  [l  +  2U(k) - x  C(k) 

2  k  k2 


Mk  "  - 
h  2 


(37) 


M°  ‘  8  ‘  k 

In  these  equations  the  reduced  frequency,  k,  is 

“  !h'  i velocity  coaponent,  U, 
parallel  to  the  flat  plate  airfoil. 

After  C(k)  and  equation  (37)  are 

thrnnfhUthd  ^t0  e<,u*tions  (3).  aultiplied 
through  by  k  and  separated  into  real  and 
i Baginary  parts,  the  required  coefficients  in 
equation  (18)  are  given  by 


kzA, 


hi 


-2kF 


-  k2B, 


hR 


-2F  *  2kG 


*  Bn 


'  -  2(£  -  a2)kF 


(38) 


5  *  lo8(An/AnH) 


SC  2sy 

muij  -  y* 


(35) 


and  An  and  A  ,  are  the  aaplltudes  of  tvo 
consecutive  vaVes.  A  coaparison  of  equations 
(34)  and  (35)  yields 


5  ■ 


(36) 


which  is  the  required  result.' 
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AEROELASTIC  FORMULATION  FOR 
TUNED  AND  MISTr*NED  ROTORS 

by 

EDWARD  F.  CRAWLEY 
Gas  Turbine  Laboratory 
Massachusetts  Institute  of  Technology 
Cambridge,  Massachusetts 


INTRODUCTION 


In  previous  chapters,  the  analytic 
tools  necessary  to  approach  the  problem  of 
aeroelastic  analysis  have  been  presented. 
In  the  terminology  of  Bisplinghoff  and 
Ashley  (1962),  three  operators.  Inertial, 
Structural,  and  Aerc  namic,  ate  needed  in 
the  appropriate  for  The  current  state 
of  the  art  techniques  for  determining  the 
aerodynamic  operators,  which  arc  contri¬ 
buted  by  the  unsteady  aerodynamicist ,  have 
been  presented  in  Chapters  2  through  7. 
The  inertial  and  structural  operators, 
which  toqether  form  the  structural  dynamic 
model  have  been  reviewed  in  chapters  12 
through  14. 


The  task  of  the  aeroelastic  analysis 
is  to  combine  the  formulations  of  the 
structural  dynamic  and  unsteady  aerody¬ 
namic  model  in  a  consistent  manner,  to 
solve  the  resulting  aeroelastic  model  for 
the  desired  results  (e.g.,  stability, 
forced  vibration),  and  to  interpret  those 
results  for  both  qualitative  trends,  and 
quantitative  detail.  This  task  of  formu¬ 
lation  of  the  aeroelastic  problem  and 
interpretation  of  the  results  will  be  the 
subject  of  this  chapter. 


Specifically,  the  topics  to  be  ad¬ 
dressed  are:  the  formulation  of  the  aero¬ 
elastic  problem,  including  a  summary  of 
the  relations  necessary  to  transform  vari¬ 
ous  diverse  structural  and  aerodynamic 
models  to  a  consistent  notation;  a  brief 
review  of  the  solution  techniques 
applicable;  the  trends  in  aeroelastic 
stability  for  tuned  rotors;  and  the 
effects  of  mistuning  on  stability. 


In  order  to  understand  the  motivation 
for  a  lenqchy  discussion  of  aeroelastic 
formulations,  one  must  appreciate  the 
challenges  and  dilemmas  faced  by  the  work¬ 
ing  aeroelastician.  First,  the  startinq 
point  of  the  analysis  can  vary.  Typical 
startinq  points  can  include  experimentally 
or  analytically  determined  mode  shapes  of 
the  entire  blade-disk  assembly,  mode 
shapes  of  individual  blades,  or  the  pro¬ 
perties  of  a  simple  typical  section. 
Secondly,  the  objective  or  end  point  of 
the  analysis  may  vary.  Most  often  in 
current  practice,  a  simple  assessment  of 
the  stability  of  the  turbor.achinery  stage 
is  desired.  Increasingly,  however,  the 
full  forced  vibration  response  to  aerody¬ 
namic  disturbances  is  of  interest.  In 
principle,  the  ultimate  objective  is  to 
develop  a  completely  coupled,  time  accu¬ 
rate  dynamic  and  aerodynamic  model  which 
can  be  used  in  such  diverse  analysis  as 
stall  and  surge  loading,  «_nd  analysis  of 


mechanical  disturbances  such  as  FOD 
impact,  b1 ade  loss,  rubs,  etc.  The  third 
challenge  facing  the  working  aeroelas¬ 
tician  is  that  all  the  required  analytic 
tools  to  progress  in  an  orderly  and  rig¬ 
orous  manner  from  the  starting  point  to 
the  end  point  are  not  available  within  the 
state  of  the  art.  For  example,  a  three- 
dimensional,  heavily  loaded,  large  shock 
motion  unsteady  aerodynamic  operator  for 
the  analysis  of  transonic  fan  aeroelas- 
ticity  simply  does  not  exist  as  of  this 
writing.  Therefore  existing  tools,  exper¬ 
imental  data  and  empirical  rules  must  be 
combined  to  yield  an  appropriate  engineer¬ 
ing  solution  to  the  aeroelastic  problem. 


To  illustrate  these  three  problems, 
varying  start  points,  various  goals,  and 
unavailability  of  analysis  tools,  consider 
the  very  general  flow  chart  for  aeroelas¬ 
tic  analysis  shown  in  Figure  1.  The  fig¬ 
ure  is  largely  self-explanatory ,  especial¬ 
ly  in  view  of  the  discussion  in  earlier 
chapters,  but  presents  a  consistent 
strategy  for  combining  and  extending  those 
topics.  What  is  important  to  note  are  the 
start  points,  end  points,  and  limitations 
that  prevent  full  implementation  of  the 
charted  procedure. 


Essentially,  three  starting  points  are 
available,  either  a  structural  model  of 
the  blade  alone,  of  the  nonrotating  blade- 
disk  assembly  or  the  rotating  blade- 
disk  assembly.  In  each  case,  assumed 
modes,  calculated  eigenmodes,  or  measured 
eiqenmodes  are  possible  forms  of  the 
starting  data.  After  inclusion  of  thermal 
and  shaft/rotor  support  effects,  the  first 
possible  end  point  is  reached,  the  rotat¬ 
ing  natural  frequencies,  which  can  be  used 
in  traditional  Campbell  diagram  analysis 
of  forced  vibration..  It  is  reasonable  to 
say  that  all  of  the  analytic  tools  neces¬ 
sary  to  reach  this  point  on  the  flowchart 
are  reasonably  well  developed,  and  the 
temporal  dependence  of  the  motion  can  be 
expressed  either  in  the  time  or  frequency 
domain.  As  soon  as  the  next  step  in  the 
chart  is  taken,  the  inclusion  of  the  homo¬ 
geneous  unsteady  aerodynamic  forces,  two 
limitations  appear.  First,  as  has  been 
discussed  in  Chapters  2  through  7,  aerody¬ 
namic  operators  do  not  exist  for  all  flow 
regimes,  and  secondly,  intrinsic  to  the 
development  of  these  operators  is  the 
assumption  of  sinusoidal  motion  of  the 
blade  row.  If  the  ultimate  end  point  is 
only  the  flutter  behavior,  the  assumption 
of  sinusoidal  behavior  is  not  limiting,  as 
W6ll  known  techniques  exist  for  assessing 
stability  even  under  the  assumption  of  the 
sinusoidal  motion. 
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STARTING  POINTS 


INTERMEDIATE  STEPS  AND  RESULTS  Qfl}  POINTS 


Typical  section 
Blade  assumed  modes 
Blade  calc.,  modes 
Blade  aeas.  modes 


Blade  Structural 
Dynamic  Model 

I - 

+  disk  elastic  coupling 
+  shroud  coupling 
+  mis tuning 


Assumed  twin  modes 
Blade-disk  calc,  modes 
Blade-disk  meas.  modes 


Rotating  bla  v-disk 
modes  from  calculation 
or  measurement 


V 

Non-Rotating  Blade  - 
Disk  Dynamics 

T 


+  rotational/centrifugal  effects 
(stiffening,  untwist,  etc.) 


•o 

Rotating  Blade  - 
Disk  Dynamics 

+  thermal-elastic  effects 
+  shaft  elastic  support  effects 
(gyroscopic  &  centrifugal) 


Rotating.  Hot  Blade  - 
Disk  -  Shaft  Dynamics 


+  unsteady  homogeneous 
aerodynamic  model 


Coupled  critical 
speeds,  natural 
frequencies  for 
Campbell  diagram 


Homogeneous  Aeroelaslic 
Blade  -  Disk  -  Shaft  Model 

I - 


Flutter 

Response 


Return  to  start 
for  design  or 
optimization 


+  unsteady  aero  disturbance 
model  (stall,  surge,  blade 
passage,  inlet  distortion) 
+  unsteady  nonhomogeneous 
aerodynamic  gust 
response  function 

1 


Aerodynami  c 
Forced 
Response 

+  mechanical  disturbance 
model  (FOO.BMOD  impact, 
blade  loss,  rubs,  etc.) 

II  1 


Complete  Rotor 
Aeroelastlc  Model 


Complete  Rotor  Aeroelastlc- 
Mechanical  Model 

- - - 

Aerodynamic/ 

Structural 

Forced 

Response 


Figure  1.  Flowchart  for  Aeroelastic  Analysis 


At  the  next  step,  however,  the  addi¬ 
tion  of  the  unsteady  aerodynamic  distur¬ 
bances  and  unsteady  ae'  odynamlc  "gust* 
response  function,  even  fewer  analytic 
tools  are  available,  and  the  assumption 
of  sinusoidal  motion  becomes  limiting. 
Techniques  will  be  presented  below  to 
transform  the  aerodynamic  influences  de¬ 
rived  in  the  frequency  domain,  back  to  the 
time  domain. 

Of  course,  the  complete  model  would 
include  the  capability  to  couple  the 
structural  dynamic,  aeroelastic  and 
mechanical  disturbance  models  to  produce  a 
complete,  time  accurate  model  of  the 
turbomachine  aeromechanical  response. 
However,  due  to  lack  of  the  proper 
analytic  tools,  this  is  probably  not  pos¬ 
sible  at  the  current  time.  Ultimately, 
iteration  takes  place  over  this  entire 
procedure,  either  in  the  form  of  heuristic 
design  or  formal  optimization. 

Over  the  past  decade,  as  the  state  of 
the  art  of  aeroelastic  analysis  has  pro¬ 
gressed,  a  number  of  different  formula¬ 
tions  of  the  aeroelastic  problems  have 
evolved.  These  have  included  travelling 
wave  formulation,  individual  blade  formu¬ 
lations,  and  standing  mode  formulations, 
Kielb  and  Kaza  (1983),  Crawley  and  Hall 
(1985),  Dugundji  and  Bundas  (1984).  These 
formulations  have  been  applied  to  single 
and  two  degree  of  freedom  typical  section 
models,  and  to  blade  modal  models, 
Srinivasan  (1980),  Bendiksen  and  Friedmann 
(1981),  Srinivasan  and  Fabunmi  (1984).  In 
some  models  the  effect  of  disk  and  shroud 
elastic  coupling  has  al:  a  been  included, 
Kielb  and  Kaza  (1984).  There  has  been 
some  doubt  as  to  whether  these  various 
formulations  are  equivalent,  and  as  to 
which  is  is  most  appropriate.  One  of  the 
objectives  of  this  chapter  is  to  review 
and  summarize  these  formulations  in  a  con¬ 
sistent  notation  for  single  blade  degree 
of  freedom  analysis,  and  to  show  that  they 
are  mathematically  equivalent.  This  does 
not  imply  that  in  a  given  situation  one 
may  not  be  preferred  over  another  due  to 
its  ease  of  application  or  insight  con¬ 
tributed,  but  merely  that  simple  simi¬ 
larity  transforms  are  available  to  trans¬ 
form  easily  from  one  formulation  to 
another.  The  d;rect  extension  of  the  one 
degree  of  freedom  formulation  to  multiple 
section  or  blade  modal  degrees  of  freedom 
is  also  demonstrated. 

In  the  next  section  the  mathematical 
formulations  and  transformations  which 
allow  coupling  of  the  various  existing 
analytic  tools  along  the  lines  of  the 
flowchart  of  Fig.  1  will  be  presented. 


FORMULATION  AND  SOLUTION  OF  THE 
AEROELASTIC  PROBLEM 

Basic  Relationships 

At  the  foundation  of  the  aeroelastic 
analysis  of  turbomachines  and  propellers 
are  three  fundamental  relationships:  a 

structural  dynamic  model  of  the  bladed 
disk?  a  kinematic  relationship  between 
various  expressions  for  blade  motion;  and 
an  unsteady  aerodynamic  model  of  aerody¬ 
namic  forces.  The  most  general  possible 
model  of  the  single  degree  of  freedom 
aeroelastic  response  of  a  typical  blade 


section  of  the  ith  blade  is  given  as 


■jHj  +  f  i  (1) 


where  m*  is  the  generalized  mass,  its 
natural  frequency,  qj  its  displacement, 

f?  the  motion  dependent  aerodynamic 
forces,  and  fj"  the  aerodynamic  disturbance 

forces  acting  on  the  ith  blade.  When 
modelling  a  f  -ical  section,  the  general¬ 
ized  mass  ■  force  traditionally  have 
units  of  m .  •'<  ^  span  and  force  per  span. 
The  assem,  ' N  structurally 
uncoupled  .  \  sr'n  would  then  be  governed 
by 


[\\R>  ♦  MvK>  -  +  <f?>  (2) 


where  equation  (2)  represents  N 
'independent'  equations,  which  will  be 
recoupled  by  the  motion  dependent  aerody¬ 
namic  forces  f™  .  In  its  most  general 

form,  the  motion  dependent  force  can  be 
written  as 

fi  ■  fo(qi  VVV  + 

+  ftil,wVi’Vi,yifh  *  (3) 

+  * 

+  etc. 

with  yt  -  qt(T)b0(t-r)dr 

yi+l  =  Jo  Vl(r>h+l<t-T>dT 
yi-l  =  otc- ■ • 

where,  of  course,  fQ  »  f+j  ,  f«i  depend  on 
the  Mach  No.,  reduced  frequency,  and  geom¬ 
etry  of  the  blade  and  cascade.  Equation 
(3)  expresses  in  a  very  general  way  the 
dependence  of  the  force  acting  on  the  ith 
blade  due  to  its  motion  and  the  motion  of 
its  neighbors,  and  on  the  time  history  of 
those  motions  through  lags  due  to  shed 
vorticity  and  finite  speed  of  sound. 
These  lag  effects  are  explicitly  repre¬ 
sented  by  the  augmented  state  variables 
Vi* 

Unfortunately,  within  the  state  of  the 
art,  the  aerodynamic  operators  are  not 
available  in  the  very  general  form  of  eq. 
(3).  In  fact,  they  are  derived  for  a  very 
specific  temporal  and  spatial  motion 
pattern:  sinusoidal  in  time  and  fixed 

interblade  phase  along  the  cascade  in 
space.  The  kinematic  relationship  between 
these  travelling  wave  coordinates  and  the 
displacement  of  the  ifc^  blade  is 


co 
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where  g6n  is  the  amplitude  of  the 
travelling  wave  of  interblade  phase  Bn 
8n  «  2*n/N.  The  sum  in  n  can  be  taken  as 


M«“l>  +  *  <fj)  O) 


n  =  0,  1,  2, •••,  N-l 

or.  equivalently  for  If  an  odd  number  of  blades, 

n  «  _  (4a) 

or.  for  H  an  even  aur-.be r  of  blades, 


n  =  -  j-  !••••. -1.0.1. ••••j 


since  for  a  rotor  of  N  blades  there  are  N 
possible  interblade  phase  angles,  and 
small  negative  angles  are  equivalent  to 
large  positive  ones 


It  will  be  convenient  to  rewrite  equation 
(4)  as 


{qt>  =  [E]{?pJ  «Jut  (5) 


where  [E]= 


S-i. 


Eo.N-1 

Vl.K-l 


^k.f3  e  "  <6> 


The  aerodynamic  forces  per  span  are 
usually  derived  assuming  that  the  blades 
are  undergoing  the  travelling  wave  motion 
of  eg.  (4) , Whitehead  (1966),  Smith  (1972), 
Adamczyk  and  Goldstein  (1978),  Under  this 
assumption  the  forces  per  span  acting  on 
the  zeroth  blade  undergoing  the  nth 
travelling  wave,  constant  interblade  phase 
angle  motion  of  eg.  (4)  can  b°  'Dressed 
as 

f"  =  IlpbVf  q.  eM  (V 

°  'n  'll 

where  qgn  is  the  amplitude  of  the  nth 
travelling  wave  pattern,  and  the  complex 
force  coefficient  due  to  Sn  is  ign  . 

The  force  on  the  ith  blade  due  to  the 
superposition  of  all  the  interblade  phase 
angle  waves  is 


N-i 


f-  = 

{f-J^pbVra^pJ^J 


(8) 


>  t 


At  this  point  the  three  fundamental 
equations  of  the  aeroelastic  problem  are 
at  hand  and  will  be  repeated  for  clarity. 
The  first  is  the  dynamic  governing  equa¬ 
tion  of  motion,  as  would  be  derived  by  the 
structural  dynamicist  (eg.  2). 


where  the  structural  damping  factor  g  has 
been  added.  The  second  is  the  kinematic 
relationship  between  individual  and 
traveling  wave  blade  motion  (eq.  5) 


<qi>  *  rafipj  «JUt  =  {q,}  eJut  (10) 

where  the  last  relation  simply  assumes 
sinusoidal  motion  of  the  individual 
blades. 

The  third  is  the  relationship  between 
travelling  wave  motion  and  unsteady  aero¬ 
dynamic  forces,  supplied  by  the  aero- 
dynamicist  (eq.  8) 

{f-}  =  BpbV[E) *JUt  (“> 

These  three  fundamental  relationships 
can  be  combined  to  yield  the  governing 
aeroelastic  equations  in  several  ways. 
First,  the  equations  can  be  expressed  in 
terms  of  interblade  phase  angle  "modes". 
This  requires  transformation  of  the  struc¬ 
tural  dynamic  equation  (9)  to  interblade 
phase  coordinates.  Second,  the  equations 
can  be  expressed  in  terms  of  individual 
blade  displacements.  This  requires  trans¬ 
formation  of  the  aerodynamic  forces,  eq. 
(11)  to  individual  blade  coordinates.  And 
third,  the  equations  can  be  expressed  in 
terms  of  standing  modes  of  the  bladed 
disk,  such  as  sine  and  cosine  modes,  or 
structural  eigenmodes.  This  requires 
transformation  of  both  the  dynamic  equa¬ 
tions  and  aerodynamic  forces.  Each  of 
those  approaches  has  some  value,  as  will 
be  discussed. 


Travelling  Have  Formulation 

The  aeroelastic  eigenvalue  problem  was 
first  formulated  in  travelling  wave  coor¬ 
dinates,  that  is  in  those  coordinates  for 
which  the  aerodynamic  forces  are  derived, 
Whitehead  (1966).  In  order  to  derive  the 
equations  in  traveling  wave  coordinates, 
equations  (10)  and  (11)  are  substituted 
into  equation  (9),  giving: 

-t-iW\}eJut  + 

♦  ['-1^(l+jg1)s][E]{^J  «**  (12) 

premultiplying  by  E-*,  and  cancelling  the 
time  variation  exp(ju>t)  gives 


♦  [£]-'[- V2(l+Jti)J[E]{ipJ  (13) 

=b*2“2[\J{\} 
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Equation  (13)  now  represents  the 
formulation  of  the  aeroelastic  problem  in 
terms  of  travelling  wave  coordinates.  It 
has  the  advantage  of  using  the  aerodynamic 
force  coefficients  in  exactly  the  fotm  in 
which  they  are  derived.  Furthermore,  if 
the  blades  have  a  single  degree  of  freedom 
and  if  the  blades  are  uniform  in  mass  and 
stiffness  such  that 


and 


M =•[*] 

[v?<i+*i>4 = “o(ujg>ci] 


<H) 


then  equation  (13)  becomes 


-~2[i]{5pJ  +  ~20  Js  = 


(15) 


which  is  the  governing  homogeneous  equa¬ 
tion  for  single  degree  of  freedom  flutter 
for  a  perfectly  tuned  rotor.  Note  that 
the  separate  equations  in  equation  (15) 
are  completely  uncoupled.  This  implies 
that  fora  tuned  rotor,  the  travelling  wave 
coordinates  are  the  normal  aeroelastic 
eigenmodes,  and  the  eigenvalues  associated 
with  each  mode  are  directly  related  to  the 
unsteady  aerodynamic  coefficients  for  that 
iuterblade  phase  angle. 


or 


+  ■u2(l+ J*)  =  npbVfp 
2  “2(1+Jg) 

(l+ffpb2«p/i») 


(16) 


It  is  an  advantageous  coincidence  that 
t:.e  kinematic  assumption  of  constant 
interbalde  phas  travelling  wave  coordi¬ 
nates  made  uy  the  unsteady  aerodynamicist 
eventually  turn  out  to  be  the  eigenmodes 
of  the  aeroelastic  problem  for  a  tuned 
rotor.  The  disadvantage  of  this  formula¬ 
tion  is  that  it  requires  transforming  the 
structural  model  to  travelling  wave  coor¬ 
dinates,  in  effect  forcing  the  structural 
representation  into  a  form  chosen  for  its 
convenience  -.1  the  unsteady  aerodynamic 
problem.  Although  not  inconvenient  for 
tuned  rotors,  transformation  of  the 
■'overning  equations  to  this  form  makes  it 
very  difficult  to  interpret  *-he  aeroelas¬ 
tic  response  of  mistuned  rotors  with  non- 
uniform  blades,  and  difficult  to  e-  plic- 
itly  include  the  effects  of  shroud  and 
disk  elastic  coupling,  Crawley  and  Hall 
(1985),  Kielb  and  Kaza  (1984).-  Although 
the  representation  of  the  aerodynamic 
forces  in  this  form  obscures  the  real 
physical  dependence  of  forces  on  specific 
blade  motions,  Szechenyi  et  al  (1984), 
much  more  insight  into  these  aspects  is 
gained  by  examining  the  equations  formu¬ 
lated  in  terms  of  individual  blade 
coordinates. 


Individual  Blade  Formulation 

In  order  to  formulate  the  problem  in 
terms  of  individual  blade  coordinates,  the 


aerodynamic  forces  must  be  transformed  by 
substituting  equation  (10)  into  equation 
(11),  yielding 


(f">  =  ffpb2u2[L]/q  l  eJut 

1  J  (17) 

where  [L]  a  [E]p^J[E]"1 

The  flutter  equation  is  found  by  suo- 
stituting  into  equation  (9) 


!MM+  Mc«**i>JW= 

2  2  (—1  (1®) 

=  ffpbVU]{qJ 


which  is  the  aeroelastic  equation  in  terms 
of  individual  blade  coordinates.  The 
principal  advantage  of  this  formulation  is 
that  it  13  expressed  in  a  coordinate  sys¬ 
tem  which  is  a  natural  one  for  the 
structure.  Thus,  if  any  complicating  fea¬ 
tures  are  added  to  the  structure,  such  as 
disk  elastic  coupling,  shroud  elastic 
coupling,  blade  nonuniformity  or  nus- 
tuning,  or  multiple  blade  degrees  of 
freedom.  This  is  a  simpler  starting  point 
for  the  resulting  model  than  the 
travelling  wave  form. 

Another  advantage  of  this  formulation 
is  that  although  the  aerodynamic  coeffi¬ 
cients  must  be  transformed  into  the  (L) 
matrix  form,  the  aerodynamic  coefficients 
as  they  appear  in  the  (L)  matrix  give  tre¬ 
mendous  insight  into  the  unsteady  aerody¬ 
namic  interactions  in  a  cascade.  Each 
term  in  the  aerodynamic  influence  matrix 
[L]  has  a  unique  physical  significance 
(Fig.  2).  The  term  in  the  first  row  and 
the  second  column,  for  example,  designates 
the  force  acting  on  the  first  blade  due  to 
the  motion  of  the  second  blade.  By  the 
symmetry  of  the  rotor,  assuming  that  the 
blades  are  geometrically  identical,  this 
must  be  the  same  as  the  force  felt  by  the 
second  blade  due  to  the  motion  cf  the 
third.  Likewise,  each  term  on  the  dia¬ 
gonal  represents  the  force  felt  by  a  blade 
due  to  its  e  motion.  The  (L]  matrix  has 
the  form  n  hich  there  are  only  N  inde¬ 
pendent  complex  terms,  and  the  entries  of 
each  column  are  the  same,  with  each  column 
permuted  one  row  relative  to  the  adjacent 
columns. 


M 


Lo  4-1  4-2 

h  4  4-1 


4 


N-i  4-2  4-3  •  4. 


(19) 


The  most  Significant  term  in  (L)  is  the 
diagonal  term  L0,  which  expresses  the 
force  acting  on  ar.y  given  blade  due  to  its 
own  motion,  in  effect  the  blade  self  •' 
stiffness  and  self-damping.  It  has  been 
shown  that  this  is  the  only  terra  in  the 
influence  coefficient  matrix  which  can 
provide  a  net  stabilizing  influencing  on 
the  rotor,  Crawley  and  Hall  (1985), 
Szechenyi  et  al  (1984). 


1W 


Mathematically,  the  individual  blade 
aerodynamic  forces  Lk  are  related  to  the 
travelling  wave  forces  through  a  complex 
Fourier  transform  relationship 


and 

v£«-W 


Equation  (20)  shows  that  Lk  is  just 
the  coefficient  of  the  discrete 
Fourier  series  representation  of  t8n  given 
in  equation  (21).  So,  for  example,  if  a 
plot  of  the  aerodynamic  coefficients  ver¬ 
sus  0  is  dominantly  the  first  harmonic  of 
0  and  an  average  offset,  this  implies  that 
[LI  i3  almost  tri diagonal ,  and  the  physi¬ 
cal  interpretation  is  that  only  the  two 
adjacent  blades  to  a  given  blade  and  the 
blade  itself  have  any  direct  effect  on  the 
blade  (Figure  2).  If  the  plot  of  l6n  vs.  0 
has  higher  harmonics  in  0,  then  the  influ¬ 
ence  of  more  distant  blades  is  relatively 
more  important. 


Standing  Mode  Formulation 


a)  average  offset  represents  blade's  influence 


~  1 
'  0 
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c)  second  harmonic  represents  influence  ol  Llades  two 
stations  away,  L  2and  L  N  2 
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When  the  starting  point  of  the  aero- 
elastic  formulation  is  a  set  of  calculated 
or  experimentally  measured  standing 
structural  eigenmodes  of  the  bladed  disk 
assembly,  it  is  desirable  to  formulate  the 
aeroelastic  problem  in  t-erms  of  these 
modal  coordinates,  Brooker  and  Halliwell 
(1984),  Crawley  (1983). 

If  th6  rotor  is  tuned,  then  there  will 
be  pairs  of  repeated  structural  eigen¬ 
values.  In  this  case,  chere  is  not  a 
unique  representation  of  the  eigenvectors. 
Two  natural  ways  to  represent  the  mode 
shapes  are  by  forward  and  backward  travel¬ 
ing  waves,  or  by  sine  and  cosine  standing 
waves,  Dugundji  and  Bundas  (1984). 
Expressing  the  motion  of  the  rotor  in 
terms  of  sine  and  cosine  modes,  also  known 
as  twin  orthogonal  modes  or  multiblade 
coordinates,  gives  the  representation 


qi  =  Hi  +  I  Vos<n9i>  +  i  vin(nBi> 

n  =  1,2,... ,2^  for  N  odd, 
n  m  1.2, for  N  even, 


(22) 


which  still  allows  arbitraryu  time  depen¬ 
dence  of  the  roctior.  If  the  motion  is 
assumed  to  be  oscillatory,  the  displace¬ 
ment  is 


qi  *  ’eo  *  i  %"»("«!)  ♦  i  Sm •»»(«*!>  (23) 


Figure  2.  Graphical  Relationship  Between 
Aerodynamic  Forces  in  Inter¬ 
blade  Phase  and  Complex 
Influence  Coefficient  Form 
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m  = 


c0,0  C0.1  S0.1  C0.2  S0.2  ’ 
c!,0  ^1,1  ®l,i  ®i,2  2  ’ 
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for  R  odd 
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(25) 


Since  equation  (23)  expresses  the 
relationship  between  the  individual  and 
sine/cosine  modal  coordinates,  the  aero¬ 
elastic  formulation  can  be  transferred  to 
these  coordinates  by  simply  substituting 
equatf.-:.  '24)  into  equation  (18)  and 
pretuitiplying  by  P_1  giving 


which  can  be  written 
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tr]'1['.1J[F] 

+  m-1[-1-*o+j«1)J[P] 


:  npbVtrrtmP] 


<*sn 

^cn 


(26) 


The  process  of  deriving  equation  (15) 
from  equation  (8)  is  a  similarity  trans¬ 
form,  in  which  eigenvalues  are  preserved. 

The  unique  aspect  of  the  pure  sine  and 
cosine  standing  modes  is  that  a  pair  of 
like  nodal  diameter  modes  can  be  directly 
superimposed  to  form  a  traveling  wave 
mode.  By  comparison  of  equation  (10)  and 
equation  (24),  it  can  he  seen  that 


(27) 


If  the  rotor  is  mistuned,  or  contains 
coupled  bending  torsion  motion  of  the 
blades,  it  is  no  longer  simple  to  relate 
the  standing  and  travelling  waves,  but  it 
is  still  straightforward  to  relate  the 
standing  blade-disk  modes  to  the  indi¬ 
vidual  blade  deflections.  The  ittl  blade 
deflection  is  given  as 


Note  that  the  left  hand  e  of  equa¬ 
tion  (30)  will  now  be  uncoup. ad,  since  4 
are  the  structural  normal  modes,  but  these 
modes  will  be  aerodynamically  coupled  by 
the  terms  on  the  right  hand  side. 

The  advantage  of  this  formulation  is 
that  the  starting  point  is  the  set  of 
blade  disk  normal  modes,  which  can  incor¬ 
porate  all  forms  of  blade,  disk,  and 
shroud  elastic  coupling.  The  disadvantage 
is  that  the  aerodynamic  forces  in  the  form 
in  which  they  appear  in  eogation  (30),  and 
the  resulting  flutter  eigenvectors  may  be 
difficult  to  interpret  physically. 


FORMULATION  FOR  MULTIPLE  SECTION  DEGREES 
OF  FREEDOM 

So  far  the  various  formulations  for 
sinqle  blade  degree  of  freeedom  flutter 
have  been  outlined.  However,  it  is  often 
desirable  to  include  multiple  degrees  of 
freedom  for  each  bit ie  in  the  aeroelastic 
model,  Bendiksen  and  Friedmann  (1980), 
Kielb  and  Kaza  (1984). 

For  such  a  model,  such  as  a  bending- 
torsion  coupled  typical  section  analysis, 
the  equations  presented  above  are  still 
valid,  but  must  be  generalized  appropri¬ 
ately.  This  generalization  process  essen¬ 
tially  consists  of  letting  each  scalar 
quantity  in  the  equations  (9),  (1C),  and 

(11)  take  on  a  sub-.natrix  nature.  The 
three  fundamental  relations  for  one  degree 
of  freedom  system  are  summarized  here 
again.  Tne  dynamic  equation  of  equilibrium 
is 


N-l 

*>i  -  l  *in)%  (2aa) 


which  can  be  written 

<qt >  *  [♦]{%>  (28b) 


where  $  is  the  matrix  whose  columns  are 
the  traditional  structural  modes,  and  qn 
are  the  coordinates  of  those  modes.. 
Comparison  of  equation  (24)  and  equation 
(29)  show  that  for  perfect  sine  and  cosine 
twin  orthogonal  modes  that  P  matrix  is 
just  a  special  case  of  the  normal  modal 
vectot  matrix  $  under  the  assumption  of 
sinusoidal  motion. 

fc}  =  rtafe}  c»> 

and  substitution  into  equation  (18)  and 
premultiplication  by  gives  the  aero- 
elastic  formulation  in  terms  of  arbitrary 
blade-disk  modal  coordinates 

*  [<«T[s-1^(i+4g1)J[<fr]{5n} 
- npb2«WtL]W]{^}  (30) 


M«i>  *  =  <fi>  <9) 


the  kinematic  relationship  between  stand¬ 
ing  and  travelling  waves  is 

{qj}  -Jut  =  [E]{5pJ  eJOt  (10) 


The  dependence  of  the  aerodynamic  fore*1  ?n 
motion  is 


{f")  =  ffpb2«2[E]['>pJ{qpJ  eJut  (11) 


If  each  section  is  allowed  a  translational 
and  pitching  degree  of  freedom,  then  the 
generalized  coordinate  sub-matrix  mao  to 
Pi 


where  h  is  the  translation  of  the  section, 
and  a  is  the  pitch.  The  other  terms  In 
the  equation  (9),  therefore,  map  as 
follows 
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■  S/b  ] 
S/b  Vb2\l 


(32) 


.,»*(!  vj*,)  — .  CaAl+feUt  E  (33) 

f-4(l+J%)  0 

i*5 

0  _^{1+JgT) 

“  J* 


(•m; 


In  this  typical  section  analysis  all 
of  the  generalized  mass  and  force  terms 
are  defined  on  a  per  unit  span  basis. 

The  pitch  motion  is  defined  about  the 
elastic  axis,  such  that  the  stiffness, 
sub-matrix  in  equation  (33)  is  diagonal, 
but  the  inertia  matrix  is  populated.  Note 
that  the  usual  (unfortunate)  aeroelastic 
convention  for  positive  signs  has  been 
used  (Figure  3). In  modifying  the  kinematic 
relationship  (equation  (10))  the  traveling 
wave  coordinates  also  take  on  two  coor¬ 
dinates  for  each  interDlade  phase  angle 


where  equation  (38)  includes  the  effects 
of  impinging  wakes  of  velocity  and  of 
periodicity  Bn  being  convected  into  the 
cascade.  Equation  (38)  can  be  written 


=  npbV^\J{2pJeJWt  (39) 

♦  8pb2w2[E]|\^J{^/uyul 


provided  E  has  the  definition  of  equation 
(37),  q0a  has  the  definition  of  equation 
(35),  and  t  is  defined  as 
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£*] 

*hw 
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in 

n 

fOb 

n 

c. 

and  t  = 

n 

c 

X 


(35) 


The  E  matrix  is  now  fully  populated  by 
sub-matrix  blocks 


With  these  relationships,  the  bending 
torsion  aeroelastic  problem  has  the  sane 
notation  as  the  single  degree  of  freedom 
problem  and  all  the  transformations  de¬ 
veloped  above  can  be  employed.  The  aero¬ 
elastic  problem  can  be  formulated  in  terms 
of  travelling  modes,  individual  blade 
deflections  and  standing  modes  of  bending- 
torsion  deflection. 


° 

l  0  V 


(36) 


so  that  the  E  matrix  has  the  form 


Vo  0  Vl  0  e0.2  0 
0  Vo  0  E0.1  0  E0,2  — 


(37) 


Finally,  the  aerodynamic  forces  and 
mem ants  now  depend  on  translation  and 
oitch,  so  that 


FORMULATION  FOR  MULTIPLE  SPANWISE  BLADE 
MODLS 

In  order  to  gain  a  more  accurate  model 
of  the  aeroelastic  behavior  of  a  turbo¬ 
machine  component,  it  is  necessary  to  in¬ 
tegrate  the  unsteady  aerodynamic  forces 
over  the  entire  span.  Whether  two-dimen¬ 
sional  strip  theory  operators  (Chapter 
3)  or  a  full  three-dimensional  model  is 
used  (Chapters  4  and  5)  will  depend  on 
the  availability  and  refinement  of  such 
operators.  The  inclusion  of  spanwise 
integration  of  aerodynamic  forces  in  the 
aeroelastic  formulation  is  a  straightfor¬ 
ward  extension  of  the  results  of  the  last 
section.  The  governing  dynamic  equation 
for  the  i  *  «,1,...,  M-l  blades  is  now 

-{flUi}  <«> 

with  *=1,2. •*•,11  for  every  1=0,1, ••♦.H-l 
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where  the  generalized  displacements  and 
generalized  forces  of  the  ith  blade  are 
now  represented  at  N/2  spanwise  stations 


<2»>i 


fbjl/b 

°1 

-LjAr^/b 

Mjirj/b2 

tyb 

«.>!* 

-Ljirg/b 

O 

“2 

Vr2/b 

V2 

1 

ww1*2 

(-42) 


jv[V]jK>i} ♦  [v[^w>pjJ{{Vi} 

=  {<Vi}  («> 

with  p=l,2.--*,P  for  ©very  i=0#l,«*».N-l 


where  the  modal  mass,  modal  stiffness,  and 
modal  force  associated  with  these  P  modes 
are 


[V],  3  (-17) 


Note  that  the  mass  matrix  of  equation  (41) 
now  has  units  of  mass,  rather  than  mass 
per  span,  and  the  other  matrices  have  been 
redimensioned  accordingly.  The  formula¬ 
tion  of  equation  (41)  still  assumes  that 
shroudless  blades  are  rigidly  fixed  to  a 
stiff  disk,  such  that  no  structural  coup¬ 
ling  exists  between  blades. 

Rather  than  solve  the  coupled 
structural-aerodynamic  problem,  the  usual 
procedure  is  to  solve  equation  (41)  for 
the  structural  normal  modes  of  the  ith 
blade,  (i.e.,  with  fi  set  to  zero),  by 
solving 


[»]i(j.)i  +  iwwWj  = 0  <«> 

KxM  Nidi 


The  result  of  the  structural  eigenvalue 
problem  for  tne  ith  blade  is  a  set  of  M 
natural  frequencies  and  mode  shapes. 


»  = 


hj/b 

°1 

tyb 

°2 

[V2. 


(P) 


P  =  I.2.* 


(«) 


[W(UJg)pX]^  2  (wP][[K(l+jg)]1[^p]I  (*)) 


<FP>1  2  t  (19) 


With  these  definitions  the  left  hand  side 
of  equation  (46)  is  completely  uncoupled 
and  the  mapping  of  the  mu?tiple  spanwise 
blade  mode  problem  to  the  simple  single 
deqree  of  freedom  problem  of  equation  (9), 
(10),  and  (11)  is  possible. 

For  the  displacements,  the  generalized 
displacements  -ap 
coordinates 


qt  — *  (n,,) 


to  the  blade  modal 


92 


> 


(SO) 


for  the  inertia  term  the  inertia  maps  to 
the  modal  inertia 


and  an  associated  set  of  blade  modal 
coordinates  npi  • 

In  the  aeroelastic  problem,  only  a  few 
of  the  blade  modes  are  generally  of 
interest.  Let  the  number  of  modes  of 
interest  be  P,  so  that  the  displacement  of 
the  ith  blade  is  expressed  in  terras  of  P 
modes 


and  the  stiffness  terms  map  to  the  modal 
stiffness 


i 

t 


(15) 


■jWj(1+Jgj)  —  [S*u2(i,+)g)p\]  (  = 

«1«1(1+Jg,) 

V?(,+J«p)]< 


(52) 


and  upon  substitution  into  equation  Ml) 


and,  finally,  the  blade  force  fj  maps  to 
the  blade  modal  forces 


I 

I 
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(53) 


The  proper  transformation  of  the  blade 
aerodynamic  forces  acting  on  the  blade 
modes  is  somewhat  complex.  Careful  atten¬ 
tion  must  be  paid  to  keeping  track  of 
affects  at  the  same  spanwise  location 
around  the  rotor  versus  effects  along  the 
blade. 


When  ritten  in  the  notation  of  equation 
(53),  the  forces  acting  on  the  blade  modes 
of  the  N  blades  in  terms  of  the  motion  of 
the  modes  of  the  individual  blades  is 
given  by  equation  (54).  Note  that  the  form 
assumes  that  aerodynamic  strip  theory  has 
been  used.  The  transformation  matrix  T  is 
used  to  change  the  order  of  notation  for 
blade  degrees  of  freedom  from  that  used 
for  the  structural  problem  (inner  loop  on 
the  blade  DoF)  to  that  used  in  the  aerody¬ 
namic  problem  ( inner  loop  on  the  cascade- 
wise  coordinate). 
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where  the  transformation 

=[T) 

k>t=i 

[T]  Is  defined  by  : 

inner  lean  inner  loop  over 

over  i  blades  m  blade  stations 

of  the  i™  blade 


If  the  aerodynamic'  forces  were  derived 
from  a  three-dimensional  aerodynamic  model 
which  assumed  a  travelling  wave  pattern  of 
an  assumed  blade  node  shape,  then  the 
aerodynamic  fjrces  are 


<Vr  (5o) 


where  the  xj.q  matrix  is  the  representa- 
-ior.  of  travelling  wave  three-dimensional 
unsteady  aerodynamic  forces  dre  to  travel¬ 
ling  wave  motion  (Chapters  4  and  5). 


It  may  be  desirable  to  express  the 
aeroelastic  equations  of  motion  of  »  com¬ 
plete  rotor  in  terms  of  both  sp*nwise 
blade  modes  and  coupled  blade-disk  circum¬ 
ferential  modes.  In  this  case  ttoe  formu¬ 
lation  for  blade  modes  of  his  section  can 
be  coupled  with  the  formulation  for  stand¬ 
ing  blade-disk  modes  given  nit owe  to  yield 
the  governing  egu  .tions  of  motion. 


To  this  point  all  the  necessary  trans¬ 
formations  and  formulations  have  been 
rigorously  developed  to  express  the  spa¬ 
tial  (i.e.,  spanwise  and  circumferential) 
dependencies  of  the  aeroelastic 
formulation.  However,  the  entire  formula¬ 
tion  to  the  point,  except  for  t.ie  basic 
equations  (3),  (4),  and  (9)  have  assumed 
temporally  sinusoidal  motion.  This  is  due 
to  the  assumptions  inherent  in  the  deriva¬ 
tion  of  the  aerodynamic  operators.  In  the 
next  section,  solution  techniques  for  the 
sinusoidal  formulation  will  be  presented, 
and  m  the  following  section,  an  approxi¬ 
mate  transformation  to  an  explicit  time 
accurate  formulation  will  be  discussed. 


SOLUTIONS  FOR  SINUSOIDAL  TEMPORAL 
REPRESENTATIONS 

Under  the  assumption  that  the  aerody¬ 
namic  operators  are  only  available  for 
sinusoidal  motion,  the  steps  remaining 
after  formulation  of  the  aeroelastic  pro¬ 
blems  are  its  proper  nondimensionalization 
and  solution  for  stability  and  forced 
response.  Por  reference,  the  dynamic 
equation  of  equilibrium,  assuming  sinu¬ 
soidal  motion  is 
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2['siJ{2i}'Jut  * 


•“ii 

(M/d  J 


(59) 


=  ttj)  (56) 


Generalized  forces  on  the  ith  blade  due  to 
the  nth  travelling  displacement  wave 
pattern  and  the  wake  forced  vibration 
terms  are 


=  BpU2 


2iKy  20.  ' 

q  a 

<S< 

q  «. 


/!e4 

\  u  / 


eJ(ot+ip.) 


f1=npb2u2[E] 


.^nxKxW^K'^} 


.j(wt+pni) 

(57) 


This  will  be  referred  to  as  the  1  formula¬ 
tion  of  aerodynamic  forces.  Note  that  the 
forces  are  nondimensionalized  in  time  by 
the  square  of  the  frequence  of 
oscillation,  and  therefore  have  the  form 
of  virtual  inertias.  A  second  common  form 
of  the  aerodynamic  operators  is  (Chapter 
III) 


This  will  be  referred  to  as  the  c*  formu¬ 
lation  for  the  aerodynamic  forces. 

If  the  homogeneous  aerodynamic  force  due 
to  translation  and  moment  due  to  pitch  are 
examined  in  the  Ct  form,  they  are 


ii  =  =  HpU^JkCp  (hp  /b)  (60) 


f  =  *  =  HpU2^  )a  (61) 

1  b  a 
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ej(wt+pni) 
(58) 


in  which  q  (unfortunately)  stands  for  the 
translational  velocity,  and  a  for  the 
pitch  angle  (Fig.  3).  If  the  assumption 
of  sinusoidal  motion  is  made,  and  the 
coordinates  art  assumed  to  be  the  transla¬ 
tional  and  pitch  displacements,  and  wake 
velocity  amplitude,  then  equation  (58)  can 
be  manipulted  to  have  the  form  of  equation 
(57). 


Figure  3a. 


Notation  Convention  for  2-dof 
Model  in  the  1  Force  Notation 


In  contrast  to  the  t  formulation,  the 
aerodynamic  forces  in  the  ct  formulation 
are  nondimensionalized  in  time  by  the 
square  of  free  stream  velocity  in  the  case 
of  the  moment  (eq.  61),  and  by  the  velo¬ 
city  and  frequency,  in  the  case  of  the 
force,  (eq.  60).  Therefore  these  terms 
appear  in  the  equations  of  motion  as  vir¬ 
tual  stiffness  and  damping  like  terms, 
respectively.  Note  that  in  the  t  form 
there  is  an  explicit  frequency  dependence 
but  no  explicit  dynamic  pressure  depen¬ 
dence,  whereas  in  the  ct  form,  there  is 
explicit  dynamic  pressure  dependence,  and 
the  explicit  frequency  dependence  is  dif¬ 
ferent  from  that  in  the  former.  Thus  in 
comparing  reduced  frequency  dependence  of 
the  nondimensional  aer  -namic  forces,  one 
must  keep  in  mind  t la,.  the  form  of  the 
nondimensionalizatio l  impacts  the  apparent 
trend  as  the  reduced  frequency  is  varied. 
Of  course,  as  always,  one  must  pay  close 
attention  to  the  sign  convention  for  posi¬ 
tive  moment  and  displacement,  and  for  the 
chord  location  which  is  used  for  the  coor¬ 
dinate  system  reference.  A  summary  of 
these  conventions  for  the  !  and  c*  forms 
is  given  in  Appendix  B.  The  nondimension- 
alization  and  solution  techniques  will  be 
developed  for  the  simple  single  degree  of 
freedom  equations  (9),  (10),  and  (11), 
since  it  was  shown  above  that  the  problems 
with  multiple  blade  degrees  of  freedom 
were  simply  extensions  of  the  one  DoF  per 
blade  formulations. 
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Figure  3b:  Notation  Convention  (or  the  2-dof  Model 
in  the  C(  Force  Notation  [Chapter  3] 


Continuing  with  only  the  l  form,  combi¬ 
nations  of  eq.  (9),  (10),  and  (11)  give 
the  aeroelastic  problem  formulated  in 
individual  b’ade  coordinates  as 

-MW + MWJW- 

=  Bpb2w2[E]  [■  JLE]-1^}  (62) 

=  ffpb2«2[L]{51} 


Division  by  the  blade  mass  of  a  sec¬ 
tion  of  the  nominal  blade  gives  us  the 
nondimensional  form  of  the  problem 


where  g  is  interpreted  as  the  degree  of 
structural  damping  necessary  to  provide 
neutral  (oscillatory)  dynamic  behavior. 
The  corresponding  velocity  is  then 


fc} = hi+jgi)(i+8i)JK} 

(63) 


U  =  t!UR 


(67) 


where  c 4  and  6^  are  the  fractional  mass 
and  stiffness  mistuning  of  the  ith  blade, 
ft  is  the  nondimensional  eigenf requency , 
ft  *  w/wr  ,  and  u  is  the  section  mass 
density  ratio 


(64) 


which  premultiplies  all  of  the  aerodynamic 
terms  in  the  governing  equations.  Note 
that  in  the  form  of  equation  (64)  the  mis¬ 
tuning  or  nonuniformity  effects  appear 
explicitly  in  the  formulation. 

Equation  (63)  is  of  the  form  of  a 
traditional  aeroelastic  eigenvalue  problem 
used  to  determine  the  stability  of  the 
system.  The  task  is  to  solve  for  the  com¬ 
plex  eigenvalues  of  equation  (63).  The 
eigenvalues  in  general  will  have  a  nega¬ 
tive  real  part  or  a  positive  real  part, 
indicating  mode  stability  or  instability, 
respectively.  The  contradiction  present 
in  the  formulation  is,  of  course,  that  the 
system  eigenvalues  are  either  exponen¬ 
tially  damped  or  unstable,  but  in  general 
not  purely  sinusoidal,  while  the  aerody¬ 
namic  forces  were  derived  assuming  pure 
sinusoidal  motion.  Furthermoie,  these 
aerodynamic  terms  depend  implicitly  on  the 
reduced  frequency,  but  the  actual  fre¬ 
quency  of  oscillation  is  not  known  until 
after  the  eigenvalues  are  determined. 

The  traditional  solution  to  this 
problem  is  the  so-called  V-g  method,  in 
which  the  structural  damping  is  assumed 
uniform,  and  treated  as  a  free  parameter, 
Bisplinghoff  and  Ashley  (1966).  Rewriting 
equation  (63)  under  these  assumptions 


[KJ + &h]W  ■  i+*i4W 

where  Z  =  ^ 

(T 


(65) 


For  a  fixed  reduced  frequency  kg  ,  the 
eigenvalue  problem  is  then  solved  for  the 
complex  eigenvalues  ,  and  for  each  the 
frequency  of  oscillation  and  damping 
factor  are  calculated 


o  -  (9 *(Z)f1/z 


For  a  N  degree  of  freedom  system  this 
will  produce  N  points  on  the  V-g  diagram, 
as  shown  in  Figure  4.  By  choosing  various 
values  of  k,  families  of  curves  of  re¬ 
quired  damping  can  be  plotted.  The  sta¬ 
bility  boundary  is  then  defined  as  the 
velocity  at  which  the  required  damping 
exceeds  the  structural  damping  actually 
present  in  the  rotor. 

Unlike  in  aeroelastic  analysis  of  air¬ 
craft,  a  key  simplification  of  this  pro¬ 
cess  can  usually  be  made  for  gas  turbines. 
Since  the  mass  ratio  is  usually  large  (v>> 
10),  the  aerodynamic  forces  are  very  small 
compared  to  the  inertial  and  elastic 
forces  acting  on  the  blade,  that  is  t/v<< 
1.  Therefore  the  oscillatory  component  of 
the  aeroelastic  eigenvalue  is  usually  very 
close  to  the  reference  frequency,  implying 
that  the  reduced  frequency  for  all  of  the 
eigenvalues  is  very  close  to  the  reduced 
frequency  associated  with  the  natural 
frequency. 

This  relative  weakness  of  the  aerody¬ 
namic  terms  leads  to  treating  equation 
(63)  as  a  standard  eigenvalue  problem. 
That  is,  a  reference  value  of  the  reduced 
frequency  is  calculated  based  on  the 
structural  frequencies  at  speed  but  in 
vacuum.  The  aeroelastic  eigenvalues  are 
all  then  calculated  and  used  as  is,  since 
little  difference  between  aeroelastic  and 
in  vacuum  frequency  is  present. 


X  -  Points  derived  (or  a 


■  -  Jm(Z)/*e(Z) 


(66) 


Figure  4:  V-g  Representation  of  System  Stability 


If  more  accuracy  is  desired,  then  two 
approaches  are  available.  In  an  iterative 
approach,  after  the  first  calculation,  the 
reduced  frequency  is  modified  based  upon 
the  calculated  oscillatory  component  of 
the  most  critical  aeroelastic  eigenvalue. 
This  iteration  is  then  continued  until  the 
reduced  frequency  assumed  in  determining 
the  aerodynamic  coefficients,  and  the  cal¬ 
culated  reduced  frequency  of  the  most 
critical  eigenvalues  converge.  This  pro¬ 
cedure  resembles  the  traditional  p-k 
method  of  aeroelastic  analysis. 

A  second  procedure  which  eliminates 
the  need  for  this  iteration  is  based  on 
expanding  the  explici '  functional  depen¬ 
dence  of  L  on  k.  If  tne  aeroelastic  coef¬ 
ficients  are  locally  fit  by  a  least 
squares  procedure  to  an  expression  of  the 
form 

L(fl)  =  L„  ♦  L.  5  ♦  L,  K, 

o  i  n  #  {68) 

0  =  u/Ug  =  k/kg 

Substitution  into  equation  (63)  gives  a 
new  eigenvalue  problen 


[n2[t'1^t  J  ♦  5P0.]  +  +  = 

=  ['(i+jg1}(i+*1)v|{q1>  (69) 


which  can  be  rewritten  as  a  standard 
eigenvalue  problem  and  solved  directly  for 
the  aeroelastic  eigenvalues. 


The  results  of  these  formulations  are 
aeroelastic  eigenvalues  which  can  be 
plotted  m  the  complex  plane.  If  the 
traditional  complex  s-plane  interpretation 
is  desired,  then  the  plot  must  be  of 


s  =  jn  (70) 


as  shown  in  Figure  5a  for  a  single  value 
of  reduced  frequency  k.  If  a  range  of  k  is 
plotted,  the  root  locus  of  the  individual 
eigenvalues  plot  out  as  curves  originating 
at  (0  +  lj  )  in  the  case  of  no  structural 
damping.  Instability  is  then  defined  to 
occur  as  the  first  root  crosses  into  the 
right  half  planes  (Fig.  5b). 

There  remains  in  all  this  analysis  the 
contradiction  that  the  system  behavior  is 
non-oscillatory ,  while  the  aero  forces 
were  derived  for  oscillatory  behavior. 
Where  accuracy  is  most  needed,  at  the 
point  of  neutral  stability,  the  behavior 
is  truly  oscillatory,  so  the  aerodynamic 
forces  are  exact.  Common  sense  would 
dictate  that  for  lightly  damped  and  mar¬ 
ginally  unstable  systems,  the  stability 
margin  would  approximate  the  true  damping 
ratio  of  the  system.  This,  in  fact,  has 
been  shown  to  be  the  case,  but  a  proof  re¬ 
quires  the  expression  of  the  aerodynamic 
forces  in  time  explicit  form,  Dugundji  and 
Bundas  (1984).  An  approximate  scheme  for 
this  time  accurate  representation  will  be 
shown  in  the  next  section. 


EXPLICIT  TIMS  DEPENDENT  FORMULATION  OF 
AERODYNAMIC  FORCES 

While  sinusoidal  representation  of 
motion  is  adequate  for  stability  analysis, 
it  is  sometimes  desirable  to  express  the 
aeroelastic  equations  of  motion  with  ex¬ 
plicit  time  dependence  of  the  unsteady 
aerodynamic  terms.  Examples  of  when  this 
might  be  needed  are  when  the  excitation  or 
response  is  expected  to  differ  from  a 
sinusoidal  behavior.  Sue'  non-sinusoidal 
behavior  occurs  in  certain  forced  vibra¬ 
tion  phenomena,  such  as  impacting  or 
mechanical  rubs,  and  time  unsteady  aero 
disturbances,  such  as  rotating  stall  and 
surge.  Furthermore,  whenever  time  march¬ 
ing  calculations  are  to  be  done,  it  will 
be  necessary  to  have  the  aerodynamic 
forces  in  a  time  domain  representation. 

Unfortunately,  the  unsteady  aerody¬ 
namic  operators  have  been  derived  assuming 
sinusoidal  behavior  in  time  and  travelling 
wave  constant  interblade  phase  angle  in 
space.  In  the  special  transformations 
above,  a  complex  inverse  discrete  Fourier 
transform  (eq.  17)  was  used  to  remove  the 
restriction  of  assumed  travelling  waves, 
and  to  express  the  aerodynamic  forces  in 
terms  of  the  individual  blade  motions. 
The  resulting  form  was 


Figure  5a  Complex  s- Plane  Interpretation  of 

Aeroelastic  Eigenvalues  for  a  Single  k 


Figure  5b:  Complex  s-Plane  Interpretation  of 


Eigenvalue  Root  Loci  for  Increasing  k 
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{ft>  .  Hpb2u2[L]{q1}eJ"t 


The  vectors  of  yj  are  auqmented 
(71)  states,  related  to  qj  by 


where  each  column  of  L  was  identical,  and 
shifted  down  one  row  relative  to  its 
neighbor.  Thus  all  the  diagonal  terms  are 
L0  ,  the  blade's  aerodynamic  force  on 
itself,  the  first  diagonal  below  the  prin¬ 
cipal  is  Li  ,  the  effect  of  the  adjacent 
blade  downstream,  etc.  (eq.  19).  The 
elements  of  the  matrix  L  are  of  course 
complex  and  functions  of  the  reduced  fre¬ 
quency  k.  The  restriction  of  sinusoidal 
temporal  behavior  was  therefore  still 
present. 


b  * 
ffqi 


for  l=0,l....,K-i 
and  foO.l, -...((-l 


(74) 


In  other  words,  the  yj  variable  is  a 
first  order  lag  of  time  constant  gt,  on 
the  rate  of  change  of  the  displacement  qj. 
The  time  constants  are  the  same  for  all 
the  nominally  identical  blades.  Such 
approximations  tare  motivated  by  their  suc¬ 
cess  in  approximately  unsteady  aerodynamic 
forces  in  external  flows  and  cascades. 


In  principle,  a  complex  inverse 
Fourier  integral  in  the  reduced  frequency 
parameter  k,  allowing  k  to  range  from  zero 
to  infinity,  could  be  taken  of  the  ele¬ 
ments  of  L  ir  order  to  explicitly  trans¬ 
form  them  to  the  time  domain.  In 
practice,  the  frequency  dependence  of  the 
L  terras  is  either  expressed  as  a  very  com¬ 
plicated  expression  of  k,  or,  if  L  is 
found  through  computational  techniques, 
never  written  as  an  analytic  function  of 
k.  Thus  approximate  transform  techniques 
from  the  frequency  to  time  domain  must  be 
used . 


The  most  popular  approximate  transform 
technique  for  unsteady  aerodynamic  forces 
involves  the  so-called  Pade  approximation 
of  exponential  lags  in  the  aerodynamic 
forces,  Edwards  et  al.  (1979).  In  order 
to  prepare  the  aerodynamic  coefficients 
for  this  approximation  procedure,  it  is 
necessary  to  convert  the  coefficients  to  a 
form  in  which  the  frequency  does  not 
appear  explicitly  in  the  nondimension- 
alization 


<fj>  =  ''Pu2[~-CL]|{q1}eJ"t  =  M^W**'* 
11  (72) 


where 


[C]L  =  k2[L] 


The  rorm  of  the  coefficients  is 
similar,  but  not  identical  to  the  ct  form. 
Now  a  general  approximation  to  the  time 
dependent  Zorm  of  the  aerodynamic  forces 
is  introduced 


<fi> 


:  ffpU2 


[j^CVqi>  +  §(€],{,,)  ♦  [C]o<qi>  (?3) 
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where  C2  ,  Cj  and  Cg  are  real  circulant 
matrices  of  the  same  form  as  L  (i.e.,  only 
N  unknowns,  all  columns  identical  but 
shifted).  The  matrices  C2  ,  Cj  ,  and  Cg 
represent  the  inertial,  damping,  and 
stiffness  effects  of  the  aerodynamics. 
The  matrices  G0,  Gj,  G2,  etc.  are  sparse 
real  circulant  matrices  with  only  one  en¬ 
try  per  column.  They  contain  the  impact 
of  the  relative  lags  in  the  aerodynamics 
on  the  blade  forces.  Gj,  for  example, 
contains  the  coefficient  which  expresses 
the  lagged  forces  of  the  i+j  blade  on 
the  i  blade. 


In  order  to  evaluate  the  unknown  con¬ 
stants  in  C2,  Cj,  Cg,  Gc,  Gj  etc.,  equa¬ 
tions  (73)  and  (74)  are  expanded  to 
examine  the  forces  acting  on  the  zeroth 
blade.  Equation  (73)  gives 


f0  =  Upbu2 

(|2(C0.2qo 

+  C1.2ql  + 

+  S-l.2%-1* 

■4 

0<CO.lqo 

+  Cl.lql  * 

-  +C7C-l.lW 

*C0.0qo 

+  C1.0ql  + 

"*  +  C«-1.0qN-l) 

♦  (G 

v  o.c 

lyl1,+  — 

(75) 

b  ;(*)  +  -„(*)_  b.  for  i=0.1,-...N-l 
Uyi  +¥i  -(fqi  end  taO.l.  —  ,R-1  (76) 


Assuming  pure  sinusoidal  motion 

iv  -  {;.K‘ 


(77) 


then  substitution  into  equations  (75)  and 
(76),  and  combining  the  two,  the  force  on 
the  zeroth  blade  can  be  written 


n^{  (-k2^ jkc0  ,*c0  .o^^]qo'JUt 

+  (A.^kCi.i^.o^i.,!4^)vJU 


(78) 


If  equation  (72)  is  expanded  in  a 
manner  similar  to  equation  (78),  then  the 
force  on  the  zeroth  blade  is 


fo  =  BpU2{[*e(<^)  + 

....  (79) 
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By  comparing  equations  (78)  and  (79) 
term  by  term,  the  following  relations  are 
apparent 


-Ar.2  *  Cr.O  +  Gr.r^  ***<%>  (80) 

Kr.l  +  ®r .ri?“  *(V 
®r 

where  the  C's,  G's,  and  g's  are  real  con¬ 
stants  to  be  determined,  and  C[,r  is  a 
complex  function  of  k. 

All  that  remains  is  for  the  real  un¬ 
knowns  to  be  determined  by  a  fitting  pro¬ 
cedure,  such  as  a  least  squares  fit  to  CLr 
versus  the  reduced  frequency  k  for  each 
value  of  the  index  r.  Such  experience  in 
fitting  sometim  s  produces  an  adequate  fit 
using  the  single  lag  pole  shown.  This  is 
true  for  the  case  of  an  incompressible 
cascade,  Dugundji  and  Bundas  (1984).  More 
accuracy  is  attained  by  introducing  a 
second  set  of  poles  g'  and  associated  con¬ 
stants  G* .  The  classic  Jones  approximation 
to  the  Theodorsen  function  is  an  example 
of  this  kind  of  two  pole  "it,  Bisplinghnf f 
and  Ashley  (1962). 

Once  the  aerodynamic  constants  have 
been  determined,  the  governing  equation  of 
equilibrium,  equation  (9), and  the  time  do¬ 
main  expression  for  the  aerodynamic  forces 
can  be  combined  into  a  single  expression. 

+  = 
npu^cySj)  ♦  oCC],^}  ♦  [C]o{qi> 
[C]0{y[o)}  ♦  Cc]1{y{1)}  +  CC]2{yf)}  ♦—  <81> 

where  +  [V]{yi*)}  =  u<«i> 

f  =  0.1.  —  ,M 

If  a  similar  procedure  is  used  to 
represent  the  unsteady  wake  or  gust  re¬ 
sponse  function,  then  a  complete  time 
accurate  time  domain  representation  of  the 
aeroelastic  behavior  can  be  achieved. 


TRENDS  IN  AEROELASTIC  STABILITY 

As  with  many  engineering  analyses, 
there  are  certain  dominant  trends  in  the 
analysis  of  the  aeroelastic  stability  of 
turbomachine  rotors.  Some,  such  as  the 
role  of  the  mass  ratio  or  the  importance 
of  blade  mistuning  can  be  determined  sim¬ 
ply  from  careful  examination  of  the 
governing  equations.  Others  require  solu¬ 
tions  for  ranges  of  parameters  to  deter¬ 
mine  overall  trends.  In  this  section  four 
trends  will  be  address  id:  the  stabilizing 
and  destabilizing  influences  in  a  cascade, 
and  the  critical  role  of  the  blade  self- 
damping;  the  effects  of  bending-torsion 
coupling;  the  real  rotor  effects  of  load¬ 
ing,  three-dimensionality  and  stall;  and 
the  differences  in  analysis  of  actual 
rotors  and  "rubber"  designs. 


Stabilizing  and  Destabilizing  Influences 
in  Cascades. 

Simply  from  examination  of  the  stabil¬ 
ity  eigenvalue  problem,  certain  stabiliz¬ 
ing  and  destabilizing  effects  can  be  iden¬ 
tified  for  a  single  deqree  of  fieedom 
flutter  model.  The  nondimer.sional  form  of 
the  stability  problem,  equation  (63),  is 

-^['(HJ«1)(l+S1)N]{q,}  ‘  [f1+€l-]  +  jlM  {«i} 

(82) 

in  which  g  is  the  structural  damping  6, 
and  e  the  stiffness  and  mass  nonuni** 
forraity,  and  L,  the  complex  aerodynamic 
influence  coefficients  of  the  form 


Lo  LN-1  LN-2  '  L1 

L1  Lo  hi-l  ‘  ‘  ‘  ^ 

M  ■  4  Lj  Lo  •  •  •  L3  (83) 


4-1  4-2  4-3  4 


In  order  to  identify  the  stabilizing 
and  destabilizing  influences,  we  simplify 
the  problem  by  allowing  the  blades  to  be 
uniform  in  stiffness  and  structural 
damping.  The  governing  equations  for  one 
degree  of  freedom  per  blade  flutter  are 
then 


(M) 


The  remaining  parameters  m  the  pro¬ 
blem  are  the  structural  damping  g,  the 
mass  mistuning  tj  ,  the  mass  ratio  v  ,  and 
aerodynamic  coefficients  L0  through  LN  . 
Each  of  these  terms  somehow  influences  the 
eigenvalues  a  . 

The  complex  eigenvalues  of  equation 
(84)  form  a  pattern  in  the  s-plane,  with  s 
=  jn,  as  shown  in  Figure  6.  This  pattern 
can  be  considered  to  have  a  centroid,  and 
the  eigenvalues  are  distributed  about  this 
centroid. 

The  location  of  the  centroid  is  criti¬ 
cal  to  the  stability.  If  the  centroid  is 
in  the  right  half  plane,  then  by  defini¬ 
tion  some  eigenvalues  will  be  in  the  right 
half  plane,  and  the  system  will  be 
unstable.  Thus,  to  assure  system  stabil¬ 
ity  the  centroir"  must  be  in  the  left  half 
plane.  Returning  to  equation  (84),  it  has 
been  shown,  Crawley  and  Hall  (1985),  that 
the  only  terms  vhich  can  exert  a  net 
stabilizing  influence  on  the  rotor  are  the 
structural  damping  g,  and  the  term  L0, 
which  expresses  the  aerodynamic  force  felt 
on  the  blade  due  to  its  own  motion.  To 
show  the  Importance  of  this  term,  consider 
the  problem  of  equation  (84).  Making  use 
of  the  matrix  property  that  the  sum  of  the 
eigenvalues  of  a  matrix  equals  the  trace 
of  the  matrix,  we  have  the  following  rela¬ 
tionship  for  the  sum  of  the  eigenvalues: 
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In  the  absence  of  unsteady  aerodynamic 
forces,  the  reference  blade  vibrates  at 
at  the  nondlmensional  eigenfrequei cy 
(l  »  nR  ■  1.  In  the  presence  of  aerody¬ 
namic  forces,  which  are  small  compared  to 
the  elastic  and  inertial  moments,  fl  will 
still  be  nearly  equal  to  Or  .  The  eigen- 
frequency  can  be  expressed  as  a  sum  of  its 
reference  value  and  a  perturbation  from 
the  reference  value  flR  . 

n  =  nR  +  5  =  i+  n  (96) 


The  last  step  in  eq.  (86)  is  due  to  (iR 
being  unity  (see  Eq.  68).  Hence  the 
eigenvalues  of  eq.  (85)  can  be  expanded  as 


=  TTtiTW- 1 ' 253  +  0(fi2)  (87> 


For  convenience,  let  s  «  ii] .  Substitu¬ 
tion  of  eq.  (87)  into  eq.  (85)  yields  that 
the  centroid  of  the  eigenvalues  (Fig.  6) 
is  given  approximately  by 
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Figure  6.  s-Plane  Interpretation  of 

Eigenvalues  Showing  Centroid 
and  Stability  Margin  Constraint 


That  is,  in  the  absence  of  structural 
damping,  the  real  part  of  the  centroid, 
<s>,  depends  on  the  imaginary  part  of  Lg  , 
and  the  structural  damping  g  .  The 
imaginary  part  of  the  centroid  depends  on 
the  real  part  of  Lg  and  the  mean  value  of 
the  mistuning. 


The  location  of  the  eigenvalues  m  the 
s-plane  can  be  considered  to  be  distri¬ 
buted  around  the  centroid.  Recalling  that 
the  system  will  be  unstable  if  any  eigen¬ 
value  is  in  the  right  half  plane,  the  ob¬ 
jective  is  to  assure  that  the  least  stable 
eigenvalue  is  as  far  to  the  left  as 
possible.  If  the  rotor  is  unstable, 
increases  in  stability  can  be  achieved 
either  by  moving  the  centroid  to  the  left, 
or  by  reducing  the  size  of  the  distribu¬ 
tion  about  the  centroid,  which  pulls  the 
rightmost  eigenvalue  to  the  left. 


Interpreted  in  this  light,  eq.  (88)  is 
an  important  result.  It  shows  that  in  the 
absence  of  structural  damping  the  centroid 
of  the  eigenvalues  lies  in  the  left  plane 
if  and  only  if  Im(Lg  )  is  less  than  zero. 
Since  a  necessary  condition  for  aero- 
elastic  stability  of  the  rotor  is  that  the 
centroid  of  the  eigenvalues  lies  in  the 
left  half  plane,  it  can  be  deduced  that  a 
necessary  but  not  sufficient  condition  for 
stability  is  that  Im(Lg  )  be  less  than 
zero.  This  is  equivalent  to  the  condition 
that  the  blades  be  self  damped. 


The  location  of  the  centroid  is  set  by 
the  average  value  of  the  mass  (and  stiff¬ 
ness,  of  the  blades,  the  structural  damp¬ 
ing,  and  the  blade  self  damping  term.  The 
distribution  of  the  eigenvalues  about  the 
centroid  is  controlled  by  the  nonuni¬ 
formity  in  the  mass  and  stiffness  and  by 
the  off-diagonal  terms  in  the  aerodynamic 
influence  coefficient  matrix  equation  (83) 
(i.e.,  the  unsteady  cascade  influences  in 
the  aerodynamics). 


Note  that  any  amount  of  off-diagonal 
aerodynamic  influence,  that  is  any  un¬ 
steady  aerodynamics  effects  due  to  neigh¬ 
boring  blades,  will  distribute  the  eigen¬ 
values  about  the  centroid,  and  therefore 
move  some  of  the  eigenvalues  to  the  right, 
destabilizing  the  cascade.  Thus,  unsteady 
aerodynamic  interactions  amongst  the 
blades  in  a  cascade  are  destabilizing. 


The  distribution  pattern  of  eigen¬ 
values  about  the  centroid  is  influenced  by 
the  pattern  of  stiffness  and  mass  mistun¬ 
ing  of  the  blades,  but  the  location  of  the 
centroid  is  not  influenced  by  the  pattern 
of  mistuning  so  long  as  the  average  value 
is  zero.  Thus,  the  effect  of  mistuning 
is  to  reduce  the  influence  of  the  blade  to 
blade  aerodynamic  coupling  and  move  the 
less  stable  eigenvalues  toward  the 
centroid.  Note  that  no  amount  of  mistun¬ 
ing  will  cause  the  centroid  to  move  in  a 
stabilizing  direction  and  no  amount  of 
mistuning  can  increase  the  stability  mar¬ 
gin  of  the  rotor  beyond  that  given  by  the 
blade  self  dancing. 
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Finally,  the  importance  of  the  mass 
ratio  and  structural  damping  can  be  seen 
for  a  one  degree  of  freedom  flutter  by 
examining  eguations  (84)  and  (88).  It  is 
clear  that  all  of  the  aerodynamic  influ¬ 
ences  are  scaled  by  the  mass  density 
ratio.  In  particular,  if  a  necessary 
stability  criterion  is  that  the  centroid 
of  the  eigenvalues  is  in  the  left-half 
plane  then  for  stability 


*«<«>  i  0 


A  similar  relationship  is  derived  from 
the  previous  tuned  rotor  analysis  in  which 
a  sufficient  condition  for  stability  of  a 
tuned  rotor  was  that 


-  B  £  0  (90) 


for  the  largest  positive  value  of  the 
aerodynamic  coefficient  t^n  .  Tn  each  of 
these  cases,  the  relative  contribution  of 
the  aerodynamic  component  and  structural 
damping  is  scaled  by  the  mass  density 
ratio  u  . 

in  the  limiting  case  if  no  structural 
damping,  the  stability  boundary  is  inde¬ 
pendent  of  the  mass  ratio,  since  even  a 
small  amount  of  destabilizing  aerodynamic 
influence  will  cause  the  rotor  to  go 
unstable.  However,  in  the  presence  of  a 
fixed  nonzero  structural  damping  ratio, 
the  mass  ratio  sets  the  magnitude  of 
destabilizing  aerodynamic  effect  which  can 
be  tolerated  before  the  system  becomes 
unstable.  If  the  rotor  speed  is  increased 
past  the  reduced  velocity  corresponding  to 
neutral  aerodynamic  stability  for  a  fixed 
structural  frequency  and  damping,  a  rotor 
blade  with  a  larger  mass  ratio  will  be 
more  stable  than  a  rotor  with  a  smaller 
mass  ratio,  as  shown  in  Figure  7.  The  mass 
ratio  of  course  can  be  changed  by  either 
changing  the  gas  density,  or  by  a  change 
in  the  blade  material. 

The  stabilizing  and  destabilizing 
effects  for  a  single  degree  of  freedom 
flutter  model  can  be  summarized  as 
follows: 

1.  In  the  absence  of  structural  damping, 
the  blade  must  be  serf  damped,  so  that  the 
centroid  of  the  eigenvalues  lies  in  the 
left  half  plane. 

2.  In  the  presence  of  structural  damping, 
blades  of  larger  mass  ratio  are  relatively 
more  stable  than  those  of  smaller  mass 
ratio  for  the  same  damping  g. 

3.  The  cascade  unsteady  aerodynamic 
influences  are  destabilizing. 

4.  Structural  mistuning  does  not  change 
the  location  of  the  centroid,  but  can 
rearrange  the  eigenvalues  to  increase  the 
stability  of  the  least  stable  root.  The 


limit  to  the  potential  effectiveness  of 
mistuning  is  the  centroid  of  the  eigen¬ 
values  of  the  tuned  rotor. 

While  these  four  trends  are  rigously 
true  for  single  degree  of  freedom  per 
blade  flutter,  they  are  generally  appli¬ 
cable  to  any  turboraachine  in  which  the 
flutter  dominantly  involves  a  single  de¬ 
gree  of  freedom  per  blade.  This  is  gen¬ 
erally  true  of  solid  metallic  blades.  In 
the  case  of  hollow  or  composite  blades 
with  significant  bending  torsion  coupling, 
more  judgment  should  be  used  in  interpret¬ 
ing  these  stablizing  and  destablizing 
cascade  influences. 

Bending-Torsion  Coupling 

Several  authors  have  investigated  the 
impact  of  modeling  cascade  flutter  as  a 
classical  bending-torsion  coupled  problem. 
In  order  to  not  confuse  issues,  two  dis¬ 
tinct  mechanisms  of  bending-torsion 
coupling  must  be  distinguished: 

A.  Single  mode  coupling  -this  occurs  when 
a  single  torsional  mode  has  some 
translational  component,  or  a  single 
bending  mode  has  some  torsional 
component.  Although  its  origin  may  be 
dynamic,  this  is  essentially  a  kine¬ 
matic  coupling.  It  may  be  due  to  the 
root  not  being  supported  along  a  line 
normal  to  the  elastic  axis  (i.e., 
structural  sweep),  the  presence  of  an 
offset  between  the  elastic  axis  and 
center  of  mas3,  the  presence  of  aniso¬ 
tropic  materials  or  fibers,  or  the 
presence  of  shrouds  at  tip  or  mid¬ 
span; 

B.  Dynamic  coupling  between  two  modes  - 
which  is  the  case  when  two  independent 
modes  dynamically  interact  to  cause  a 
classic  bending-torsion  like  coales¬ 
cence  flutter. 


Figure  7:  Sensitivity  of  Rotor  Stability  to  Mass  R;  iio 
(or  Single  degree  of  Freedom  Butter 
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In  gas  turbine  blading,  the  first  or 
single  mode  kinematic  coupling  can  be  very 
important.  The  preset  ce  of  shrouds  or  the 
distribution  of  mass  will  often  cause  a 
vibrational  mode  not  to  be  pure  torsion  or 
pure  bending,  and  this  mixture  must  be 
taken  into  account.  Often  the  presence  of 
some  bending  in  a  dominantly  torsional 
mode  will  exert  a  stabilizing  influence. 

However,  in  gas  turbine  blading,  the 
dynamic  bending-torsion  coalescence 
coupling  is  more  important  when  the  struc¬ 
tural  modes  are  very  close  in  frequency, 
or  when  blades  are  hollow  or  composite. 
The  lesser  importance  of  this  dynamic 
interaction  between  modes  can  again  be 
traced  to  the  large  mass  ratios  usually 
found  in  turbine  components.  The  aerody¬ 
namic  forces  are  simply  not  strong  enough 
to  significantly  shift  the  structural 
frequencies,  unless  they  are  already  in 
close  proximity.  Thus  the  aeroelastic 
instability  found  in  most  gas  turbine  com¬ 
ponents  is  not  the  classic  bending-torsion 
coalescence  flutter,  but  instead  a  cascade 
induced  blade-to-blade  interaction 
flutter. 


The  Effects  of  Loading  and  Three- 
Dimensionality 

Actual  turbomachine  components  work  in 
a  complex  .leavily  loaded,  three- 
dimensional  flow  environment  which  is  not 
easily  modeled  in  unsteady  aerodynamic 
models  The  aerodynamic  loading  and 
associated  turning  of  the  flow  impact  the 
aeroelastic  problem  in  at  least  twc  ways. 
First,  the  presence  of  the  loading  can 
push  the  blading  to  a  near  stall 
condition.  In  this  heavily  loaded 
condition,  the  additional  load  per  unit  of 
incidence  is  known  from  quasi-steady 
analysis  and  cascade  experiments  to 
diminish.  Translated  i  ito  an  ui. steady 
aerodynamic  effect,  this  implies  that  the 
forces  on  the  blade  for  a  unit  of  motion 
diminish.  These  forces  per  motion  of  the 
blade  on  itself  are  expressed  in  the  Lg 
unsteady  aerodynamic  coefficient,  which 
was  shown  to  be  pivotal  to  system  stabil¬ 
ity  in  the  discussion  above.  Thus,  any 
slight  reduction  in  the  Im(Lg  !  the  blade 
self  damping  term,  might  lead  to  flutter. 
This  could  be  the  origin  of  heavily  loaded 
flutter  occurring  near  the  stall  line. 

A  second  effect  of  the  turning  is  to 
introduce  swirl  into  the  flow.  This  swirl 
vastly  complicates  the  downstream  flow, 
and  couples  the  acoustic,  vorticity  and 
pressure  fields.  Even  current  three- 
dimensional  aerodynamic  analyses  do  not 
take  this  into  account.  The  implications 
on  the  unsteady  aerodynamic  forces  of  this 
swirling  downstream  flow  have  yet  to  be 
considered. 


Trends  with  Reduced  Velocity 

In  considering  aeroelastic  trends  with 
reduced  velocity,  or  reduced  frequency,  it 
must  be  remembered  that  those  parameters 
are  in  fact  used  in  two  ways:  first,  as  a 
general  measure  of  the  unsteadiness  of  the 
flow,  and,  secondly,  as  a  way  to  non- 
dimensionalize  the  relative  strength  of 
the  structural  and  dynamic  pressure 
forces 


v2  "V-nVM--  dynamic  pressure 
Jt  UtJ  structural  stiffness 


Generally,  these  two  influences  on 
aeroelastic  stability  are  opposing,  that 
is,  the  flow  is  more  unsteady  at  high  k, 
low  V,  but  the  dynamic  pressure  is  greater 
at  low  k,  high  V. 

Further,  when  aeroelastic  trends  *.jch 
as  the  V-g  diagram  of  Figure  8  are  plotted 
versus  V,  attention  must  be  paid  to 
whether  the  trends  are  at  constant  Mach 
number,  or  if  the  Mach  number  changes  with 
V.  The  former,  which  is  the  traditional  V 
-g  diagram,  is  useful  in  the  analysis  of 
rubber  engines,  i.e.,  in  considering  de¬ 
sign  trades,  since  V  can  be  changed  at 
constant  Mach  number  and  temperature  only 
by  changing  b  and  u.  These  are  parameters 
which  are  only  variable  in  design.  For 
analysis  of  an  c.ctual  component,  a  V-M-g 
diagram  is  required,  i.e.,  one  in  which 
Mach  number  changes  in  proportion  to  V,  as 
determined  by  the  operating  line  of  the 
rotor  on  the  performance  map.  Such  dia¬ 
grams  then  represent  *he  performance  of  a 
given  component  running  on  an  operating 
line. 

When  plotting  botli  V  -g  and  V  -M-g 
diagrams,  it  is  useful  to  plot  the  per¬ 
formance  of  a  tuned  rotor,  and  one  with  a 
nominal  degree  of  mistune  as  in  Fig.  8. 
In  limiting  case  a  mistuned  rotor  asymp¬ 
totically  approaches  the  stability  associ¬ 
ated  with  the  blade  self  damping. 


EFFECTS  OF  MISTUNING  ON  STABILITY 

All  rotors  are,  by  the  nature  of  the 
manufacturing  process,  mistuned  to  some 
degree.  Here  mistuning  is  defined  as  a 
distribution  in  the  frequencies  of  the 
blades  in  the  cascade.  It  has  been  sug¬ 
gested  that  the  level  of  mistuning  be 
deliberately  increased  to  further  augment 
the  stability  margin  of  the  rotcr,  and 
that  this  mistuning  be  introduced  in 
specific  patterns. 


Figure  8.  V-g  stability  Diagram  of  a 
Tur.ed  and  Optimally  Mistuned 
Rotor  (5=0.002),  with  the 
Limiting  Case  of  the  Blade  Self 
Damping 
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In  considering  the  effect  of  mistuning 
on  stability,  one  must  understand  the 
mechanisms  of  mistuning;  ••hat  is,  what 
physical  effe  t3  cause  change  in 
stability.  lne  auxiliary  questions  are 
then;  hov  much  mistuning  must  be  Present 
to  consider  a  rotor  mistuned,  how  much 
change  in  stability  margin  can  be  achieved 
by  mistuning;  what  is  the  optimal  pattern 
of  mistuning;  and  what  are  the  limitations 
to  mistuning  for  stability  augmentation. 

When  deliberately  introducing  mistun¬ 
ing  for  stability,  one  would  like  to  pick 
an  arrangement  of  mistuning  which  provides 
a  large  increase  in  stability  for  a  given 
level  of  structural  mistuning.  It  has 
been  suggested,  for  example,  that  alter¬ 
nate  mistuning  may  be  nearly  optimal  in 
increasing  the  stability  of  shroudless 
fans.-  In  this  first  section,  an  appropri¬ 
ate  criterion  for  optimal  mistuning  will 
be  defined  and  typical  optimal  mistuning 
patterns  examined.  In  t.e  next  sectior, 
the  mechanisms  and  limitations  of  mistun¬ 
ing  will  be  discussed. 

The  selection  of  i  definition  of  an 
optimal  mistuning  pa  .tern  is  of  course 
-.•oessarily  subjective.  One  must  deter- 
..  lne  how  to  weigh  the  unlike  quantities  of 
stability,  mistuning  level,  and  forced 
response  of  the  rotor.  One  choice  is  to 
implement  the  level  of  mistuning  as  a  cost 
function  to  be  minimized,  and  the  desired 
level  of  stability  of  the  le<,st  stable 
eigenmode  as  a  constraint.-  Hence,  the 
optimal  mistuning  problem  can  be  posed  as 
a  constrained  optimization  problem. 

The  cost  function  which  represents  the 
level  of  mistuning  in  the  rotor  should  of 
course  strongly  penalize  large  amounts  of 
mistuning  in  any  single  blade.  The  cost 
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be  4.  Since  this  cost  strongly  penalizes 
large  amounts  of  mistuning  in  ai y  single 
blade,  no  blade  mistuninj  becomes  exces¬ 
sively  larger  than  that  of  any  other 
blade.  That  is  to  say  that  there  will  be 
no  "rouge  blades"  in  the  optimal  mistuning 
pattern. 

The  designer  of  a  fan  might  wish  to 
specify  that  a  fan  have  at  its  operating 
point  some  minimum  stability  level.  Hence 
the  stability  requirements  are  simply  that 
the  damping  ratio  of  every  eigenmode  of 
the  mistuned  fan  be  greater  than  some 
minimum  damping  ratio.  This  is  expressed 
symbolically  as 


9,  =  Cj  -  fi  0  1=1.2.. -.N  (91) 


where  is  the  damping  ratio  of  the  if*1 
eigenvalue,  and  c  is  the  desired  stability 
margin.  This  requirement  is  shown  graph¬ 
ically  in  Figure  6. 


At  ‘nis  point,  the  optimization  state¬ 
ment  has  be“n  completely  specified.  The 
cost  function  to  be  minimized  is  a  measure 
of  the  level  of  mass  mistuning  to  be 
introduced  into  the  rotor  while  the  con¬ 
straints  are  that  the  rotor  meet  minimum 
stability  requirements.  The  independent 
variables  are  the  individual  mass  mistun¬ 
ing  of  the  blades  or  stiffness  ana  the 
governing  system  equation  is  equation 
(63).  This  problem  can  be  solved  using 
appropriate  numerical  optimization 
techniques. 


To  illustrate  the  results  of  optimal 
mistuning,  consider  a  specific  high  bypass 
ratio  shroudless  fan.  The  aeroelastic 
behavior  is  modelled  using  a  typical  sec¬ 
tion  analysis  by  assuming  a  single  tor- 
sir  <al  degree  of  freedom  per  blade.  At 
th  typical  section,  the  relative  Mach 
nu  er,  M,  is  1.317;  the  reduced 
frequency,  k,  is  0.495;  the  solidity,  is 
1.4G4;  the  mass  ratir  182;  and  the 
nondimensicnal  radius  ,r.  /ration,  r,  is 
0.4731.  Because  the  putational  dif¬ 
ficulty  of  the  optimization  problem  rises 
quickly  t‘  number  of  blades  increases, 
the  number  of  blades  of  the  fan  was  taken 
to  be  12,  13,  or  14. 


The  unsteady  aerodynamic  model  used  is 
the  supersonic  linearized  model  of 
Adamczyk  end  Goldstein  (1978).  The  aero¬ 
dynamic  influence  coefficients  found  from 
this  model  are  shown  in  Figure  9.  Note 
that  Im(L0  )  is  less  than  zero  indicating 
that  the  blades  are  self-damped.  Hence, 
al’ hough  the  tuned  rotor  is  unstable,  mis¬ 
tuning  may  stabilize  the  rotor  as  previ¬ 
ously  discussed.  Figure  9  also  shows  that 
the  neighboring  blades  and  the  blade  it¬ 
self  exert  the  dominant  forces  on  a  given 
blade.  Tnerefore,  the  aerodynamic  in¬ 
fluence  coefficient  matrix  is  strongly 
banded. 


Figure  9.  Unsteady  Aerodynamic  Moment 

Coefficients  Showing  the  Influ¬ 
ence  of  the  i-th  Blade  on  the 
14th  Blade  in  a  14-Bladed  Rotor 
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Figure  10  shows  the  eigenvalues  of  the 
14-blaaed  tuned  rotor  in  nondimensional 
form.  Note  that  four  of  the  14  eigen¬ 
values  lie  in  the  right  half  plane  and  are 
th.refore  unstable.  Since  the  blades  are 
self-damped,  the  centroid  of  the  eigen¬ 
values  lies  in  the  left  half  plane. 


Next  the  rotor  is  optimally  mistuned 
by  numerically  finding  a  mistuning  pattern 
which  minimizes  the  cost  function  and 
satisfies  all  the  constraints.  Figure  11 
shows  the  cost  of  the  optimal  mistuning 
pattern  versus  the  desired  amount  of  sta¬ 
bility  margin  for  the  12,  13,  and  14- 
bladed  cases.  Also  shown  *s  the  cost  of 
alternate  mistuning  for  the  14-bladed 
case.  Two  important  pcrnts  are  clearly 
illustrated.  First,  although  it  has  been 
previously  thought  that  alternate  mistun¬ 
ing  may  be  nearly  optinal  (in  the  sense 
that  a  small  amount  of  mistuning  is 
necessary)  this  is  not  the  case.  For  a 
desired  damping  ratio  of  0.002,  alternate 
mistuning  require**  nearly  twice  the  level 
of  mistuning  as  optimal  mistuning. 
Second,  it  appears  that  the  number  of 
blades  on  the  rotor  is  unimportant  when 
optimally  mistuning  the  rotor,  and  also 
that  the  optimal  cost  for  12,  13,  and  14- 
bladed  rotor  are  very  similar. 
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Figure  11.  Cost  ■>(  Mistuning  for  12,  13, 
and  14-Bladed  Rotors 
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Figure  12.  Eigenvalues  of  Optimally  Tuned 
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Figure  10.  Eigenvalues  of  a  Tuned  R^tor 


Mechanisms  and  Limitations  of  Mistuning 

Some  insight  into  why  mistuning  is 
effective  can  be  gained  by  examining  the 
eigenvalues  of  the  tuned  and  mistuned 
rotors  in  the  complex  plane.  Figures  10, 
12,  and  13  show  the  eigenvalues  for  the 
tuned  case  and  the  q  *  0.0  and  the  q  = 
0.002  optimally  mistuned  cases  for  the  14- 
bladed  rotor.  As  mistuning  is  introduced 
the  eigenvalues  are  "pushed’'  to  the  left 
as  much  as  necessary  to  satisfy  the 
constraints. 

The  optimal  mistuning  patterns  found 
in  the  optimization  procedure  for  the  14- 
bladed  rotor  are  shown  in  Figure  14. 
Beginnir^f  with  the  q  *  -0.005,  the  pattern 
of  mistuning  is  "almost  alternate" 
mistuning.  The  odd  numbered  blades  have 
little  or  no  change  from  their  nominal 
mass.  As  the  stability  margin  is 
increased,  the  nearly  alternate  blade  mis- 
tu  lings  become  -^re  and  more  apparent. 

Upon  examination  of  a  number  of  opti¬ 
mal  mictunino  patterns  such  as  these,  cer¬ 
tain  characteristic  trends  become 
apparent.  An  almost  alternate  pattern  is 
evident  whicw  serves  to  reduce  the  domi¬ 
nant  influence  of  tie  neighboring  blades. 
This  almost  alternate  mistuning  pattern, 
however,  is  usually  broken  at  one  or  two 
points  around  the  rotor.  It  is  thought 
that  these  breaks  disrupt  the  communica¬ 
tion  of  longer  "wavelength"  forces,  that 
is,  the  smaller  but  nonzero  influence  co¬ 
efficients  from  non-neighboring  blades. 
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Finally,  there  is  a  certain  fine  structure 
to  the  mistuning  pattern.  The  details  of 
this  structure  depend  on  the  details  of 
the  minimization,  and  it  is  difficult  to 
predict  what  this  structure  will  look  like 
without  actually  performing  the  numerical 
optimization. 

Unfortunately,  the  strict  optimal  mis¬ 
tuning  pattern  is  sensitive  to  errors  in 
implementation.  Although  the  designer  may 
specify  a  certain  mistuning  pattern,  the 
manufacturing  process  may  place  limits  on 
the  tolerances  which  can  actually  be 
achieved.  H*»nce,  it  is  necessary  to  con¬ 
sider  the  sensitivity  of  a  given  mistune 
pattern  to  errors  in  implementation.  For 
instance,  if  one  wishes  to  implement  an 
optimal  mistune  pattern  on  an  actual 
rotor,  the  actual  mistuning  pattern  which 
is  implemented  will  be  given  by 


~i  =  +  *t 

specified  1 


(92) 


where  is  the  error  in  mistuning  the 
rotor.  The  stability  of  this  actual  pat¬ 
tern  may  be  significantly  less  than  the 
one  desired,  depending  on  the  errors 
introduced. 


To  investigate  this  problem,  errors 
were  introduced  into  the  optimally  mis¬ 
tuned  14-bladed  rotor  with  a  stability 
margin  of  0.002.  The  procedure  was  to 
compute  the  worst  case  arrangement  of  the 
error  and  then  assess  the  oeqratiation  in 
stability  duo  to  that  case. 


MASS  MISTUNING  VECTORS  OF  OPTIMALLY 
MISTUNED  ROTOR 
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Figure  13.  Eigenvalues  of  Optimally  Tined 
Rotor 
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Figure  14.  Optimum  Mistuning  Patterns  of 
14-Bladed  Rotor 
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For  an  RMS  scatter  of  1  percent  in 
mass  mistiming,  it  was  found  that  the 
stability  was  reduced  from  0.002  to 
-0.00317  (Figures  15  and  16).  The  opti¬ 
mally  raistuned  rotor  is  extremely  sensi¬ 
tive  to  errors  in  mistuning. 

Hence  we  have  seen  that  even  though 
the  optimal  mistuning  is  the  best  possible 
mistuning  pattern  in  one  sense,  that  is, 
it  requires  the  lowest  level  of  mistuning 
to  achieve  a  desired  level  of  stability, 
it  is  clearly  not  practical  to  implement  a 
oattern  of  mistuning  which  requires  very 
close  tolerances  on  the  natural  frequen¬ 
cies  of  the  blades.  As  an  alternative, 
consider  the  case  of  alternate  mistuning. 
As  was  shown  earlier,  this  mistune  pattern 
is  not  nearly  as  effective  as  the  optimal 
mistuning  in  terms  of  required  levels  of 
mistuning.  However,  the  pattern  is  not  as 
susceptible  to  errors  in  implementation  as 
the  optimal  mistuning  pattern.  The  same 
sensititivy  analysis  was  applied  to  an 
alternately  mistuned  rotor  with  a  perfect¬ 
ly  mistuned  stability  margin  of  0.00171. 
For  a  1  percent  RMS  scatter  in  mass 
mistuning,  the  stability  margin  was  re¬ 
duced  from  0.00171  to  0.00047  as  shown  in 
Figure  16.  Tnerefore,  although  alternate 
mistuning  is  not  as  cost  effective  as 
optimal  mistuning,  it  is  clearly  much  more 
robust  to  errors  in  implementation. 

Some  insight  into  this  difference  in 
sensitivity  c_n  be  gained  by  examining  the 
trends  shown  in  Figure  16.  These  trends 
can  be  divided  into  three  regions.  For 
the  first  few  percent  of  mistuning  intro¬ 
duced  into  the  tuned  rotor,  very  little 
change  in  stability  occurs.  In  fact,  it 


can  be  shown  that  for  the  first  increment 
of  mass  mistuning  of  blades  with  a  single 
degree  of  freedom,  no  change  in  stability 
occurs.  Thus,  on  average,  a  rotor  must 
have  several  percent  mistuning  before  it 
begins  to  exhibit  the  behavior  of  a 
mistuned  rotor. 


Beyond  the  fi  "st  few  percent  in  mis- 
tuning,  the  trend  enters  at,  approximately 
linear  region  of  sensitivity,  that  is, 
linearly  increasing  stability  with  in¬ 
creasing  mistuning.  Beyond  this  region, 
one  moves  into  a  region  of  diminishing 
returns.  Eventually,  the  asymptotic  limit 
of  stability,  the  centroid  of  the  eigen¬ 
values,  is  approached  and  the  level  of 
mistuning  required  per  increase  in  sta¬ 
bility  rises  sharply. 

This  idealized  trend  can  be  used  to 
explain  the  sensitivity  of  the  optimum 
mistuning  patterns.  Figure  9  shows  that 
the  optimum  cost  curve  has  a  very  shallow 
slope  in  the  region  of  c  =  0.002.  This 
implies  that  a  small  amount  o*  mistuning, 
if  introduced  correctly,  can  greatly  in¬ 
crease  the  stability  of  the  rotor.  But 
for  the  same  reason,  small  errors  in  mis¬ 
tuning  can  cause  large  decreases  in 
stability.  On  the  other  hand,  alternate 
mistuning  is  relatively  insensitive  to 
errors  in  mistuning  but  is  not  nearly 
optimal.  Thus  there  is  a  clear  design 
trade-off  between  the  level  of  mistuning 
and  the  robustness  of  the  design. 
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Figure  15.  Sensitivity  of  Optimally  Mis¬ 
tuned  Eigenvalues  to  Errors  in 
Mistuning 


Figure  16.  Sensitivity  of  Stability 

Margin  to  Errors  in  Mistuning 
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Summary  Comments 

in  t.iis  chapter  an  attempt  has  been 
made  to  outline  a  complete  and  generalized 
formulation  for  the  aeroela3tic  problem 
and  its  solution.  This  includes  informa¬ 
tion  necessary  conventions  of  the  aerody¬ 
namic  and  structural  dynamic  operators. 
The  most  important  lesson  to  be  learned 
from  this  review  is  that  in  the  case  of 
linear  analysis,  all  of  these  analyses  are 
equivalent,  and  the  practicing  engineer 
should  use  the  one  which  gives  the  most 
insight  into  a  particular  problem. 

In  addition,  a  brief  review  of  the 
most  common  trends  in  stability  analysis 
was  conducted:  the  destabilizing  influ¬ 
ences  in  cascades,  the  influence  of  kine¬ 
matic  vs.  dynamic  bending  torsion 
coupling,  the  effects  of  mistuning,  and 
the  yet  largely  unmodelled  effects  of 
three-dimensionality. 

Much  of  what  has  been  presented  in 
this  chapter,  except  for  the  treatment  of 
explicit  time  dependent  motion  in  a 
cascade,  exists  in  fragments  distributed 
througnout  the  literature.  But,  here  an 
attempt  has  been  made  to  unite  all  of 
this  material  in  a  common  formulation,  and 
reference  it  to  the  remaining  chapters  of 
this  Manual. 


For  travel  Hug  live  coordinates: 
transform  equation  1  using  equation  3 

-U2[E]'1[«][E]{je  }  +  [El'Wjfc,  }  =  ( 

For  standing  node  coordinates  (sln/coa): 
transfora  eqn.,  4  for  and  preaultlply  by  [P]~ 


■•VMf]  ~  +  [P]'l[K][P]  ~  = 


=  ffpbV[P]-1[L][P]  — ? 


For  standing  mode  coordinates  (general)- 
transform  eqn.  4  for  qj  and  preaultlply  by 

-“2[4>]Tt*][4>]{qn}  ♦  [<J»]T[K][if)]{^}  =  (A7) 
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APPENDIX  A:  SUMMARY  OF  TRANSFORMATION  RELATIONSHIPS 


Basic  relationships  (for  single  degree  of 


freed c*i  per  blade) 


Structural  dynamics: 


Other  useful  transformation  relationships: 

(N-l)/2  (!M>/2 

ql  =  m?co  +J1qcncos  n0i  *  Ivln  n0iJeJ"tf 


[«]{qt}  ♦  [K]{q,f  =  {f,} 


Unsteady  aerodynamics :' 


f  =  Upb2u2  i  eJ("t+iPn) 


Kinematics: 


1 1  j-t 


<V  =  [E]{?pJ  .**'  =  {ij 


For  blade  coordinates: 

transform  equation  2  using  equation  3 
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where  •  com  28^  and  f  =  tin 


‘»2DQ{q1)  ♦  KHij)  -  {*,> 

•  Jrcr'iq,} 


(M)  [P]‘[P]=[D>|  H/2 
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where  t)  =  0  at  the  leading  edge.  1  at  the  trailing 
edge,  and  X  =  wc/U  TWe  new  coefficients  are: 
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APPENDIX  B:  FORCE  AND  NOKENT  NOTATION 
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Force  Notation  used  with  the  i  notation 
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The  forces  and  faSMta  are  assumed  to  be 
acting  at  the  elastic  axis  (see  figure  3a).  and 
the  displacements  and  wake  velocities  are. 


Force  notation  usually  used  with  the  notation 

The  forces  and  Moments  are  initially  defined 
to  be  acting  at  the  leading  edge  (see  figure  3b). 
and  the  displacements  and  wmfae  velocities  are: 

qQe^wt  leading  edge  velocity 

aQejWt  •  angular  displacement 
iut 

w^e*  wake  velocity  at  leading  edge 

The  forces  and  moments  acting  at  the  landing 
edge  are: 


h  =  h-e^Ut  :  displacement  of  the  reference  axis 
—  Jut 

o  =  a-e*  *  angular  displacement 
—  Jut 

W  =  we*1  :  wake  velocity  of  the  reference  axis 
And  the  forces  and  moments  are  written  as: 

s=  vpb2u^{£*'il— jp  +  £***•<*  +  f*W*J}«e’^‘,t  (B4a) 

^  =  Tpb2u2{«‘*-X  +  (T-a  *  <OT-i}-e-lut  (Mb) 

By  comparison  of  the  two  conventions. 


F0  =  »pUc(cyq-50  *  u-Cf-So  -  (»») 

*0  =  -  ^Sb-^O  -  S.-V  'Blb> 


If  the  axis  of  pitch  Is  shifted  to  a  point  17c 
behind  the  leading  edge,  the  coefficients  about 
this  axis  (designated  by  subscript  tj)  are  derived 
by  considering  the  transform! ion  ;M  coordinates 
and  forces: 
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and  with  these  conventions: 
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FAN  FLUTTER  TEST 
by 

HANS  STARGARDTER 
United  Technologies  Corporation 
Pratt  fc  Whitney  Aircraft 
East  Hartford,  Connecticut  06X08 


INTRODUCTION 

The  object  of  this  chapter  is  to 
describe  an  aeroelastic  investigation  of 
fan  flutter.  Discussion  includes  test 
procedures  for  flutter  evaluation,  data 
acquisition  and  reduction,  safety,  and 
instrumentation.'  Some  data  contents  are 
included,  but  are  not  the  primary  concern 
of  this  document.  Initially,  a  complete 
sequence  of  preparation,  testing  and 
analysis  of  an  ideal  fan  flutter  test  is 
presented.  This  is  followed  by  identi¬ 
fication  of  dangerous  blade  vibrations,  a 
case  history  of  a  NASA/Pratt.  &  Whitney 
Subsonic/Transonic  Flutter  Study,  and  a 
discussion  and  analysis  of  the  program 
results.  Lastly,  a  summary  relating  this 
test  to  the  overall  discussion  of  fan 
flutter  testing  is  presented.  It  will  be 
noted  that  many  of  the  steps  in  the  ideal 
test  situation  have  been  omitted  in  the 
actual  case  history.  Most  of  these 
differences  are  in  the  test  preparation 
area  because  the  case  history  used  a 
previously  tested  design  in  which  much  of 
tb~  preliminary  work  and  safety  screening 
had  already  been  accomplished. 

TEST  PROCEDURE  FOR  A  FLUTTER  EVALUATION 

What  is  to  be  measured? 

o  Flutter  Boundaries 

Locations  on  compressor  map,  intensity 
gradients,  stress  gradients 

o  Response  in  Flutter 

Frequencies,  coherence,  modulation,, 
phase,  node  shapes,  amplitude  varia¬ 
tions  from  bJade  to  blade 

o  Blade  Running  Position 

Steady  untwist,  camber  changes,  un¬ 
steady  mode  shapes,  variations  from 
blade  to  blade,  variations  with 
speed,  temperature,  pressure 

o  Aerodynamic  -  Steady  Performance 

o  Aerodynamic  -  Unsteady  Performance 

Incidence,  pressure  and  velocity 
fluctuation,  m-passage  f, uctuations, 
airfoil  surface  fluctuatior 

o  Rig  Safety 

Vibration,  critical  speed,  tempera¬ 
tures,  tip  tubs,  sudden  changes  in 
performance  cr  signals 

Pretest  Analysis 

o  Blade  Steady  Stress 

Goodman  Diagram 

Check  for  steady-state  stresses 

Check  for  safe  steady-state  deflec¬ 
tions 


o  Resonant  Vibration 
Campbell  Diagram 
Avoid  known  resonant  stimuli 
o  Stability 

Supersonic  unstalled  flutter 
Transonic  stall  flutter 
Other  flutter 
Test  Preparation 

o  Blade  Selection  and  Acceptance 

Criteria 

Dimensional  verification 
Frequency  checks 
Instrumentation 
o  Strain  Gages 

Select  blades  for  instrumentation 
based  on  measured  frequencies.  Place 
strain  gages  at  locations  where  strain 
is  higl  on  modes  of  vibration 
antici oated  m  test  (root  leading  edge 
is  normally  good  location). 

o  Number  of  Instrumented  Blades 

Strain  gage  of  high  and  low  frequency 
blades 

o  Mirrors 

Select  locations 

Decide  installation  technique 

Recognize  limitation  that  optical  path 
must  be  clear 

o  Kulites 

Mount  on  blade  and/or  case;  concen¬ 
trate  on  leading  edge  region  where 
most  of  the  flutter  action  will  be. 

o  Hot  Films 

Blade-mounted  hot  film  good  only  for 
qualitative  data.  Amplitude  cannot  be 
calibrated. 

o  Include  Steady  State  Performance 
Instruments 

o  Safety 

Determine  steady  state  safety  limits 

Determine  transient  state  safety 
limits 

Test  Plan 

o  Define  number  of  test  points  required 
to  get  satisfactory  data  for  flutter 
boundaries,  resonances  surge,  etc-. 
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o  Establish  flutter  boundaries 

o  Establish  safe  operating  regime 

o  Obtain  most  important  information 
first;  flutter  tests  can  end  abruptly 


dangerous  conditions  require  mstanta- 
naous  reaction,  while  other  situations 
allow  more  time  for  control.  A  descrip¬ 
tion  of  various  types  of  blade  vibrations 
associated  with  excessive  amplitudes 
follows,  along  with  the  required  test 
control  actions.. 


Test  Procedure 


o  Flutter 


o  safety  and  exploring  new  regimes 

During  first  acceleration,  overshoot 
all  steady  points  by  a  small  margin 
to  assure  a  safe  condition  on  all 
blades,  including  those  not  instru¬ 
mented  . 

o  Accuracy 

Verify  accuracy  of  test  stand  obser¬ 
vations  by  careful  playback.; 

o  Fatigue  Damage 

To  assess  fatigue  damage  keep  records 
of  time  above  fatigue  limits,  esti¬ 
mate  amplitude  and  number  of  cycles 
above  limits,  visually  inspect  blades 
using  borescopes,  if  necessary, 
inspect  often  for  foreign  object 
damage,  i.e.,  nicks,  gouges,  erosion, 
tip  rub  burrs  and  temperature  dis¬ 
coloration. 


Data  Acquisition 

o  Frequency  Response 

Recovery  of  wave  forms  requires  an 
order  of  jnagmtude  margin  above 
highest  anticipated  blade  frequency. 
If  sampling  is  used  watch  for  loss  of 
frequency  spectrum. 

o  Determine  calibrations  for  amplitude. 

o  Determine  calibrations  for  phasing 
l spectral  and  fast  Fourier  Transform;. 
Use  a  common  clock  on  all  recorders 
by  paralleling  a  prime  signal  from 
the  strain  gages. 


Strain  Gag 


Lacn  aeroelastxc  pnenonrenon  has  a 
characteristic  signature  or  wave  form 
that  can  oe  identified  or.  the  oscil¬ 
loscope  during  the  test  or  on  playback.’ 
The  major  signals  are  identified  below. 


Flutter  is  identified  on  the  monitor 
scope  as  a  sinusoidal  signal  usually 
on  all  blades  but  isolated  to  one 
stage.’  It  is  probably  the  most 
dangerous  aeroelastxc  event,  often 
associated  with  rapid  increases  in 
amplitudes..  The  observed  frequency  of 
flutter  is  not  an  integral  multiple  of 
the  engine  rotational  frequency.  Safe 
test  stand  practice  requires  backing 
off  the  flutter  boundary  quickly  by 
reversing  the  operating  changes  that 
caused  penetration  into  the  flutter 
boundary.  Hysteresis  associated  with 
t.he  flutter  boundary  is  rare.; 

Figure  1  shows  typical  unfiltered 
strain  gage  responses  associated  with 
a  high-speed  torsional  condition. 
This  figure  shows  a  coherent  flutter 
response,  i.e.,  all  blades  vibrating 
at  the  same  frequency  with  the  inter¬ 
blade  phase  angle  fixed.  Rarely  flut¬ 
ter  may  occur  in  a  less  coherent  man¬ 
ner  with  variable  amplitude  and  vari¬ 
able  phase,  each  blade  vibrating  at 
its  own  natural  frequency.; 

o  Resonance 

Resonance  is  excited  when  the  frequen¬ 
cy  of  periodic  aerodynamic  forces 
(wakes)  matches  the  blade's  natural 
frequency.;  Some  sources  of  resonant 
vibration  are  inlet  distortion, 
structural  struts,  instrumentation, 
burner  cans  or  nozzles.-  The  blade 
response  frequency  is  an  integral 
multiple  of  the  engine  rotation. 

Resonant  vibration  can  be  recognized 
on  the  test  monitor  by  constant 
amplitude  smusoidax  wave  forms  that 
appear  to  stand  still  when  the  scope 
sweeps  are  triggered  by  the  engine 
per-revolution  signal.;  For  example,  a 
two  per-revolution  signal  displays  two 
full  waves  on  the  scope;  a  six  per- 
revolution  shows  3ix  full  waves.  See 
Figure  2. 


o  Flutter  -  coherent 

>  Resonant  vibration 

Buffeting  (also  called  separated  flow 
vibration,  bending  flutteri 

o  Rotating  stall 

o  Surge  or  stall 

o  Tip  rub 

o  Baa  signals  (faulty  slip  ring, 
breaking  gages ,  etc . } 

IDENTIFICATION  OF  BLADE  VIBRATION 

Rapid  identification  of  blade  vibra¬ 
tion  signals  observed  on  the  test  stand 
is  essential..  Certain  potentially 


While  the  only  safe  reaction  to 
flutter  is  to  back  off,  resonant 
vibration  can  be  avoided  by  either 
acceleration  or  deceleration  of  the 
test  vehicle.’  How  far  to  stay  away 
from  a  dangerous  resonance  depends  on 
the  instrumentation.’  Enough  margin 
must  be  allowed  to  keep  non- 
mstrumented  high  and  low  frequency 
blades  cut  of  danger.-  Usually  5  to  10 
percent  change  m  speed  in  either 
direction  is  sufficient..  However,  in 
the  case  of  a  new  machine  it  is 
prudent  to  accelerate  to  a  slightly 
higher  speed  than  the  intended  new 
data  point  and  then  back  down  to  the 
intended  design  speed..  This  will 
assure  the  absence  of  resonant  vibra¬ 
tion  of  non-  instrumented  high  frequen¬ 
cy  blades  that  nay  be  excited  to 
dangerous  amplitudes.. 
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o  Buffeting 

Buffeting,  also  called  separated  flow 
vibration  or  bending  flutter,  is  an 
irregular  motion  of  the  blades 
excited  by  turbulence  in  the  flow 
field.  It  usually  shows  on  the  scope 
as  a  first  mode  response  with 
amplitude  varying  randomly.  Buf¬ 
feting  is  associated  with  high 
incidence  angles  and  often  occurs 
toward  the  stall  line  or  preceding 
flutter.  It  is  also  common  on  front 
stages  of  multistage  compressors  at 
part  speed. 

This  vibration  is  not  necessarily 
dangerous  because  penetration  into 
the  buffeting  regime  normally  in¬ 
creases  slowly..  However,  occasion¬ 
ally  a  threatening  situation  occurs 
when  the  buffeting  shifts  rapidly 
into  true  torsional  coherent  flutter.. 
Typical  responses  to  this  condition 
are  shown  in  Figure  3.* 

o  Rotating  Stall 

Rotating  stall,  although  often  men¬ 
tioned  as  a  cause  of  blade  vibration, 
is  rarely  a  threat..  Blade  frequen¬ 
cies  are  usually  too  high  for  one- 
sector  excitations,  and  multi-sector 
excitations  provide  only  transient 
weak  stimuli.  Therefore,  the  required 
excitation-response  conditions  do  not 
often  exist  for  a  rotating  stall  to 
cause  blade  vibration. 

FAN  FLUTTER  TEST,  A  CASE  HISTORY 

Fan  Rig  Description 

A  stall  flutter  test  was  conducted 
on  a  single  stage  fan  research  rig.'  The 
fan  rig  combined  moderate  tip  speed  with 
a  high  pressure  ratio,  high  flow  rate 
per  unit  annulus  area,  and  good 
efficiency.;  The  3.6  blade  aspect  ratio 
was  aeroelastically  aggressive  even  with 
a  single  partspan  shroud.  The  stage, 
with  its  81.8  cm  (32.21  in.)  rotor  tip 
diameter,  was  large  enough  to  permit 
good  definition  of  the  unsteady  flow, 
blade  deflections,  and  node  shapes 
during  flutter. 

The  rig  is  schematically  represented 
m  Figure  4.  Stage  design  parameters  are 
listed  in  Table  I,  and  rotor  blade 
specifications,  in  Table  II.' 

Blade  inspection 

Blade  leading  and  trailing  edge 
angles  were  determined..  The  maximum, 
minimum,  and  average  edge  angles  at 
fourteen  span  locations  are  compared  with 
design  values  m  Tables  III  and  IV., 

The  second  mode  bending  frequency  of 
the  isolated  blades  was  considered  to  be 
representative  of  blade  flutter  frequen¬ 
cies.  Therefore,  the  second  mode  frequen¬ 
cy  with  clamped  root  and  unrestrained 
shrouds  was  measured  for  each  of  the 
thirty-two  rotor  blades..  The  minimum 
measured  frequency  was  241  Hz?  the 
maximum,  249  Hz.  The  blade  positions  in 
the  rotor  (Figure  5)  were  selected  to 
minimize  differences  in  frequency  between 
adjacent  blades  and  provide  a  smooth 


frequency  variation  around  the  rotor. 

Instrumentation  and  Data  Acgusition 
System 

Instrumentation  provided  full  docu¬ 
mentation  of  both  steady-state  and  non¬ 
steady  aerodynamics  and  for  rotor  struc¬ 
tural  behavior  .u  and  out  of  flutter.; 
The  location  of  instrumentation  is  shown 
in  Figures  6  and  7.;  Table  V  lists  th» 
instrumentation  and  readout  systems. 

A  fully  computerized  steady-state 
data  acquisition  system  was  used  during 
testing.;  Data  were  transmitted  to  a 
computer  located  in  the  control  room  and 
then  to  an  automatic  data  reduction 
computer  which  performed  preliminary  data 
reduction  and  returned  the  results  to  the 
control  room  for  use  directing  the  test 
program.  Positioning  and  readout  of  all 
the  traverse  probes  at  the  rotor  inlet, 
rotor  exit,  and  stator  exit  were  con¬ 
trolled  by  the  rig  automatic  traverse 
system.; 

Unsteady  data  recording  systems  for 
the  Kulites,  hot  films,  and  strain  gages 
recorded  a  common  1:1  speed  signal, 
common  time  code,  and  a  common  strain 
gage  signal.  Before  the  start  of  test¬ 
ing,  a  common  sine  wave  and  white  noise 
signal  were  recorded  on  all  system 
channels  in  order  to  calibrate  frequency 
and  phase  response.. 

Data  from  the  blade  mirror  system 
were  recorded  on  still  photographs,  movie 
film  and  video  tape. 

Steady-State  Aerodynamic  Instrumentation 

Wedge  probes  measured  total  pres¬ 
sure,  static  pressure,  and  air  angle. 
Combination  probes  measured  total  pres¬ 
sure,  static  pressure,  air  angle,  and 
total  temperature.  Wall  taps  were  used 
for  measuring  wall  static  pressures,  and 
total  pressure  rakes  were  used  for 
measuring  stator  exit  total  pressures. 

The  pressures  sensed  by  the  probes, 
fixed  rakes,  and  static  taps  were 
measured  by  transducers  and  recorded  in 
millivolts  by  the  automatic  data  acquisi¬ 
tion  system.  The  accuracy  of  the  pres¬ 
sure  measurement  was  ±0.1  percent  of 
fullscale  value.-  All  temperatures  were 
measured  with  Chromel-Alumel,,  ty^e  K 
thermocouples  connected  to  reference 
junctions  attached  to  uniform  temperature 
reference  blocks  located  in  the  test 
cell.'  Temperature  elements  were  cali¬ 
brated  for  Mach  numbers  over  their  full 
operating  range..  The  thermocouple  leads 
were  calibrated  for  each  temperature 
element.  Overall  rms  temperature  ac¬ 
curacy  was  estimated  to  be  ±0.56K 
( 1 .0*R) . 

Compressor  spe^d  was  neasured  using 
an  impulse-type  p  ,xup,  which  counted 
time.  The  data  were  recorded  through  a 
frequency- to- DC  converter.  Accuracy  was 
±1  rpm. 

Airflow  was  measured  with  an 
orifice  calibrated  to  International 
Standards  Orgamzation/blS  5167 
Standards.  Accuracy  of  the  airflow 
measurement  was  within  one  percent. 
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TABLE  I 

TS22  FAN  STAGE  DESIGN  PARAMETERS 


TABLE  II 
TS22  BLADE  DESCRIPTION 


Aerodynamic 

Pressure  ratio 

Rotor 

Stage 

Corrected  Desiyi  Speed 
Airfoil  Series 

Aspect  Ratio 

11,042  rpm 

Mul tiple  Circular  Arc 
3.6 

1.5 

472.4  m/sec 

1.702 

2.57 

Taper  Ratio 

Tip  Speed 

Adiabatic  Efficiency 

Rotor 

Stage 

(1550  ft/sec) 

0.871 

0.838 

Root  Diameter 

Inlet 

26.2  cm 

Corrected  Flow 

95.56  kg/sec 
(210.67  Ibm/sec) 

Tip  Diameter 

(10.3  in.) 

Specific  Flow 

(annulus  at  rotor  inlet) 

202.78  (kg/sec,r>2) 
(41.53  Itm/sec/ft*) 

Inlet 

81 . 7  cm 
(32.2  in.) 

Geometric 

Rotor  Tip  Diameter 

Exit 

79. 7  cm 
(31.4  in.) 

0.8178m 

Bt.a  4*(a) 

Niaaber  of  Blades 

(2.7  ft) 

32 

Root 

Tip 

54.939  deg 

27.0399  deg 

Nub  Solidity 

2.60 

Beta  1*  Suction  Surface^) 

Root 

48.503  deg 

25.398  deg 

Tip  Solidity 

1.315 

Tip 

Hub/Tip  Ratio 

0. 32 

Chord  Length 

(rotor  leading  edge) 

Root 

7.47  cm 
(2.94  in.) 

Partspan  Shroud  Location 

62 

Tip 

(percent  span  from  hub) 

10.42  cm 
(4.10  in.) 

Notes: 

(a)  Beta  1*  is  the  leading-edge  metal  anole  u  *  the  ...i. 

tangent  to  the  mean  caubeT line  and  f^'mendJonal  d"9-«tton  ^ 

lb)  Leading-edge  metal  angle  based  on  suction  surface.. 


Type  of  vibration 
Resonance 


Flutter 


Buffet 


Characteristics 
Itnitipie  of  engine  order 


ladtvMnl  blade  response 
occasimlly  lull  state  response 


Mut  iuMIpto  of  engine  order 

Itorty  aU  blades  at  same  tregeeRey 

Mot  multiple  of  engine  order 

(tele  esiene  a.ually  first 


i 

Figure  3.  Identification  of  Blade  Vibration 


Wave  form 


Sinusoidal 


MAMMA 


Sinusoidal 


M/WWVj 

Random  amplltade 

/WaMIWJ 
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@20  MIRRORS  LOCATED  AT 
7  AAOlAL  POSITIONS 


20  ST  MAIN  CAGES  LOCATED  ON 
10  OlFFEAENT  SLAOES 
16  BLADE  MOUNTEO 
HOT  F  I LMS 

1  STRAIN  CAGE  PEA  BLAOE 

32  high  RESPONSE  PRESSURE 
TRANSDUCE AS  ON  •  OlFFf  RENT 
BLADES  LOCATED  TO  OBTAIN 
MEASUREMENTS  AT  7  AAOlAL 
POSITIONS 

@2  HOT  FILM  PROBES  TAAVE ASEO 
TO  7  AAOlAL  POSITIONS 

TOTAL  ANO  STATIC  PRESSURE, 
TOTAL  TEMPERATURE.  FLOW  ANGLE 
ON  ONE  COMBINATION  PAOBE 
TAAVE  ASEO  TO  7  AAOlAL  POSITIONS 

3  WEDGE  PAOOES  TAAVE  ASEO  TO 
7  AAOlAL  POSITIONS 


@4  INNE  A  WALL  STATIC 
PAESSOAE  TAPS 

©  TOTAL  PAESSUAE  STATIC 
PAE3SUAE  ANO  FLOW  ANGLE 

2WEOGE  PAOBES  TAAVE ASEC 
TO  7  AAOlAL  POSITIONS 

@2  COMBINATION  PAOBES  TAAVE  ASEO  TO 
7  AAOlAL  POSITIONS 

3  OUAL  TOTAL  TEMPEAATUAE  ANO 
TOTAL  PAESSUAE  PAOBES  WITH 
KIEL  MCAOCO  SENSOAS  LOCATED  AT  f 
AAOlAL  POSITIONS.  THESE  AAC 
L0CATEO  APPAOXIMATCLV  t20° 

APAAT  IN  A  Cl ACUMFC AENTl ALLY 
AOT  AT  ABLE  TAAVEASE  AlNO  THAT 
CAN  BE  POSITIONED  TO  PAOVlOE  AT 
LEAST  tl  TOTAL  PAESSUAE  ANO 
▼  OTAL  TEMPEAATUAE  AEAO'NOS 
ACAOSS  A  ONE  lO  STATO A  VANE 
GAP  ANO  TWO  OO  STATO  A  VANE 
GAPS 


(6) STATIC  PAESSUAE 

4  10  ANO  00  WALL  STATIC 
PAESSUE  PAESSUAE  TAPS 

@T|M£  VARIATION  IN 

LOCAL  MASS  FLOE  FLOW 
I  V*) 

tV  2  HOT  FILM  PAOBES 
TAAVE  ASEO  TO 
7  AAOlAL  POSITIONS 

(«)2  WEDGE  PAOBES  TRAVERSEO 
TO  7  AAD*  aL  POSITIONS 

@10  KUUTE 
SENSOAS 

10  STATIC 
PAESSUAE 
TAPS 

@4  OUTER  WALL  STATIC 
PRESSURE  TAPS 


GEARBOX 
INLET  OUCT 
ROTOR  INLET 


AQQITIONAL  INSTRUMENTATION 


ROTOR  ROTATIVE 
SPEEO  IAPMI 

FLOW  RATE 

TOTAL  PRESSURE 

TOTAL  TEMPERATURE 


2  IMPULSE  TYPE  PICKUPS 

CALIBRATED  orifice 

t  WALL  STATIC  PRESSURE 
TAPS  LOCATED  IN  THE 
PLENUM  CHAMBER 

E  BASE  WIRE  CHROME L  ALUMS L 
THERMOCOUPLES  LOCATEO  IN  THE 

plenum  chamber 


Figure  4.  Schematic  Diagram  of  TS22  Rig 
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TABLE  HI 

LEADING  EDGE  ANGLE 
BLADE  INSPECTION  RESULTS 


Percent (*) 

Span 

Oeslqn 

Minimum 

Maximum 

Averaqe 

47050* 

Design 

Value  Minus 
Averaqe  Value 

0004* 

0.08 

47054* 

47040* 

48012* 

0.12 

46°  10* 

45024* 

4600* 

45044* 

0026* 

0.22 

42054* 

42016* 

43012* 

42042* 

0012* 

0.32 

40054* 

39028' 

39046* 

39037' 

0030* 

0.43 

37058* 

37018* 

37040* 

37029* 

0029* 

0.52 

36052* 

3608* 

j700* 

36029* 

00  23* 

0.55 

3704* 

36050* 

37°0* 

36°55* 

009* 

0.58 

37° 10* 

36°10* 

36028* 

36018* 

0052* 

0.62 

35026* 

3500* 

3508* 

3502* 

0024* 

0.66 

34036* 

33030* 

34054* 

34015* 

0°21* 

0.72 

3200* 

31048* 

31052* 

3105* 

0055’ 

0.82 

280 50* 

28024* 

28044* 

30029* 

0014* 

0.92 

25024* 

2504* 

25050* 

25029* 

-0005’ 

0.99 

23°10* 

22056* 

2304* 

22058* 

0012* 

Note:  Ulpercent  Span  From  Hub 

TABLE  IV 

TRAILING  EDGE  ANGLE 
BLADE  INSPECTION  RESULTS 


Percent (*) 


Span 

Desiqn 

Minimum 

0.08 

96050* 

95050’ 

0.12 

87O10* 

86014* 

0.22 

690  56* 

6900* 

0.32 

58028* 

57058* 

0.42 

49°8* 

48° 42  * 

0.52 

44034* 

43044* 

0.55 

43042  * 

43024* 

0.58 

43014* 

42022 1 

0.62 

4100* 

40®4* 

0.66 

39042* 

4904* 

0.72 

35028* 

35026* 

0.82 

30° 28* 

30014* 

0.92 

24024* 

24024* 

0.99 

21058* 

21038* 

Note:  (*)  Percent  span  fron  hub 


Maximum 

Averaqe 

Design 

Value  Minus 
Averaqe  Value 

9602* 

95054* 

0°56* 

86042* 

86028’ 

0042* 

70016* 

69037* 

0029* 

58034* 

58014* 

0014* 

49°0* 

48O40* 

0°18* 

44°40* 

4407* 

0°27* 

43030* 

43028* 

0°14* 

42046* 

42037* 

0037* 

40° 28* 

40015* 

0048* 

39052* 

39025* 

0017* 

35038* 

35032* 

004* 

30048* 

30029* 

001* 

2500* 

24041* 

-0017* 

21056* 

21044* 

0014* 

LOCATION  OF  KULITE  TRANSDUCERS 
ON  HADE  SURFACE 


Figure  7.  Installation  Locations  for  Blade-Mounted  Kulite  Pressure  Transducers 


Figure  8.  Schematic  of  TS22-X204  Laser  Configuration 
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TABLE  V 

INSTRUMENTATION  ANO  READOUT  EQUIPMENT 


Non-Steady  Instruments  Recorded 

32  Strain  gages 

24  Hot  films  •  blade  mounted 

4  Stationary  Hot  fils  probes 

10  Wall  Kulites 

32  Blade  mounted  Kulites 

102  Sensors 

Recorders 

1  70  channel  multiplex 

2  9  channels  Sangamo 

3  11  channels  Sangaao 

4  12  channels  strain  gage  console 

5  _ 4  channels  strain  gage  console 

106  channels 

Each  of  the  five  recorders  had  strain  gage  3  in  parallel  as  a  coranon  signal  to 
permit  time  correlations  between  any  of  the  102  sensors. 


TABLE  VI 

HIGH  RESPONSE  INSTRUMENTATION  SPECIFICATIONS 


Kulite  -  Model  XCQL-BV-808 
Rated  Pressure: 

Sensitivity: 

Temperature  Compensation 
Acceleration  Sensitivity: 
Traverse 
Perpendicular: 

Natural  Frequency 
Non-Linearity  and  Hysteresis: 


17.24  N/cm2  (25  lbf/1n.2) 

3.8  x  10*  mV/N/m2  (2.62  mV/lbf/in.2) 
278K  to  4Z2K  (40°F  to  300°F) 

0.00004*  Full  Scale  Gage 
0.0002*  kHz 
230  kHz 

+0.75*  full  scale  maximum 


Kulite  si.Model  LQL5-080-25S 
Rated  Pressure: 
Sensitivity 

Temperature  Compensation: 
Acceleration  Sensitivity: 
Transverse: 
Perpendicular: 

Natural  Frequency: 


17.24  N/cm2  (25  lbf/1n.2) 

3.8  x  10*4  mV/N/m2  (2.62  mV/lbf/in. 
278K  to  422K  (40°F  to  300°F) 


2) 


0.00008*  Full  Scale  Gage  per  g 
0.0004*  Full  Scale  Gage  per  g 
125  kHz 


Quartz  Hot  Film 
Thermo- systems  model  1210-60 

0.0154  cm  (0.006  in.)  quartz  rod  with  platinum  sensor  deposited  0.203  cm 
(0.080  in.)  between  posts 

Temperature  coefficient  of  resistance  *  0.0026  ohm/ohm-<K 
Frequency  Response  at  91.44  m/sec  (300  ft/sec):  200  kHz 


s 
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) 
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TABLE  VII 

TS22  NASA  FLUTTER  TEST 
TEST  MATRIX 


Run 
hi mtoer 

Spaed 

Coda 

Point 

Number 

Unsteady 

Record 

Percent 

Speed 

Percent  Rotor 

Corrected  Pressure 
teflon  How  Ratio 

ShakedoM 

All  Mirrors 

Remarks 

001 

70 

01 

20-27 

70 

72.8 

1.228 

Hide  Open  Discharge 

- 

- 

- 

2t 

70 

- 

- 

Closing  Discharge  Valve.  Transient  Into 
flutter 

001 

70 

05 

43 

70 

66.9 

1.2722 

Check  Point  wide  Open  Discharge 

— 

— 

— 

54T 

- 

- 

- 

Transient 

001 

€1 

01 

71 

63 

65.8 

1.1776 

Wide  Open  Discharge 

003 

€3 

03 

75-84 

63 

53.4 

1.2374 

Stress  Level  fluctuating.  Shakedown 
Complete 

Performance 
All  Mirrors 

003 

73 

01 

85-94 

73 

74.7 

1.2587 

Wide  Open  Discharge 

003 

73 

02 

100-108 

73 

60.0 

1.3317 

Maximum  Flutter 

3  Matt  user 

4  Rows  Mirrors  (Above  Shroud) 

004 

70 

03 

128-135 

70 

S9.8 

1.3004 

70X  Low  flutter  Point 

004 

#7 

01 

135-143 

67 

68. S 

1.1890 

Wide  Open  Discharge 

004 

75 

01 

04 

00 

176-183 

195-202 

220 

75 

75.3 

60.3 

55.5 

1.2840 

1.3369 

1.2978 

Wide  Open  Discharge 

004 

005 

75 

73 

75 

70 

Max 'mum  flutter 

All  Mirrors 

3  Matt  Laser 

007 

* 

01 

239 

65 

54.5 

1.26 

Maximum  flutter 

007 

50 

01 

242-249 

55 

52.0 

1.1530 

Near  Surge  (Rotating  Stall) 

007 

05 

02 

279-285 

as 

as. 4 

1.3792 

Uide  Open  Discharge 

- 

- 

- 

287 

- 

- 

-- 

Transient  To  Surge 

007 

•5 

05 

286-295 

85 

1.4862 

Near  Surge 

8LA0E  MIRROR  LOCATION 


BLADE 

LUMBER 

PERCENT  SPAN  (») 

PERCENT  CHORD  (b) 

2 

86.3 

50 

3 

86.3 

50 

4 

66.0 

SO 

5 

66.0 

25 

9 

95.2 

5  25  50  70 

66.3 

5  25  50  70 

76.4 

5  25  50 

66.0 

5  25 

55.0 

5  25  50 

47.0 

5  25 

38.0 

5 

20.0 

5 

Note:  (a)  Percent  Span  Fro*  Hub  TIP 


z 

< 


HUB 


smouD 


Figure  9.  Mirror  Installation  Locations 
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Structural  Instrumentation 

Blade  deflections  were  measured  by 
a  mirror  system.  Steady  state  and 
unsteady  deflections  were  recorded  using 
the  techniques  described  in  Stargardter 
(1977)  and  Stargardter  (1979).  One 
strain  gage  was  placed  on  each  blade  to 
measure  unsteady  stresses  and  to  the  on¬ 
set  of  flutter. 

Optical  Mirror  System 

Rotor  blade  deflections  were  me  ■- 
sured  both  in  and  out  of  flutter.  During 
stable  operation  these  deflections  were 
due  to  centrifugal  and  aerodynamic 
forces.  when  in  flutter,  vibrational 
mode  shapes  had  to  be  determined.  A 
patented  system  Stargardter  (Patent 
4080823)  of  optical  mirrors  and  reflected 
laser  light  was  used  to  measure  rotor 
blade  surface  angle  changes  from  which 
blade  deflections  were  determined. 

The  optical  mirror  system  consisted 
of  an  array  of  mirrors  installed  on  the 
blades,  a  laser  liqht  source,  and  a 
readout  and  recording  system,  shown 
schematically  in  Figure  8.  The  laser 
light  was  split  ir.cc  several  beams,  each 
directed  to  the  radial  location  of  one 
of  the  mirrors.  Variable  beam  splitters 
were  adjusted  to  provide  equal  intensity 
of  all  the  light  beams.  Each  splitter 
was  mounted  on  a  five-axis  adjustment 
system  to  facilitate  accurate  aiming  of 
the  light  beams.  The  laser  light  and 
mirror  system  for  measuring  the  instan¬ 
taneous  blade  surface  positions  used  a 
604.5  cm  (238.0  in.)  optical  path  up¬ 
stream  of  tte  test  stage  inlet.  This 
path  was  long  enough  to  provide  light 
spot  deflections  to  detect  blade  motion 
of  0.1  deqree  rotation  in  bending  or 
torsici.  As  the  instrumented  blade 
rotated  through  the  beams,  the  mirrors 
reflected  the  beams  back  to  the  readout 
system  to  separate  points  that  had  been 
selected  to  avoid  pattern  interference 
during  flutter. 

The  mirrors  were  attached  to  the 
blades  with  epoxy  cement.  Additional 
details  of  the  mirror  system  and 
mounting  techniques  are  given  in 
Stargardter  (1977).  Twenty  mirrors  were 
installed  on  one  blade  to  provide  full 
coveraqe  of  the  blade  in  the  region 
above  the  midspan  shroud  and  along  the 
leading  edge  below  the  shroud.  Addition¬ 
al  mirrors  were  mounted  on  other  blades. 
The  complete  array  of  mirrors  is  shown  in 
Figure  9.  Circumferential  locations  of 
instrumented  blades  are  shown  in  Figure 
5. 

Two  windows  were  installed  in  the 
inlet  section  walls  of  the  test  facility: 
one  to  provide  laser  light  entry;  the 
other  to  provide  a  screen  for  receiving 
the  reflected  light  beams.  The  interior 
of  the  inlet  was  frosted  in  selected 
locations  to  prevent  secondary  reflec¬ 
tions  from  interfering  with  the  laser 
beam  signal. 

The  optical  data  were  recorded  with 
a  movie  camera,  and  video  tape.  The 
cameras  were  placed  to  receive  the 
maximum  scattered  liqht  when  the  beams 
were  on  the  output  window.  A  oscil¬ 


loscope  beneath  the  output  window  was 
photographed  simultaneously  with  the 
light  spots  to  correlate  the  time  code 
and  rotor  speed  signals  with  the  mirror 
deflection. 


Strain  Gage  on  Blades 

To  ensure  safety  and  to  measure  the 
response  of  all  blades  in  flutter,  one 
strain  gage  was  installed  on  each  rotor 
blade  immediately  above  the  shroud  at  the 
midchord  location.  This  location  was 
selected  because  it  is  sensitive  to  the 
second  coupled  mode  expected  in  flutter. 
Signals  from  these  gages  were  transmitted 
through  a  slipring  and  recorded  on 
magnetic  tape. 

The  frequency  response  of  the  strain 
gage  data  was  limited  by  the  bandwidth  of 
the  data  recording  system.  The  accuracy 
of  any  given  strain  gage  was  statistic¬ 
ally  determined  to  be  approximately  t5 
percent,  representing  one  standard  devia¬ 
tion  for  typical  data. 

Unsteady  Aerodynamic  Instrumentation 

The  instrumentation  for  measuring 
unsteady  aerodynamic  effects  included: 
1)  Kuli.es  on  '.he  case  over  the  rotor 
blade  tips,  2)  an  array  of  Kulite  hiqh 
response  pressure  transducers  on  the 
rotor  blades,  3)  traversing  hot-film 
probes  at  the  inlet  and  exit  locations  of 
the  rotor,  and  4)  an  array  of  hot-film 
anemometers  on  the  rotor  blades. 

The  fan  case  Kulites  and  the  hot- 
film  probe  outputs  were  recorded  on  two 
wide  band  FH  tape  recorders  having  a 
capacity  to  40  kHz  center  frequencies  and 
40  kHz  output  filters.  In  addition  to 
the  data  signals,  60:1  and  1:1  speed 
signals  were  recorded  along  with  1  kHz 
IRIG  B  Format  Time  Code  Signal. 

Data  from  all  blade-mounted  Kulites 
were  recorded  on  a  constant  bandwidth 
frequency-division  multiplex  system, 
which  provided  a  frequency  response  of 
2  kHz  with  a  resolution  of  690  N/m2 
(14.4  lbf/ft2)  and  an  error  no  greater 
than  ±1  dB.  Each  of  the  12  tracks  on  the 
system  recorded  six  data  signals  plus  a 
time  code  signal.  One  data  channel  on 
each  track  was  used  to  record  a  reference 
strain-gaqe  signal  for  phase  determina¬ 
tion.  The  hot-film  anemometer  data  were 
also  recorded  on  this  multiplex  system. 

Case  and  Blade  Mounted  Kulites 

Thirty-two  Kulite,  high-response 
pressure  transducers  were  distributed 
over  the  pressure  and  suction  surfaces  of 
four  blades  (Figure  7)  instrumented  in 
pairs  such  that  the  nstrumentation 
locations  on  the  suction  surface  of  one 
blade  matched  those  on  the  pressure  sur¬ 
face  of  the  adjacent  blade  across  the 
flow  channel.  Transducer  specifications 
are  shown  in  Table  VI.  The  data  from 
these  transducers  provided  detailed 
mapping  of  the  pressure  fluctuations 
durinq  flutter. 

Signals  from  the  rotating  Kulite 
transducers  were  amplified  before  pas¬ 
sing  through  the  slipring  to  the  record- 
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ing  device  by  an  amplifier  package  which 
rotated  with  the  rotor  assembly. 

The  rotating  Kulite  pressure  trans¬ 
ducers  were  calibrated  both  before  and 
after  mounting  on  the  blade  surfaces. 
The  accuracy  of  the  calibration  facility 
was  0.1  percent  full  scale  over  a  range 
of  zero  to  345  N/cm2  (550  lbf/in.2). 

Hot  Film  Anemometers 

Radially  traversing  hot-film  probes, 
two  located  at  the  inlet  and  exit  of  the 
rotor,  respectively,  measured  fluctua¬ 
tions  in  inlet  and  exit  flow  during 
stable  and  flutter  operation.  The  hot- 
film  probes  were  calibrated  at  ten 
different  flow  velocities.  Hot-film 
anemometers  were  located  on  the  rotor 
blades  to  characterize  the  flow  over  the 
blade  surfaces  in  and  out  of  flutter  and 
during  transition  from  stable  flow  to 
flutter.  The  sensors  were  oriented  with 
their  length  tangent  to  the  case  and 
perpendicular  to  the  rig  axis. 

The  frequency  response  of  the 
probes  and  the  associated  data  acquisi¬ 
tion  system  was  40  kHz  with  a  resolution 
of  1.0  percent  of  the  mean  flow 
velocity.  The  dynamic  accuracy  of  the 
probes  was  1  dB  for  axial  Mach  numbers 
below  0.4.  The  accuracy  at  higher  Mach 
numbers  was  less  because  of  a  loss  in 
sensor  linearity  caused  by  flow  compres¬ 
sibility. 

Twenty  hot-film  sensors  were  in¬ 
stalled  on  four  blades  above  the  shroud 
at  positions  corresponding  to  those  of 
the  blade-mounted  Kulite  pressure  trans¬ 
ducers. 

The  film  with  its  polyimide  backing 
was  mounted  on  a  0.041  cm  (0.016  in.) 
Kapton  film  substrate  to  minimize  heat 
transfer  to  the  blades.  The  grid  was 
oriented  in  the  direction  of  flow  with 
the  leadwires  routed  off  the  trailing 
edge  to  avoid  an  additional  turbulence 
source. 

The  sensors  were  calibrated  to  iden¬ 
tify  strain  induced  errors,  but  their 
nonlinear  response  and  the  difficulty  in 
simulating  the  test  situation  in  the 
laboratory  made  calibration  to  obtain 
quantitative  data  unrealistic.  There¬ 
fore,  their  function  was  limited  to 
qualitative  characterization  of  the 
flutter.  However,  comparing  the  flutter 
response  from  one  data  point  to  another 
gave  useful  data  on  suction  surface 
nonsteady  flow  characteristics.  These 
sensors  and  associated  data  acquisition 
system  provided  a  fre  uency  response  to  2 
kHz. 

Tests 

Overall  aerodynamic  performance  and 
high  response  aerodynamic  and  aeroelastic 
data  were  obtained  at  all  operating 
points,  and  surge  points  were  determined 
at  several  speeds  between  63  and  85 
percent  of  design. 

Testing  involved  mapping  the  extent 
of  the  flutter  boundary  by  taking  data  at 
operating  conditions  both  in  and  out  of 
flutter.  Test  points  are  listed  in  Table 


VII.  Flutter  boundary  was  defined  as  the 
flow  at  which  a  vibratory  stress  of  12068 
N/cm2  (±3000  lbf/in.2)  was  attained. 


Data  Reduction  Procedures 

Parameters  calculated  for  all  data 
points: 

o  Overall  stage  performance 
o  Blade  element  performance 
o  Blade  untwist  and  uncamber 
o  Flutter  frequency  on  all  blades 
o  Blade  stress  level  on  all  blades 
o  Vibratory  mode 


o  Fressure  contours  over  the  blade  tips 


o  Incidence 
stations 

angle 

at 

seven 

radial 

o  Reduced 
stations 

velocity 

for 

seven 

radial 

More  extensive 
performed  for  six  of 

data 

the 

reduction  was 
data  points. 

This  reduction  provided: 

o  Analysis  of  the  mirror  data  for 
amplitudes  and  phase  relations  on  one 
blade  correlated  with  strain  gage 
signals  and  other  non-steady  signals 
to  define  the  blade  and  stage  mode 
shape  and  its  relationship  with  the 
instantaneous  aerodynamics. 

o  Average  steady  pressure  distribution 
at  the  wall  for  two  blade  passages. 

o  Unsteady  pressure  distribution  at  the 
wall  for  two  blade  passages. 

o  Amplitude  and  phase  angles  of  all 
fluctuating  signals  from  rotor-mounted 
sensors  —  both  amplitude  and  phase 
angle  were  determined  relative  to  the 
reference  signals  from  the  No.  3 
blade. 

The  blade  centrifugal  untwist  and 
uncamber  resulting  from  centrifugal  and 
gas  bending  loads  were  determined 
directly  from  the  blade  deflection  data 
obtained  with  the  otpical  mirror  system. 
Images  from  twenty  of  the  twenty-six 
blade  mounted  mirrors  were  used  to 
determine  blade  movement. 

The  steady  pressure  contours  in¬ 
dicated  that  flutter  may  alter  the  blade 
passage  pressure  distribution. 

The  contour  maps  of  unsteady 
pressure  amplitude  revealed  regions  of 
high  amplitudes  near  the  leading  edge, 
lower  amplitudes  near  the  trailing  edge, 
and  nodes  near  the  midchord  position. 


Steady  Deflections 

Steady  deflections  wore  determined 
for  speeds  from  25  to  85  percent  of 
design.  Photographs  taken  at  selected 
speeds  in  nine  percent  increments  were 
used  to  determine  steady  blade  movement. 
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The  vertical  position  of  each  spot  on 
each  photograph  was  measured.  Using  the 
idle  spot  positions  as  a  baseline,  the 
movement  of  the  spots  for  any  speed  was 
scaled.  This  movement  on  the  screen  was 
then  converted  to  angle  of  twist  and 
change  in  bending  slope. 


orders,  m  ,  of  blade  vibration  where 
1  <  m  <  N  . 


PB(x,y,t)  -  l  pran  (x)exp  (i(emny+«t)}  (1) 
n*-«* 


Unsteady  Data  Reduction 

The  reduction  of  the  high  frequency 
response  data  from  the  hot-film  probes, 
wall-mounted  Kulites,  blade-mounted  hot- 
film  sensors,  blade-mounted  Kulites  and 
blade-mounted  strain  gages  was  done  by 
signal  enhancement,  signal  phasing  from 
rotating  instruments,  and  signal  phasing 
between  rotating  and  stationary  instru¬ 
ments. 


when  n  ,  the  number  of  full  waves  per 
intrablade  passage,  is  added  to  the 
fractional  number  represented  by  m 
waves  around  the  full  circumference, 
w  is  the  flutter  frequency  common  to  all 
phenomena  in  the  rotating  system.  The 
unsteady  periodicity  condition  defines 
the  wave  number. 


Signal  Enhancement 

The  signal  enhancement,  a  time 
domain  technique,  extracted  or  enhanced 
particular  frequency  components  from  a 
broadband  signal.  The  technique  in¬ 
volved  averaging  numerous  time  segments 
of  a  broadband  signal,  the  start  of  each 
segment  being  triggered  by  a  reference 
signal.  Each  successive  time  segment  was 
summed  and  averaged  in  a  storage  memory. 
The  result  was  an  enhancement  or 
reinforcement  of  those  components  that 
were  synchronous  with  the  triggering 
signal  and  suppression  of  components  that 
were  not. 


where  the  interblade  phase  angle, 

♦m  *  tP  <3> 

and  blade  spacing,  s  - 
where  r  is  radius 
hence  »  ■”  *  -  f‘ 

In  the  stationary  system,  the  coordinates 
x'  and  y'  are  relited  to  their 
rotating  counterparts  by 


Phasing  of  Signals  from  Rotating  Instru¬ 
mentation 

Phase  information  between  the 
reference  strain-gage  signal  on  the 
No.  3  blade  and  all  other  strain-gage 
and  rotating  Kulite  and  hot-film  signals 
was  produced  at  *ne  flutter  frequency, 
using  cross  spectral  density  techniques. 
The  analysis  range  for  the  task  extended 
to  2  kHz.  An  800  element  spectral  reso¬ 
lution  was  selected.  To  produce  each 
final  plot,  128  sweeps  from  the  analyzer 
were  averaged.  The  analysis  was  con¬ 
ducted  from  zero  to  2000  Hz.  The  ana¬ 
lyzer  filter  bandwidth  yielded  a  spectral 
resolution  of  about  3.75  Hz.  All  result¬ 
ing  phase  angles  were  corrected  for 
errors  introduced  by  the  signal  condi¬ 
tioning  and  recording  systems. 


x  *  x' 

y  »  y'  +  Ort 


(4) 


where  Q  is  the  rotor  speed.  Equation 
( 1 )  then  becomes 


Pm<*'  *  y’  .  t) 


(5) 


l  pmn(x')eiBmn  <*’  +  +  u./8mn)t> 


This  is  in  the  form  of  waves  having  wave¬ 
length  2*/0mn  ,  moving  at  velocity 
(Or  +  m/Shu,)  .  The  frequency  us  mea¬ 
sured  by  a  stationary  probe  is  the 
product  of  the  wave  number  mn  and  the 
wave  velocity.  Hence 


Phasing  of  Signals  Between  Rotating  and 
Stationary  Instrumentation 

Phasing  between  signals  from  the 
rotating  blades  and  the  stationary  wall 
instrumentation  was  determined  using  a 
variation  or  extension  of  the  cross- 
spectral  density  technique. 

The  vibration  of  the  individual 
blades  in  a  stage  in  flutter  is  fully 
defined  by  the  sum  of  a  finite  series  of 
circumferential  harmonic  waves  where  the 
number  of  component  waves  equals  the 
number  of  blades,  N  ,  in  the  stage.  The 
associated  unsteady  pressure,  p  ,  at  a 
particular  axial  coordinate,  x  ,  varies 
with  tangential  coordinate,  y  ,  and  time, 
t,  is  described  by  the  sum  of  an  infinite 
series  of  forward  and  backward  rotating 
harmonic  waves  having  all  integer  numbers 
of  cycles  around  the  circumference  of  the 
stage.  This  function  is  epxresaed  in 
terms  of  sets  of  responses  to  individual 


us  =  8mnfir  +  u  =  SINn  +  u  +  Sim  (6) 

where  ftm  is  a  multiple  of  shaft  speed, 
and  SINn  is  a  positive  or  negative 
multiple  of  blade  passing  speed.  There¬ 
fore,  the  single  flutter  frequency,  w  , 
in  the  rotating  system  becomes  a 
spectrum  when  detected  by  a  stationary 
sensor.  The  observed  frequencies,  us  , 
are  spaced  at  multiples  of  shaft  speed, 
SI  .  The  index  m  identifies  the 
associated  harmonic  wave  comp  nent  of 
blade  vibration  and  the  index  n 
identifies  the  added  number  of  waves 
within  a  passage  between  adjacent 
blades. 


Because  flutter  was  seen  at  many 
frequencies  by  the  case-mounted  Kulites, 
phase  information  could  not  produced 
directly.  Instead,  an  .  .ng  tech¬ 
nique  was  used.  By  jn  of  the 
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sampling  rate  to  equal  the  rotational 
frequency,  both  the  rotating  and 
stationary  transducer  flutter  signals 
were  transformed  to  a  new  coordinate 
system  In  which  a  single  flutter 
frequency  existed  for  both  sets  of 
signals.  Phasing  of  the  signals  in 
question  could  then  be  performed.  The 
one-per-revolution  speed  pip  was  used  as 
the  sampling  rate  command. 

Two  different  procedures  were  used 
to  produce  phase  information.  One 
procedure  was  to  allow  all  the  flutter 
components  in  the  stationary  signal  to 
be  aliased.  The  other  procedure  was  to 
isolate  individual  spectral  components 
of  the  flutter  with  a  narrow  filter 
before  aliasing.  This  latter  technique 
extracted  a  single  nodal  diameter  signal 
plus  its  harmonics  at  multiples  of  the 
rotor  speed.  In  all  cases,  the  sampling 
command  was  properly  conditioned  to 
allow  the  rotor  to  be  in  a  selected 
orientation  before  a  data  sample  was 
taken.  Corrections  to  the  final  phase 
angle  were  included  for  influences  of 
all  signal  conditioning  and  the  aliasing 
process . 


Strain  Gages 

Each  of  the  32  blades  was  instru¬ 
mented  with  one  dynamic  strain  gage 
located  near  the  maximum  thickness  point 
above  shroud  at  64  percent  span.  The 
stage  flutter  response  was  obtained  from 
the  strain-gage  signals  consisting  of 
amplitude,  frequency,  and  phase.  The 
amplitude  and  frequency  characteristics 
of  the  individual  blades  were  obtained 
from  power  spectral  density  (PSD)  plots 
from  0  to  2  kHz.  Phases  relative  to  the 
gage  on  the  No.  3  blade  were  obtained  by 
using  the  cross  spectral  analysis  tech¬ 
nique  described  above.  The  strains  were 
of  the  form  Svelut  where  the  complex 
number,  Sv  ,  representing  the  strain  in 
the  No.  3  blade,  defined  phase  as  well  as 
amplitude.  The  Su  numbers,  where  1<vO)  , 
may  be  represented  by  the  finite  summa¬ 
tion 


vJi%'^  <7> 

where  a»  is  the  amplitude  of  a  series 
of  patterns  having  numbers  of  lobes,  m 
where  l£m<N  ,  rotating  with  respect  to 
the  disk  at  speed  w/m  .  From  the  known 
amplitude  and  phase  of  each  strain  gage, 
Sr  ,  the  complex  coefficients,  m  ,  of  the 
series  in  Equation  (7)  may  be  determined 
by  mathematical  inversion  to  give  the 
strength  of  the  mbb  modal  component  or 
spatial  harmonic  and  its  phasing  with 
respect  to  all  other  components. 

The  broadband  and  flutter  frequency 
amplitudes  for  all  strain  gages  and 
rotating  Kulites  were  plotted  versus  time 
to  help  establish  the  stability  of  the 
data  during  the  two-minute  steady-state 
records.  The  plots  were  also  used  as  a 
cross-check  with  the  power  spectral 
density  curves  to  help  identify  possible 
errors  in  engineering  unit  conversions. 

Mirrors 


Blade  mode  shape  was  determined  by 
analysis  of  the  laser  optics  mirror  data. 
Blade  deflection  amplitudes  were 
determined  from  the  mirror  data.  For  the 
blades  without  mirrors,  the  deflection 
amplitudes  and  relative  phases  were 
determined  through  correlation  of  the 
strain  gage  data  and  the  mirror  data. 

Typical  still  photographs  of  the 
mirror  data  in  and  out  of  flutter  are 
shown  in  Figure  10.  The  difference  in 
width  of  the  same  spot  in  the  two  images 
is  proportional  to  the  torsional 
amplitude  and  the  difference  in  height  is 
proportional  to  the  axial  component  of 
the  bending  slope. 

The  16mm  film  record  of  the 
reflected  laser  beams  was  digitized  using 
a  Spatial  Data  Systems  Scanner.  The 
measurement  accuracy  was  better  than 
±0.00254  cm  (0.001  in.).  The  data  were 
stored  on  magnetic  tape  for  computer 
processing.  A  fast  Fourier  transform  was 
used  to  convert  the  data  from  the  time 
domain  to  the  frequency  domain.  This 
procedure  allowed  the  calculation  of 
power  spectral  densities  and  cross- 
■.pectral  densitier  to  determine  amplitude 
and  phase  angles  for  the  different 
mirrors. 

Case  Mounted  Kulites 

The  case-mounted  Kulites  were  used 
to  obtain  nodal  diameter  patterns  present 
in  the  rotor  system  during  flutter, 
contour  maps  of  the  pressure  distribu¬ 
tions  over  the  blade  tips  during  stable 
operation,  contour  maps  of  the  unsteady 
pressures  during  operation  with  flutter, 
and  contours  of  the  real  and  imaginary 
components  of  the  unsteady  pressure  and 
relative  phase  during  flutter. 

The  nodal  diameter  patterns  in  the 
rotor  system  during  flutter  operation 
were  determinea  through  Fourier  analysis 
of  the  signals  from  the  case-mounted 
Kulite  pressure  transducers-: 

The  contour  maps  of  pressure 
distributions  over  the  blade  tips  were 
obtained  from  wall  Kulite  and  wall  static 
tap  data.  The  one-per-revolution  speed 
signal  was  the  reference  signal  used  in 
the  enhancement.  Data  from  512  rotor 
revolutions  were  averaged  to  produce  the 
final  plots.  The  enhancements  were 
timed  to  allow  a  selected  group  of 
blades  to  occupy  a  desired  orientation 
relative  to  the  wall  Kulites.  These 
enhancement  techniaues  produced  a  signal- 
to-noise  improvement  factor  of  about 
22.6 

Plots  of  pressure  versus  time  were 
digitized  to  obtain  an  array  of  pres¬ 
sures  representing  the  variation  from  the 
mean  at  the  specific  axial  location.  A 
minimum  of  ten  samples  per  blade  gap  was 
digitized.  The  time  location  of  each 
pressure  sample  was  translated  into  a 
rotating  frame,  with  the  leading  edge  of 
the  No.  2  blades  used  as  the  zero 
reference.  The  wall  mean  static  pressure 
for  each  axial  location  was  added  to  the 
local  variation  to  obtain  the  steady 
state  pressures.  The  array  of  local 
static  pressures  was  input  into  a  contour 
plotting  package,  which  linearly  inter- 
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polates  in  space  to  find  specified  levels 
of  pressure.  The  lines  of  constant  pres¬ 
sure  vere  normalized  as  percentages  of 
the  maximum  local  steady-state  static 
pressure  sampled,  and  contour  maps  of  the 
constant  percentages  of  pressure  were 
machine  plotted. 

When  the  contour  maps  at  the  blade 
tips  were  plotted,  the  pressure  field 
with  respect  to  the  blade  leading  edges 
was  observed  to  be  shifted  about  three 
degrees  tangentially  in  the  direction  oi 
rotation,  corresponding  to  a  t'me  delay 
of  about  30  microseconds.  However,  this 
shift,  which  was  nearly  independent  of 
rotor  speed,  did  not  appear  in  the 
nonsteady  pressure  olots  obtained  from 
the  same  data.  The  shift  is,  therefore, 
believed  to  have  resulted  from  the  data 
reduction  procedure  used  to  obtain  the 
steady-state  plots.  Although  the  source 
was  not  found,  the  location  of  the 
blades  was  evident  from  the  plots.  Each 
steady  pressure  plot  in  the  report  has 
been  corrected  to  place  the  blades  in 
the  proper  positions. 

Blade-Mounted  Kulites 

Blade-mounted  Kulites  provided  un¬ 
steady  pressure  amplitude  and  phase 
distribution  for  both  the  pressure  and 
suction  surfaces  of  the  airfoil  at  two 
radial  positions.  Amplitudes  were 
determined  from  the  power  spectral 
density  for  each  signal  over  a  frequency 
range  of  0  to  2  kHz.  The  power  spectral 
density  data  were  confirmed  by  backup 
plots  of  amplitude  against  time  during 
the  two-minute  test  period.  Cross- 
spectral  density  functions  were  used  to 
determine  the  phasing  of  the  pressure 
signals  relative  to  the  strain-gage 
signal  from  No.  3  blade. 

Blade-Mounted  Hot-Film  Sensor 

Blade-mounted  hot-film  sensors 
provided  air  velocity  measurements  on 
the  blade  suction  and  pressure  surfaces 
at  two  radial  positions.  The  flutter 
response  from  these  sensors  consisted  of 
frequency,  amplitude,  and  phase.  Am¬ 
plitude  and  frequency  were  obtained  from 
the  power  spectral  density  for  each 
signal  over  a  frequency  range  of  0  to  2 
kHz.  The  measured  amplitude  had  a 
repeatability  of  ±20  percent,  making  it 
possible  to  relate  the  data  from  one 
point  to  another.  The  strain  gage  on  the 
No.  3  blade  was  used  as  the  reference  for 
determining  phase  angle. 

Blade-Work  Interaction  Calculation 

The  flutter  characteristics  of  the 
test  rotor  and  the  types  of  data  obtained 
allowed  for  an  evaluation  of  a  theory  of 
energy  transfer  that  takes  place  during 
flutter.  The  assumptions  associated  with 
this  theory  ares 

o  Self-excited  vibrations  occur  in  a 
bladed  rotor  when  the  energy  supplied 
by  the  air  stream  exceeds  the  energy 
dissipated  through  the  structural 
damping  associated  with  that  mode. 

o  The  complex  rotor  vibration  mode  can 
be  defined  as  a  summation  of  simple 
circumferential  harmonic  responses 


(i.e.,  Fourier  decomposition) . 

o  The  net  aerodynamic  energy  of  a  mode 
is  the  algebraic  sum  of  the  aero¬ 
dynamic  energy  associated  with  each 
harmonic  response. 

o  The  susceptibility  of  a  rotor  vibra¬ 
tion  mode  to  flutter  is  a  function  of 
the  stability  of  the  individual 
harmonic  responses. 

An  aerodynamic  damping  exists  for 
each  harmonic  response.  This  damping  is 
defined  by  the  log  decrement  parameter, 
which  is  proportional  to  aerodynamic  work 
divided  by  kinetic  energy  of  the  harmonic 

wm 

6  aero  *  =— 


For  positive  values  of  the  aero¬ 
dynamic  damping  parameter,  the  energy 
flow  is  from  the  structure  to  the  flow 
stream  and  in  the  reverse  direction  for 
negative  values. 

The  aerodynamic  work  per  cycle  done 
by  each  of  the  individual  harmonics  is 
computed  by  integration. 

c  2i  dh 

Wm-  dla?)  dtuttdb 

where: 

4Pm  *  pressure  jump  across  the  airfoil 
from  the  mth  harmonic  and  is  of  the 
form  4Pm  =  Pm  (x,yp,t)-Pm  (x,ys,t) 

where: 

yp  and  ys  are  blade  surface  coordi¬ 
nates  on  the  pressure  and  suction  sur¬ 
faces  at  axial  location  x 

hm  *  deflection  normal  to  the  airfoil 
surface  of  the  mth  harmonic 

(at)  =  position  angle  during  the  vibra¬ 
tion  cycle 

b  -  chordwise  location 
a  -  flutter  frequency 
t  =  time 

The  pressure  at  the  airfoil  tip  at 
any  axial  location  is  the  summation  of 
the  distribution  r-ssulting  from  indi¬ 
vidual  blade  harmonic  motions  •• 

N 

T\(x,y,t)  =  l  Pm(x,y,t, ) 
nr-1 

The  pressure  of  each  harmonic  is 
defined  by  a  Fourier  series  described 
above. 

Pm(x,y,t)  »  l  Pron(x)ei(ut  +  Bmny! 
n«-“ 

These  pressure  waves  are  translated 
into  the  stationary  system  using  the 
relationships  given  above. 
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PmU’jy'.t)  » 

l  WxM.UU+  (n  +  Hn,QU+  8-nV'l 

n»-« 

The  values  of  Pmn  at  frequencies 
(“tan  «  (m  +  Nnlfl)  are  obtained  by  pro¬ 
cessing  the  casing  wall  Kulite  signals 
through  a  wave  analyser.  The  frequency 
band  of  the  recorded  data  was  40  kHz 
which  at  the  maximum  rotational  test 
speed  of  the  rotor  permitted  ten 
harmonics  (i.e.,  -10£n<+10)  to  be  deter¬ 
mined. 

Since  no  direct  measurement  was  made 
of  the  mode  shape  at  the  blade  tip,  a 
NASTRAN  analysis  was  used  to  predict  the 
deflections. 

The  rredicted  mode  shapes  were 
scaled  and  phased  in  accordance  with  the 
measured  strain  components  to  define  the 
tip  motion,  hm,  required  to  calculate  the 
energy  transfer  in  three  dominant 
harmonic  components.  The  NASTRAN  mode 
shape  energy  levels  were  scaled  in 
proportion  with  the  strain  component  am¬ 
plitude  squared  to  determine  the  kinetic 
energy  level  of  the  individual  harmonic 
responses . 

The  kinetic  energy  per  cycle  of  the 
individual  harmonics  was  computed  by 
integration! 


Em  =  -  //  u™2(f2  +  g2  +  h2)dtdb 
z  * 4  m  m  m 

where: 

m  »  airfoil  material  density 
t  *  airfoil  thickness 

fm  ,  gm  ,  hm  -  spatial  components  of 
deflection  in  the  mth  harmonic 

t  «  spanwise  location  coordinate 
b  =  chordwise  location  coordinate 
w  -  flutter  frequency 

PROGRAM  RESULTS 

The  following  conclusions  are  based 
on  test  results: 

o  Deviations  from  uniform  pha-,’  angle 
from  blade-to-blade,  previously  at¬ 
tributed  to  insignificant  anomalies  in 
the  data,  are  important,  being  indica¬ 
tive  of  a  complex  flutter  characteris¬ 
tic. 

o  Flutter  alters  the  passage  steady- 
pressure  pattern  only  slightly,  as 
shown  in  the  steady-pressure  contours. 

o  Work  input  is  concentrated  near  the 
leading  edge,  as  shown  in  the  un¬ 
steady-pressure  contours. 

o  Local  supersonic  flow  is  required  in 
order  for  this  flutter  to  occur. 

Test  Matrix 

Tests  were  run  over  a  range  of 
corrected  speeds  from  54  to  85  percent  of 
design.  A  transient  was  run  at  eacn  of 
several  speeds  from  wide-open-throttle  to 


surge,  and  the  points  of  flutter  initia¬ 
tion  as  well  as  the  surge  were 
determined.  Data  along  the  70  percent 
speed  line  are  shown  in  Figure  11 . 

The  data  points  in  Figure  11  were 
taken  during  a  slow  transient  in  which 
equilibrium  conditions  were  not  fully 
established.  Furthermore,  the  pressure 
ratios  were  obtained  from  arithmetic 
averag  s  of  a  limited  number  of  rake 
readings.  As  noted  on  Figure  11,  flutter 
was  first  indicated  by  the  hot-film  gages 
at  about  67  percent  of  design  flow,  and 
the  first  indication  of  flutter  on  the 
strain  gages  appeared  at  about  63  percent 
of  dasign  flow.  Surge  occurred  at  about 
56  percent  of  design  flow. 

A  composite  map  for  all  test  speeds 
is  shown  in  Figure  12.  These  data  were 
obtained  at  fully  stabilized  conditions 
and  represent  mass-weighted  average 
performance.  Flutter  occurred  at  speeds 
between  63  and  75  percent  of  design.  The 
flutter  boundary  shown  in  Figure  12 
represents  a  blade  vibratory  stress  level 
of  ±2068  N/cm2  (3000  lbf/in.2)  as 
measured  on  the  strain  gage  just  above 
the  shroud.  Surge  was  encountered  before 
flutter  at  speeds  below  63  or  above  75 
percent  of  design. 

Structural  Deformations 

Steady-state  structural  deformations 
of  the  blades  were  determined  from  data 
from  the  optical  mirror  syten.  Unsteady 
deformations  during  flutter  were  deter¬ 
mined  from  the  optical  mirror  system,  the 
strain  gages,  and  by  analysis  of  the  high 
response  pressure  data. 

Steady-State  Deformations 

Local  steady-state  untwist  at  from 
35  to  85  percent  of  the  design  speed  are 
shown  in  Figure  13  for  the  95  percent 
span  location.  Above  25  percent  speed 
the  amount  of  untwist  varied  as  the 
square  of  the  rotational  speed,  the 
raidspan  shroud  was  not  seated,  and  the 
untwist  varied  in  an  unpredictable 
manner. 

The  distribution  of  untwist  along 
the  span  at  73  percent  speed  is  shown  in 
Figure  14.  Approximately  equal  amounts 
of  untwist  occurred  above  and  below  the 
shroud,  which  was  at  the  62  percent 
blade  span  and  constrained  untwist  to 
near  zero  at  this  location.  Untwist  was 
essentially  a  function  of  speed  only. 
The  effects  of  gas  loading  were 
negligibre.  As  shown  in  Figure  15,  the 
variation  of  untwist  with  flow  at  75 
percent  speed  was  less  than  0.1  degree 
for  a  flow  change  from  70  to  59  kg/sec 
(155  to  130  lbm/sec),  corresponding  co  a 
blade  tip  D-factor  increase  of  0.1764. 

Measured  untwist  as  a  function  of 
chordal  position  is  shown  in  Figure  16 
for  73  percent  speed.  Uncambering  was 
significant  at  all  stations  above  the 
shroud,  exceeding  0.3  degrees  near  the 
blade  tip. 

Figure  17  shows  both  the  measured 
untwist  and  predicted  by  NASTRAN  ana¬ 
lysis  for  rotor  speed  at  75  percent 
speed.  The  measured  uncambering  at  the 


tip  was  slightly  higher  than  predicted. 
However,  the  deformations  in  this 
region,  where  the  airfoil  was  very  thin, 
were  sensitive  to  the  actual  airfoil 
thickness,  and  slight  variations  within 
specified  tolerance  might  have  been 
sufficient  to  cause  the  observed  discrep¬ 
ancies. 

Unsteady  Deformations 

Previous  to  this  program,  fan  flut¬ 
ter  had  been  visualized  as  a  sinusoidal, 
circularly  traveling  wave  superimposed  on 
the  rotor,  forming  a  single  multinodal 
pattern,  each  rotor  blade  deflecting 
sinusoidally  in  sequence  as  the  wave 
traveled  around  the  rotor,  Bendat  and 
Piersall  (1971). 

Su  ,h  a  wave  was  characterized  by 
concentric  ring  nodes  and  traveling 
nodal  diameters  or  diametral  lines  of 
zero  deflection.  Figure  18  shows  such  a 
system  with  two  ring  nodes  and  three 
nodal  diameters.  This  pattern  is 
referred  to  as  a  vibration  in  the  second 
mode  with  three  nodal  diameters.  On  a 
rotating  stage,  the  radial  lines  travel 
either  forward  or  backward,  and  adjacent 
blades  experience  a  relative  time  delay 
or  phase  difference  (interblade  phase 
angle)  as  the  wave  passes.  With  such  a 
concept,  all  blades  are  assumed  to 
flutter  at  the  same  frequency  and  ampli¬ 
tude,  with  uniform  phase  angles  between 
adjacent  blades. 

The  results  of  the  current  program 
revealed  a  different  picture:  All 
blades  fluttered  at  the  same  frequency, 
but  not  at  the  same  amplitude  and 
interblade  phase  angles  were  not  equal. 
Typical  amplitudes  and  phase  angles 
observed  during  the  program  are  shown  in 
Figures  19  and  20,  respectively.  These 
data  were  obtained  from  the  strain-gage 
measurements.  Amplitudes  in  Figure  19 
are  expressed  in  terms  of  measured 
stress.  The  patterns  shown  represent  a 
family  of  spatial  harmonics  described  by 
the  superposition  of  a  number  of  rotating 
nodal  diameter  patterns,  each  charac¬ 
terized  by  a  different  number  of  nodal 
diameters  with  different  but  uniform 
amplitudes  and  different  but  uniform 
phase  indexing,  with  each  pattern 
rotating  at  a  speed  that  results  in  the 
same  flutter  frequency. 

The  detailed  definition  of  the 
amplitude  and  phase  for  each  nodal 
diameter  pattern  was  determined  from  wall 
Kulite  data.  A  result  of  this  analysis 
is  presented  in  Table  VIII.  as  shown  in 
the  table  the  fifth  nodal  diameter  pat¬ 
tern  had  the  strongest  signal  at  67 
percent  speed.  The  seventh  nodal  dia¬ 
meter  pattern  was  strongest  at  73  percent 
speed,  and  the  eighth  was  slightly 
stronger  than  the  others  at  75  percent 
speed. 

To  further  study  the  complex  mode 
shapes  of  the  rotor  and  blading, 
stability  calculations  were  made  for  the 
fifth,  seventh,  and  ninth  nodal  patterns 
at  70  percent  design  speed.  These 
patterns  represented  .-o  strong  signals 
and  one  weaker  signtl.  The  results  of 
these  calculations  aru  given  in  Table  IX 
in  terms  of  the  logarithmic  decrement 


which  is  2  times  the  ratio  of  available 
damping  to  critical  damping.  Since  this 
number  represents  the  percentage  rise  or 
decay  of  the  signal,  a  negative  of  the 
logarithmic  decrement  represents  an 
unstable  or  flutter  condition.  Complex 
pressures  used  in  the  stability  calcula¬ 
tions  are  listed  in  Table  IX  and  plotted 
in  Figures  21,  22  and  23  for  th  upper  and 
lower  surfaces  of  the  airfoil.  The 
chordwise  position  of  the  pressures  is 
the  same  as  for  the  wall  mounted  Kulites 
from  which  the  data  was  obtained. 

Table  IX  shows  that  the  fifth 
harmonic  was  the  principal  source  of 
instability  at  70  percent  speed.  The 
seventh  harmonic  was  marginally  unstable; 
the  ninth,  marginally  stable.  The 
results  suggest  that  the  effect  of 
asymmetries,  or  "mistunlng, *  on  the 
system  in  flutter  is  to  couple  secondary 
modes  into  the  instability.  This  is  an 
important  result,  clearly  demonstrating 
that  any  future  flutter  analysis  that  is 
to  be  correlated  against  test  data  for  a 
mistuned  bladed  disk  system  must  be 
capable  of  handling  several  spatial 
harmonics. 

The  present  analysis  is  not  capable 
of  explaining  the  mechanism  that  deter¬ 
mines  what  patterns  will  occur  or  what 
their  relative  indexing  will  be.  How¬ 
ever,  the  mechanism  probably  relates  to 
the  mistuning  of  the  stage,  which  results 
from  small  dimensional  differences  among 
these  airfoils.  These  airfoils  had  been 
deliberately  grouped  by  frequency  when 
the  rotor  was  assembled,  see  Figure  24. 
And  it  may  be  significant  that  the  group 
of  airfoilds  with  the  highest  flutter 
amplitudes  were  those  that  individually 
had  natural  vibratory  frequencies  equal 
to  the  average  frequency  for  the  blade 
set.  It  may  also  be  significant  that 
only  forward  traveling  waves  (traveling 
in  the  same  direction  as  the  rotor)  were 
observed. 

Pressure  Distributions 

Increasing  rotor  speed  on  a  given 
operating  line  resulted  in  a  strengthen¬ 
ing  of  the  expansion  waves  and  normal 
shock  and  a  rearward  shift  of  the  shock. 
Hoving  up  a  speed  line  to  higher  loading 
and  incidence  shifted  the  shock  forwards 
towards  the  leading  edge.  Crossing  the 
flutter  boundary  produced  little  change 
although  the  normal  shock  appeared  to 
have  spread,  which  is  probably  indicative 
of  shock  oscillation. 

Steady-State  Pressure  Distributions 

At  63  percent  outside  of  flutter, 
data  from  the  case-mounted  Kulites 
shewed  that  high  loading  occurred  at  the 
leading  edge  and  that  the  flow  was 
subsonic  (Figure  25).  Moving  up  to  a 
high  operating  line  into  flutter  is 
shown  in  Figure  26. 

At  67  percent  speed  on  the  low 
operating  line,  expansion  waves  occurred 
behind  the  leading  edge,  culminating  in 
a  shock  at  about  15  percent  chord  (Figure 
27).  At  the  flutter  boundary  at  67% 
speed,  the  shock  appeared  to  be  a  gradual 
compression,  which  may  be  indicative  of 
an  oscillating  shock  (Figure  28). 
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Figure  11.  Identification  of  Data  Points  at  70  Percent  Speed, 
.Including  Transient  from  Open  Discharge  Into  Surge 
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Figure  12.  TS22  Performance  Map  Showing  Test  Points 
in  Relationship  to  Flutter  Boundary 
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Figure  13.  Measured  Untwist  for  TS22  Fan  Blade  as  a  Function 
of  Rotor  Speed  at  95  Percent  Span 
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Figure  14.  Measured  Untwist  for  TS22  Fan  Elade  at  73  Percent 
Speed  Relative  to  Untwist  at  25.4  Percent  Speed 


O  5%  chord 


Figure  15.  Measured  Untwist  for  TS22  Fan  Blade  as  a 
Function  of  Flow  Rate  at  75  Percent  Speed 
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Figure  16.  Measured  Untwist  for  TS22  Fan  Blade  as  a 
Function  of  Hiord  at  73  Percent  Speed 
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Figure  17.  Measured  Untwist  for  TS22  and  Predicted  by  NASTRAN 
Analysis  for  Rotor  Speed  at  75  Percent  Speed 
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TABU  VIII 
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UNSTEADY  NALL  PRESSURE  AMPLITUDES  FOR  INDIVIDUAL 
NODAL  DIAMETER  PATTERNS  FUNDAMENTAL  MOOES  ONLY 
(NO  HARMONICS) 

_ gfjitljB  Power  Spectral  Density 

Percent  Chord 


Of  Meters  -TM-ITI  -Tr 
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2 

3 

30 
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24 

25 
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5 

65 

58 

50 
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60 
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70 

75 

70 

85 

80 

8 
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60 

9 

85 
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45 

35 

28 

20 

10 

30 
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88 
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44 

35 

38 
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45 
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7 
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70 

50 

45 

45 

8 

140 
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78 

55 
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9 
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85 

45 

35 

10 

TABLE 

IX 

COMPUTED  DAMPING  IN  DOMINANT  HARMONICS 
AT  70  PERCENT  SPEED 


Hiraonlc 


Log 

Decrement 


5 

7 

9 


-0.012 

-0.001 

■*0.002 


Complex  pressures  used  In  dMpIng  calculation  romallted  to  1600  N/m^ 
(0.232  16f/in.2).. 
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Lower 

Chord 

Real 

laaainary 

Real 

Imaginary 

-3.4 

0.039 

-0.091 

0.022 

-0.022  > 

9.4 

0.573 

-0.681 

0.056 

-0.134 

22.2 

0.504 

-1.000 

-0.254 

-0.060 

34.6 

0.095 

-0.125 

-0.069 

-0.060 

.  5  Nodal  01  Meters 

47.5 

0.030 

-0.246 

-0.086 

•0.142 

73.4 

0.138 

-0.086 

-0.108 

-0.086 

99.3 

0.198 

-0.026 

-0.228 

-0.039  ] 

-3.4 

-0.065 

0.017 

0 

0.043  ] 

9.4 

-0.250 

0.190 

0.039 

0.026  J 

22.2 

-0.177 

0.384 

-0.091 

0.241  \ 

^  7  Nodal  01  Meters 

34.6 

-0.031 

0.056 

-0.121 

0.052  * 

47.5 

-0.095 

0.060 

-0.129 

0.052  I 

73.4 

-0.129 

•0.004 

-0.112 

0.004 

99.3 

-0.112 

-0.052 

-0.147 

-0.C43  > 

-3.4 

-0.112 

-0.099 

0.009 

-0.009  ' 

9.4 

-0.030 

-0.259 

-0.069 

-0.134  , 

22.2 

-0.181 

-0.134 

-0.129 

-0.091 

34.6 

0.017 

-0.034 

-0.043 

-0.043 

9  Nodal  01  Meters 

47.5 

-0.030 

-0.172 

-0.052 

-0.164  | 

73.4 

-0.043 

0.056 

-0.017 

0.060  | 

99.3 

0.043 

-0.194 

0.022 

-0.233  j 

TRAVELING 

NODAL 

DIAMETER! 


Figure  18.  Three  Nodal  Diameter  Pattern  Second  Mode  -  Previous  Theory  Predicted 
the  Presence  of  only  one  Nodal  Diameter  Pattern  at  Any  Time 
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Figure  19.  Blade  Flutter  Amplititude  for  TS22  Rotor  at  67  Percent 
Speed  from  Strain-Gage  Measurements 
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Figure  20.  Blade  Flutter  Phase  Angles  for  TS22  Rotor  at 

67  Percent  Speed  from  Strain-Gage  Measurements 


Figure  21. 
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Figure  23.  Complex  Pressures  Used  in  Damping  Calculations, 
Nine  Nodal  Diameters 


Figure  24.  Distribution  of  Natural  Second  Mode  Vibration 
Frequencies  of  Blades  in  Assembled  Rotor 
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Figure  25,  Steady-State  Pressure  Contours  at  Blade  Tip  at  63  Percent 
Speed  Outside  of  Flutter  on  a  Low  Operating  Line 
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Figure  26.  Steady-State  Pressure  Contouts  at  Blade  Tip  at  63  Percent 
Speed  Inside  of  Flutter  on  a  High  Operating  Line 
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re  27.  Steady-State  Pressure  Contours  at  Blade  Tip  at  67  Percent 
Speed  Outside  of  Flutter  on  a  Low  Operating  Line 
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Figure  28.  Steady-State  Pressure  Contours  at  Blade  Tip  at  67  Percent 
Speed  Inside  of  Plutter  on  a  High  Operating  Line 
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At  70  percent  speed  outside  the 
flutter  boundary,  supersonic  Mach  number 
expansion  at  the  ’lading  edge  was  more 
clearly  evident,  and  the  normal  shock 
moved  rearward  tc.  the  20  percent  chord 
position  (Figure  i’9).  At  the  flutter 
boundary,  the  shock  moved  forward,  very 
close  to  the  loading  edge  (Figure  30). 
Near  surge  the  leading  edge  expansions 
appeared  to  be  weaker,  but  the  passage 
shock  appeared  stronger  (Figure  31). 


At  73  percent  speed  on  a  low 
operating  line  the  shock  moved  further 
rearward  to  about  the  30  percent  chord 
position.  Moving  into  flutter  the 
principal  loading  remained  at  the 
leading  edge  with  the  data  showing 
considerable  smearing  of  the  normal 
shock.  Essentially  identical  trends 
occurred  at  75  percent  speed. 

At  85  percent  speed,  surge  occurred 
before  flutter.  On  the  low  operating 
line  significant  reacceleration  occurred 
behind  the  shock  and  the  compression 
process  was  far  from  optimum,  with 
negative  lift  occurring  on  the  aft 
portion  of  the  blade.  Moving  up  the 
operating  line  resulted  in  a  hiqh  Mach 
number  with  strong  leading  edge  expan¬ 
sion  and  a  strong  detached  bow  shock. 
Operating  near  surge  produced  little 
change  in  this  pattern. 


Unsteady  Pressure  Distributions 

Unsteady  pressure  data  were  reduced 
to  contours  of  unsteady  pressure  ampli¬ 
tude  and  contours  of  the  real  and 
imaginary  components  of  the  unsteady 
pressure  to  provide  relative  phasing 
information.  A  typical  plot  is  presented 
in  Figure  32.  To  interpret  these  plots 
it  should  be  noted  that  the  real  and 
imaginary  components  represent  the 
instantaneous  unsteady  pressures  at  two 
time  phases  separated  by  90  degrees. 
Hence,  the  square  root  of  the  sum  of  the 
squares  of  the  real  and  imaginary  ampli¬ 
tudes  shown  in  Figures  33  and  34  is  equal 
to  the  amplitudes  shown  in  Figure  32,  and 
the  relative  phase  angle  of  the  unsteady 
pressure  is  equal  to  the  arctangent  of 
the  ratio  of  the  real  and  imaginary 
components . 

The  data  showed  high  unsteady  pres¬ 
sures  near  the  leading  e  dge  (back  to 
approximately  the  25  percent  chord 
position),  relatively  low  values  near  the 
trailing  edge,  and  minimum  amplitude  near 
midchord.  Similar  trends  were  evident  in 
the  blade  unsteady  surface  pressures 
measured  by  the  blade-mounted  Kulite  (see 
Figure  35).  The  arrow  lengths  in  this 
plot  represent  unsteady  amplitudes  and 
the  directions  represent  phase  angle  as 
referenced  to  the  strain-gage  signal  from 
the  No.  3  blade.  As  shown,  significant 
unsteady  pressure  amplitudes  were  con¬ 
fined  to  the  leading  edge  portion  of  the 
airfoils. 

These  results  clearly  indicate  that 
the  major  portion  of  the  action  was 
concentrated  in  the  first  quarter  of  the 
airfoil,  implying  that  future  flutter 
research  should  concentrate  on  the  aero¬ 
dynamics  near  the  leading  edge. 


Velocity  Fluctuations 

Upstream  and  Downstream  Velocity  Fluctua¬ 
tions 

Enhanced  wave  forms  from  the  hot- 
film  probes  ahead  of  and  behind  the  rotor 
are  shown  in  Figure  36  for  two  test 
points  at  73  percent  speed:  One  at  wide 
open  discharge,  the  other  in  the  flutter 
region.  Because  these  signals  were  not 
calibrated  for  amplitude,  the  magnitudes 
of  fluctuation  are  not  known.  For  the 
open  discharge  condition,  the  inlet 
signal  at  the  blade  tip  showed  a  velocity 
fluctuation  of  blade  passing  frequency 
that  was  caused  by  the  passage  of 
expansion  and  shock  waves  emanating  from 
the  blades.  There  was  no  defined  pattern 
at  the  inlet  near  the  shroud  and  at  the 
blade  root  where  the  relative  inlet 
velocity  was  subsonic.  At  the  rotor 
exit,  a  well  defined  blade  wake  pattern 
existed  for  all  three  radial  positions. 
The  inlet  probe  patterns  in  flutter  were 
similar  to  those  for  the  nonflutter 
condition.  Behind  the  rotor  at  the  hub, 
the  pattern  was  also  similar  to  that  for 
wide  open  throttle.  However,  at  the  near 
shroud  and  tip  exit  position,  the  blade 
wakes  were  not  as  well  defined  as  for  the 
nonflutter  condition.  The  tip  pattern 
had  some  random  fluctuations  at  other 
than  blade  passing  frequency,  but  did  not 
show  a  significant  fluctuation  at  flutter 
frequency. 

Blade  Surface  Unsteady  Velocities 

Unsteady  velocities  and  phase 
angles  were  determined  from  the  hot-film 
gages  mounted  on  the  rotor  blades.  Data 
for  a  flutter  condition  at  67  percent 
speed  are  shown  on  Figure  37 .  The  arrow 
length  in  this  plot  represents  the 
amplitude  of  the  unsteady  velocity 
relative  to  the  maximum  fluctuation 
observed  for  that  test  point.  The 
direction  of  the  arrow  indicates  the 
phase  angle  referenced  to  the  strain- 
gage  signal  from  the  No.  3  blade.  The 
major  fluctuations  of  velocity  occurred 
on  the  forward  part  of  the  airfoil,  but 
some  significant  fluctuations  also  occur¬ 
red  at  midchord  and  near  the  trailing 
edge. 

Reduced  Velocity  Versus  Incidence  Angle 

Empirical  correlations  of  reduced 
velocity  versus  incidence  angle  have 
been  used  extensively  as  a  stall  flutter 
criterion.  The  range  of  design  types 
over  which  any  specific  correlation  will 
accurately  predict  flutter  boundaries, 
however,  is  questionable.  Existing  cor¬ 
relations  were  based  on  measured  air 
angles,  but  blade  metal  angles  were 
usually  taken  as  the  calculated  metal 
angle  at  design  speed.  In  this  program, 
actual  metal  angles  were  measured. 
Figure  38  presents  a  plot  of  reduced 
velocity  versus  measured  incidence 
angle.  Incidence  angles  were  based  on 
the  blade  leading-edge  mean-line  metal 
angle.  The  reduced  velocity  parameter, 
V/bu  ,  is  the  ratio  of  the  relative 
inlet  velocity,  VI’  ,  to  the  product  of 
the  blade  half-hord,  b  ,  and  the 
rotational  flutter  frequency,  u  ,  in 
radians  per  second. 
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Figure  29. 


Steady-State  Pressure  Contours  at  Blade  Tip  at  70  Percent 
Speed  Outside  of  Flutter  on  a  Low  Operating  Line 
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Figure  30.  Steady-State  Pressure  Contours  at  Blade  Tip  at  70  Percent 
Speed  Inside  of  Flutter  on  a  High  Operating  Line 
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Figure  35.  Blade  Mounted  Kulite  Unsteady  Pressure  Amplitude 
and  Phase  Obtained  in  Flutter  at  67  Percent  Speed 
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Figure  36.  Signal  Enhanced  Wave  Forms  of  Hot  Film  Probes 
at  73  Percent  Speed  (Noncalibrated  Amplitudes! 
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Figure  38  shows  that  flutter  occur¬ 
red  at  high  incidence  angles  only  over  a 
limited  range  of  reduced  velocity  values, 
with  flutter-free  operation  being  ob¬ 
tained  at  reduced  velocities  both  above 
and  below  those  at  which  flutter  was 
achieved  for  a  given  incidence.  A  pos¬ 
sible  explanation  is  that  locally  super¬ 
sonic  flow  may  be  required  for  flutter 
and  that  this  was  not  achieved  at  low 
rotor  speeds  and  velocity  ratios,  even  at 
high  incidence.  At  very  high  speeds  and 
velocity  ratios,  the  incidence  was  too 
low  even  at  surge  to  support  flutter. 

SUMMARY 

This  chapter  describes  the  pro¬ 
cedure  of  conducting  a  fan  flutter  test. 
The  experience  of  an  actual  test  is  used 
as  an  example.  Test  preparation  includes 
a  test  plan,  selection  of  blades,  and 
description  of  measurement  instrumenta¬ 


tion.  Test  execution  includes  the  test¬ 
ing  procedure  is  well  as  data  acquisi¬ 
tion,  reduction  and  analysis.  Safety 
procedures  are  outlined.  Included  is  a 
description  of  the  on-test  appearance  of 
several  aeroelastic  phenomena  and  an 
assessment  of  corrective  actions  to 
prevent  fatigue  failures  due  to  over- 
stress. 

ACKNOWLEDGMENT 

The  author  gratefully  acknowledges 
the  caslstance  of  the  following  individ¬ 
uals  in  the  performance  of  the  program: 
Robert  A.  Arnoldi,  and  Ron-Ho  Ni  for 
providing  technical  guidance,  Arthur  R. 
Guerette  for  providing  instrumentation 
and  data  reduction,  William  N.  Dalton, 
III,  for  reducing  the  laser  mirror  data 
and  performing  the  analysis,  and  Dr.  John 
J .  Adamczyk  for  providing  technical 
direction. 


21-1 
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INTRODUCTION 

The  adverse  effect  of  increasing  tempera¬ 
ture  on  the  stability  of  turbomachinery 
airfoils  has  long  been  recognised  but  re¬ 
mains  today  one  that  is  not  fully 
understood.  The  quantitative  effect  on 
the  reduced  frequency  parameter,  k»  we/V , 
which  has  been  experimentally  and  analyt¬ 
ically  shown  to  be  one  of  the  most  influ¬ 
ential  stability  parameters,  is  readily 
calculated.  The  effects  of  Increasing 
temperature  on  the  parameters  that  com¬ 
prise  reduced  frequency,  i.e.,  the  fre¬ 
quency  of  the  unsteady  airfoil  motion  and 
relative  flow  velocity,  are  well  known. 
Unfortunately,  the  resulting  effect  on 
aeroelastic  stability,  particularly  for 
"stall"  flutter,  is  not. 

This  inability  to  completely  assess  ther¬ 
mal  effects,  among  others,  was  dramati¬ 
cally  underscored  by  an  occurrence  of  sub¬ 
sonic  stall  flutter  in  the  first  stage  fan 
rotor  of  the  F100  turbofan  engine  early  in 
its  development  program.  The  severity  of 
the  problem  prompted  an  intensive  experi¬ 
mental  test  program  and  analysis  to  first 
determine  a  solution  and,  further,  to 
assess  the  design  techniques  used  to 
avoid  ;he  problem.  As  a  result,  a  decade 
of  extensive  analytical  and  experimental 
research  has  been  conducted  at  the 
Government  Products  Division  of  Pratt  6 
Whitnev  Aircraft,  the  United  Technologies 
Research  Center,  and  the  NASA  Levis 
Research  Center.  The  following  is  a  sum¬ 
mary  of  some  of  the  findings  of  these 
investigations. 

HISTORICAL  BACKGROUND 

In  late  September  of  1972,  a  prototype 
F100  engine  waa  tested  at  simulated  high- 
Mach-number  flight  conditions  in  prepara¬ 
tion  for  military  qualification  tests 
(Jeffers  t  Meece,  1975).  The  F100  engine 
is  a  twin-spool,  high  thrust-to-weight 
ratio,  turbofan  engine  developed  for  the 
F-15  and  F-16  fighter  aircraft. 


The  fan  has  three  rotating  stages,  each 
with  partspan  shrouds,  as  shown  in  figure 
1.  The  original  configuration  of  the 
first  stage  fan  blade,  which  is  located 
immediately  behind  a  variable  inlet  guide 
vane,  had  a  shroud  mounted  aft  of  the  air¬ 
foil  midchord  at  approximately  bb%  span. 

Upon  completion  of  the  intitial  test,  air¬ 
foil  fatigue  failures  were  discovered  in 
several  first  stage  blades.  Materials 
laboratory  tests  indicated  that  the 
failures  were  high-cycle  fatigue  cracks 
caused  by  a  high  amplitude  response  in  a 
predominantly  torsional  mode  of  vibra¬ 
tion.  Both  the  nature  of  the  failure  and 
the  aerodynamic  environment  of  the  air¬ 
foil  at  the  time  of  failure  suggested  that 
the  first  stage  had  experienced  sub-sonic 
stall  flutter. 

Initial  Flutter  Analysis 

The  design  system  used  to  predict  the  sub¬ 
sonic  stall  flutter  margin  of  the  F100 
first  stage  consisted  of  a  stability 
boundary  that  is  a  function  of  two  vari¬ 
ables  (Figure  2).  One  of  the  variables  is 
reduced  velocity,  Vc  *  V/cw,  which  is  the 
inverse  of  the  reduced  frequency.  The 
second  is  a  normalized  incidence 
parameter,  0i£»  which  is  defined  as 

3lf  *  <»min  "  8l>/<Bmin  *  »i>  <*> 

The  flow  angles,  6  ,  in  this  expression 
are  determined  from  nonrotating  two-di¬ 
mensional  cascade  loss  correlations  which 
generate  “loss  buckets".  8£  represents 
the  actual  inlet  flow  angle,  8n,in  is  the 
flow  ancle  at  minimum  loss,  and  8t  is  the 
flow  angle  at  a  specified  loss  on  the 
stalled  side.  Thus,  Bj£  is  a  measure  of 
the  degree  of  stalling. 


L£G£NO 


NORMALIZED  INCIDENCE.  fi„ 


Figure  1.  F100  Fan  Cross-Section 


Figure  2.  Torsional  Stall  Flutter 
Experience 
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The  two-dimensional  bi-variate  experience 
limit  was  generated  by  enveloping  the 
available  stall  flutter  experience  at  a 
reference  span  to  create  a  "conservative* 
stall  flutter  boundary. 

Extensive  rig  component  testing  was  con¬ 
ducted  early  in  the  development  program  to 
evaluate  the  aerodynamic  design  and 
structural  durability  of  the  F100  fan. 
The  testing  included  heavily  instrumented 
fan  rigs  that  were  operated  at  ambient  in¬ 
let  conditions  in  sea  level  facilities  at 
both  normal  and  off-design  engine  operat¬ 
ing  conditions.  Instrumentation  included 
standard  steady  state  temperature  and 
pressure  probes  at  stator  leading  edqes 
and  strain  gages  placed  at  strategic  loca¬ 
tions  as  dictated  by  modeling  and 
laboratory  tests. 

During  off-desiqn  testing  of  an  F100  fan 
riq,  a  response  at  a  non-inteqral  order 
frequency  was  observed  in  the  first  staqe 
rotor  at  low  corrected  speed  and  high 
pressure  ratios,  well  away  from  the  normal 
operating  line  (Fiqure  3).  The  flutter 
frequency  was  very  near  that  calculated 
for  a  5  nodal  diameter,  blade-ahroud-disk 
system  mode,  but  phasing  of  the  strain 
gage  responses  proved  inconclusive.  In 
the  5  nodal  diameter  system  mode,  the 
blade  motion  is  calculated  to  be  comprised 
primarily  of  bendinq  motion  with  a  high 
degree  of  shroud  coupling.  At  these  near 
surge  operating  conditions,  the  first 
stage  experiences  very  high  incidences, 
and  consequently  the  response  was  desig¬ 
nated  as  stall  flutter. 

Correlation  of  the  rig  stall  flutter  data 
on  the  empirical  experience  curve  in¬ 
dicated  that  it  was  indeed  a  conservative 
operating  limit  (Figure  4).  The  rig  data 
formed  a  “nose  curve*  similar  to  the  cor¬ 
relations  of  previous  Pratt  s  Whitney 
Aircraft  flutter  data  considerably  beyond 
the  experience  boundary.  Because  many  of 
the  variables  not  included  in  a  two- 
dimensional  flutter  were  reasoned  to  not 
appreciably  change,  the  rig  boundary  was 
used  to  assess  the  stability  of  the  F100 
first  stage  fan  at  the  elevated  tempera¬ 
tures  and  pressures  of  high  Mach 


Figure  3.  F100  Rig  Stall  Flutter 

Fan  Hap. 


number  flight.  For  flight  inlet  condi¬ 
tions,  the  normalized  incidences  of  the 
first  staqe  were  calculated  to  be  the  same 
as  those  in  the  rig  at  part  corrected 
speed  on  the  normal  operating  line. 
However,  the  increased  temperatures  did 
increase  the  reduced  velocities  (decrease 
the  reduced  frequencies)  such  that  the 
flutter  region  on  a  fan  map  was  projected 
to  enlarge  (Figure  5).  The  enlargement 
was  small,  and  therefore  the  engine  was 
predicted  to  ne  flutter-free  throughout 
the  flight  en/elope.  Obviously,  the 
blade  failures  experienced  durinq  flight 
testinq  indicated  that  the  prediction  was 
in  error. 

Engine  Test  Results 

A  full-scale  engine  test  proqram  was 
initiated  to  investigate  the  blade 
failures.  Strain  gages  were  placed  on  the 
first  stage  fan  as  dictated  by  laboratory 
tests  that  reproduced  the  failure. 
Aerodynamic  instrumentation  was  sparse  due 
to  the  difficulty  of  the  twin-spool  engine 
environment.  The  engine  was  placed  in  an 
altitude  test  facility  capable  of  simulat¬ 
ing  fliqht  inlet  conditions  in  excess  of 
Mach  3.0  and  70,000  ft. 


Figure  4.  Prediction  of  First-Stage  Fan 
Blade  Stability  at  Engine 
Flight  Conditions. 


Figure  5.  Predicted  Stall  Flutter 

Boundary  at  Engine  Flight 
Conditions  on  Fan  Map. 
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The  flutter  region  was  probed  by  two  basic 
paths,  as  illustrateu  in  three  formats  in 
Figure  6.  Initially,  inlet  conditions 
were  set  at  a  maximum  safe  experience 
point  based  on  endurance  testing  (point 

A) .  Inlet  temperature  was  then  steadily 
increased  to  simulate  a  high  Mach  number 
excursion  into  the  failure  region  (point 

B) .  Above  a  certain  Mach  number,  the 
engine  is  scheduled  such  that  the  fan  cor¬ 
rected  speed  decreases  with  increasing 
temperature  to  avoid  aircraft  inlet 
instabilities.  On  a  fan  map,  the  fan 
approaches  lower  corrected  flows  and  pres¬ 
sure  ratios  as  temperature  or  flight  Mach 
number  is  increased.  During  this  tempera¬ 
ture  excursion,  the  first  stage  fan  exper¬ 
iences  increasingly  higher  normalized 
incidences  but  only  slightly  decreasing 
reduced  velocities.  Temperature  was  in¬ 
creased  until  stability  was  encountered. 

The  second  basic  path  employed  suppressed 
speed  excursions  to  flutter  onset  (points 
A  to  C,  Pigure  6).  Speed  was  decreased  at 
constant  temperature  by  circumventing  the 
engine  control  system.  The  fan  followed 
an  off-schedule  operating  line  at  in¬ 
creasing  higher  pressure  ratios  as  speed 
and  corrected  flow  were  reduced.  As  a 
result,  flutter  was  generally  encountered 
at  higher  normalized  incidences  but  lower 
reduced  velocities  than  on  the  tempera¬ 
ture  transients. 


The  P100  engine  data  determined  the  first 
stage  durability  problem  was  in  fact  the 
result  of  an  aeroelastic  instability  that 
was  a  function  of  stalled  Incidence.  The 
engine  flutter  exhibited  a  marked  dif¬ 
ference  from  that  observed  in  the  com¬ 
ponent  rig  tests;  i.e.,  the  flutter 
response  changed  from  an  800-Hz,  coupled 
bending-torsion  system  mode  to  a  1000-Hz, 
above-shroud  torsion  mode  (Figure  7). 
Because  phasing  of  the  strain  gage  data 
again  proved  inconclusive,  the  engine 
flutter  mode  could  have  been  either  a 
high-r.odal-diameter ,  second  coupled  mode 
or  a  low-nodal-diameter,  third  coupled 
mode. 


Figure  7.  Rig  vs.  Engine  Stall  Flutter 
Frequency  Response. 


Pigure  6.  Engine  Operation  to  Figure  8.  Stall  Flutter  Boundaries  From 

Encounter  Flutter.  Engine  Tests 
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The  data  confirmed  the  destabilizing 
effect  of  increased  temperature,  but  in 
addition  demonstrated  that  increasing 
pressure  is  destabilizing,  a  fact  not  pre¬ 
viously  documented.  This  pressure  depen¬ 
dence  was  readily  seen  when  the  engine 
stall  flutter  boundaries  were  presented  on 
a  speed-versus-inlet-temperature  plot 
(Figure  8).  Subsequent  testing  of  candi¬ 
date  redesigns  substantiated  the  pressure 
effect  as  illustrated  in  a  correlation  of 
pressure-versus-temperature  flutter  bound¬ 
aries  (Figure  9).  As  pressure  was 
increased,  flutter  occurred  at  lower 
temperatures. 

When  plotted  on  the  empirical  Vr-versus- 
6lf  correlation,  the  engine  flutter  was 
shown  to  occur  at  considerably  lower  re¬ 
duced  velocities  and  normalized  incidence 
than  previous  stall  flutter  experience 
(Figure  10).  In  fact,  the  engine  v..- 
versus-Bjf  boundary  would  have  predicted 
the  first  stage  fan  to  have  fluttered  on 
the  normal  operating  line  at  low  tempera¬ 
ture  and  pressure.  Nevertheless,  the 
general  stability  trends  represented  by 
the  empirical  correlation  were  used  to 
redesign  a  flutter-free  first  stage  fan. 
The  thickn«*ss-to-chord  ratio  in  the  air¬ 
foil  tip  region  was  increased  to  increase 
the  torsional  frequency  from  1000  Hz  to 
1240  Hz  and  thereby  decrease  the  reduced 
velocity.  The  airfoil  thickness  increase 
also  improved  the  loss  characteristics  re¬ 
sulting  in  lower  calculated  normalized 
incidence  at  a  given  operating  condition. 

A  finite  element  analysis  (NASTRAN)  of  the 
steady-state  aerodynamic  loading  on  the 
blade  also  indicated  that  the  destabiliz¬ 
ing  effects  of  increased  pressure  were,  at 
least  in  part,  due  to  increased  blade 
deflections  and  consequently  the  cascade 
geometry.  The  increased  stiffness  in  the 
tip  region  created  by  the  thickness  in¬ 
crease  minimized  the  cascade  geometry 
changes  and  the  accompanying  increase  in 
normalized  incidence. 


Figure  9.  Inlet  Pressure  vs.  Temperature 
at  Flutter  Inception. 


The  redesigned  first  stage  blade  was 
demonstrated  to  be  free  of  flutter 
throughout  the  aircraft  flight  envelope  in 
tests  of  the  F100  engine  in  altitude  test 
facilities  and  in  F-15  and  F-16  aircraft. 
Concern  remained,  however,  for  the  F100 
stall  flutter  problem  had  revealed  qrave 
inadequacies  in  the  state  of  the  art  of 
stall  flutter  prediction. 

FOLLOW-ON  RESEARCH 

In  recent  years,  the  emphasis  on  light- 
weiqht,  high  performance  enqine  desiqns 
has  resulted  in  flutte-  problems  similar 
to  the  one  encountered  in  the  F100  engine. 
Efforts  have  intensified  in  academia, 
industry  and  government  to  develop  accu¬ 
rate  and  reliable  flutter  prediction  sys¬ 
tems  that  go  beyond  the  limitations  of  the 
empirical  method. 

Carta  (1967)  proposed  the  aerodynamic 
damping  approach  to  flutter  prediction  in 
which  the  unsteady  aerodynamic  work  over 
one  oscillatory  cycle  is  normalized  by 
four  times  the  system  kinetic  energy  to 
obtain  the  logarithmic  decrement  commonly 
denoted  as  6aero.  The  total  system  log¬ 
arithmic  decrement  is  the  sum  of  6aero  and 
the  mechanical  logarithmic  decrement, 
5ipech'  which  is  always  positive  or 
dissipative.  Thus,  instability  occurs 
only  when  5aero  is  negative  and  of  a  mag¬ 
nitude  such  that  6mech  is  overcome.  The 
unsteady  aerodynamic  work  for  the  entire 
blade  is  obtained  by  summing  the  contribu¬ 
tions  from  two-dimensional  stri-.s  of  con¬ 
stant  airfoil  cross  section  along  the 
blade  span  in  an  attempt  to  account  for 
three-dimensional  effects. 

The  aerodynamic  damping  approach  requires 
an  unsteady  aerodynamics  model  to  predict 
the  unsteady  lift  and  moment  responses  to 
the  unsteady  motion,  which  is  assumed  to 
be  that  of  the  system  natural  modes. 
Unsteady  aerodynamic  modeling  has  inves¬ 
tigated  two  areas  for  the  subsonic  stall 
flutter  problem.  Some  investigators 


Figure  10.  Empirical  Stall  Flutter 

Reanalysis  of  F100  Rotor  1 
at  Rig  Conditions. 


NASA  Flutter  Data 


have  probed  the  effects  of  high  loading 
due  to  incidence  and  blade  shape  for 
attached  flow  (Atassi  t  Akai,  1978,  Verdon 
t  Caspar,  1982),  while  others  have  studied 
the  effects  of  flow  separation  (Sisto  a 
Perumal,  1974,  Chi,  1980,  Chi  a 
Srinivasan,  1984).  The  Chi  model,  which 
assumes  that  the  flow  separates  at  a  fixed 
point  along  the  blade  chord,  was  very 
successful  in  predicting  the  relative 
stabilities  of  the  two  flutter  modes  ob¬ 
served  during  F100  first  stage  fan  tests 
at  the  disparate  temperature  and  pressure 
inlet  conditions.  Further  research  may 
establish  a  means  of  determining  the  sepa¬ 
ration  point  as  a  function  of  the  steady- 
state  operating  conditions.  However,  al¬ 
though  some  of  the  results  have  been 
encouraging,  no  fully  substantiated  model 
has  as  yet  been  developed. 

A  semiempirical  unsteady  aerodynamics 
model  for  stall  flutter  (Jeffers,  et. 
al.,  1978)  was  evaluated  using  F100 
engine  data  from  tests  at  the  NASA  Lewis 
Research  Center.  The  model  was  moderate¬ 
ly  successful  in  that  the  above-shroud 
torsion  mode  was  calculated  to  be  the 
least  stable  and  the  destabilizing  effect 
of  increasing  inlet  pressure  was  satis¬ 
factorily  represented.  However,  other 
inadequacies,  most  notably  the  inability 
of  the  model  to  fully  account  for  the 
effects  of  inlet  temperature,  led  to  the 
conclusion  that  a  conservative  design  sys¬ 
tem  was  possible  only  within  certain 
limits.  More  importantly,  the  aero 
elastic  data  used  to  assess  the  model 
yielded  valuable  information  concerning 
the  stall  flutter  phenomena. 


The  objectives  of  the  F100  engine  tests  at 
NASA  Lewis  were  to  further  define  the  par¬ 
ametric  effects  of  inlet  temperature  and 
pressure,  determine  flutter  responses  as  a 
function  of  operating  conditions,  and  to 
generate  a  data  bank  for  future  research. 
The  instrumentation  included  strain  gages 
on  all  fan  rotors  and  stators  and  total 
temperature  and  pressure  probes  at  the 
leading  edges  of  all  stators.  In  addi¬ 
tion,  a  traversing  flow  angle  probe  was 
placed  behind  the  inlet  guide  vane  to  more 
accurately  define  the  inlet  flow  angles  to 
the  first  stage  fan.  The  more  atypical 
instrumentation  included  high-response 
pressure  probes  and  optical  sensors 
mounted  in  the  enqine  case  directly  over 
the  tip  of  the  first  stage  rotor.  A  high- 
response  wake  probe  was  also  placed  down¬ 
stream  of  rotor  1.  These  sensors  recorded 
the  unsteady  airfoil  motion  and  the  aero- 
oynamic  responses  to  the  blade  motion  dur¬ 
ing  stall  flutter. 

A  broad  range  of  inlet  temperatures  and 
pressures  as  well  as  fan  operating  condi¬ 
tions  were  surveyed  to  generate  stall 
flutter  data.  The  stability  trends 
associated  with  changing  inlet  temperature 
and  pressure  were  in  agreement  with  those 
observed  in  the  earlier  F100  tests 
(Mehalic,  Dicus  &  Kurkov,  1977).  Of  most 
interest  were  the  flutter  responses  mea¬ 
sured  in  the  stationary  reference  frame. 
As  reported  by  Kurkov  (1978,  1980, 
1981)  and  Jeffers,  et.  al.,  (1978),  the 
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Figure  11.  Static  Pressure  Transducer  Frequencies  During  Flutter  Indicate  Presence 
of  Several  Nodal  Diameter  Modes  and  Wave  Directions. 
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stationary  sensors  in  combination  with 
the  rotating  strain  measurements  showed 
that  although  stall  flutter  occurred  at  a 
single  frequency  relative  to  the  rotating 
reference  frame,  the  flutter  mode  shape 
was  comprised  of  several  nodal  diameter 
patterns  traveling  in  both  the  forward  and 
backward  directions  with  respect  to  disk 
rotation,  In  the  stationary  reference 
frame,  the  frequency  of  the  contributing 
mode  was  displaced  from  the  non-inteqral 
flutter  frequency  by  positive  or  negative 
multiples  of  engine  order  depending  upon 
nodal  diameter  and  wave  direction  (Figure 
11).  The  blade-to-blade  maximum  amplitude 
response  varied  considerably  around  the 
circumference  of  the  disk  similar  to  that 
observed  for  forced  excitation  of  mistuned 
blade-disk  assemblies  (Ewins,  1974). 
Further,  the  modal  contributions  and  the 
resulting  blade-to-blade  amplitude  and 
phase  angle  responses  were  found  to  vary 
with  inlet  and  engine  operating 
conditions. 


Thus,  stall  flutter  occurs  in  complex 
modes  whose  contributors  are  determined  by 
aerodynamic  and  structural  asymmetries. 
Although  mistuning  has  been  shown  to  be 
stabilizing  and  a  conservative  design 
system  could  be  based  on  tuned  aero- 
mechanical  systems,  a  comprehensive  flut¬ 
ter  prediction  system  capable  of  verify¬ 
ing  an  unsteady  aerodynamics  model  for 
stall  flutter  would  have  to  account  for 
mistuning  effect.3. 

CONCLUDING  REMARKS 

An  encouraging  amount  of  progress  has  been 
made  over  the  past  decade  in  the  under¬ 
standing  of  the  stall  flutter  phenomenon. 
The  parametric  effects  of  inlet  flow,  par¬ 
ticularly  temperature  and  pressure,  and  of 
engine  operating  conditions  have  been 
extensively  demonstrated  in  experiment. 
Analytical  aerodynamic  and  structural 
modeling  has  become  more  ambitious  and 
sophisticated  with,  in  many  cases,  promis¬ 
ing  results.  However,  no  fully  substan¬ 
tiated  stall  flutter  prediction  system 
has  as  yet  been  developed. 
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INTRODUCTION 

Prevention  of  high  cycle  fatigue  in 
turbomachinery  components  is  the  aim  of 
the  structural  designer.  High  cycle 
fatigue  considerations  account  for  a 
significant  percentage  of  development  and 
operational  costs  of  a  gas  turbine  en¬ 
gine.  In  development,  costly  time  delays 
and  redesign  efforts  may  be  incurred  due 
to  high  cycle  fatigue  failures  of  com¬ 
ponents.  Decreased  reliability,  short¬ 
ened  time  between  overhauls,  and  in¬ 
creased  need  for  spares  may  be  associated 
with  high  cycle  fatigue  failures.  These 
also  add  to  the  costs  of  operation  of  gas 
turbine  engines.  Based  on  the  accumulat¬ 
ed  knowledge  of  the  cause  of  high  cycle 
fatigue,  empirical  and  analytical  design 
tools  to  aid  the  designer  have  been  and 
continue  to  be  developed.  Proper  appli¬ 
cation  of  these  design  aids  leads  to  the 
ultimate  goal  of  eliminating  high  cycle 
fatigue  from  gas  turbine  engines  through 
judicious  desiqn  of  turbomachinery  com¬ 
ponents. 

This  chapter  will  cover  the  aeroelastic 
principles  and  considerations  of  design¬ 
ing  blades,  disks  and  vanes  to  avoid  hiqh 
cycle  fatigue  failures.  Two  types  of 
vibration  that  can  cause  high  cycle 
fatigue,  flutter  and  forced  vibration, 
will  first  be  defined  and  the  basic 
governing  equations  discussed.  Next, 


under  forced  vibration  design  the  areas 
of  source  definition,  types  of  com¬ 
ponents,  vibratory  mode  shape  definitions 
and  basic  steps  in  design  for  adequate 
high  cycle  fatigue  life  will  be  present¬ 
ed.  For  clarification  a  forced  viuration 
design  example  will  be  shown  usina  a  high 
performance  turbine  blade/disk  component. 
Finally,  types  of  flutter,  dominant  flut¬ 
ter  parameters,  and  flutter  procedures 
and  design  parameters  will  be  discussed. 
The  overall  emphasis  of  this  chapter  is 
on  application  to  initial  design  of 
blades,  disks  and  vanes  of  aeroelastic 
criteria  tc  prevent  high  cycle  fatigue 
failures. 

CHARACTERISTICS  OF  FLUTTER  AND  FORCED 
VIBRATION 

The  classification  of  the  two  types  of 
vibration  which  can  cause  high  cycle 
fatigue  failures  is  delineated  by  the 
relationship  between  the  component  dis¬ 
placement  and  the  forces  acting  on  the 
component.  Forced  vibration  is  defined 
as  an  externally  excited  oscillating 
motion  where  there  are  forces  acting  on 
the  component  which  are  independent  of 
the  displacement.  Where  the  nature  of 
the  forces  acting  on  the  component  are 
functions  of  the  displacement,  velocity 
or  acceleration  of  the  component,  and 


Figure  1.  Primary  Elements  of  Flutter  and  Forced  Vibration 
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these  forces  feed  energy  into  the  system, 
the  self-induced  oscillations  are  clas¬ 
sified  as  flutter.  Therefore  to  avoid 
forced  vibration  and  flutter  through 
design  requires  an  accurate  knowledge  of 
the  forces  and  the  dynamic  properties 
of  the  structural  component  involved. 

A  simplified  view  of.  the  forces  and  the 
dynamic  characteristics  of  the  structural 
component  are  shown  in  Figure  1.  The 
basic  equation  of  motion  shown  combines 
the  structural  dynamic  properties  on  the 
left  side  of  the  equation  with  the 
forcing  function  on  the  right.  The 
dynamic  properties  of  the  component  are 
based  upon  the  mass  (M)  and  stiffness  (K) 
matrices  of  the  system  from  which  natural 
undamped  frequencies  ( u)  and  mode  shapes 
are  determined.  The  force  required  to 
move  the  component  in  each  mode  shape  is 
dependent  on  the  structural  damping  (C) 
of  the  system. 

Definition  of  the  forcing  function  is 
divided  to  distinguish  between  external 
and  self-induced  forces.  External  forc¬ 
ing  functions  which  are  independent  of 
component  displacement  can  be  generated 
by  such  things  as  air  flow  nonuniformi¬ 
ties  or  by  mechanical  mechanisms  such  as 
rub.  The  aerodynamic  force  which  is 
created  as  a  result  of  the  component's 
displacement  is  classified  as  a  self- 
induced  force  called  aerodynamic  damping. 
This  self-induced  force  may  either  be 
stabilizing  (positive  aerodynamic  damp¬ 
ing)  or  destabilizing  (negative  aero¬ 
dynamic  damping). 


For  either  forced  vibration  or  flutter, 
the  response  (equilibrium  amplitude)  of 
the  component  is  equal  to  the  work  done 
by  the  component.  For  forced  vibration, 
the  equilibrium  amplitude  is  reached  when 
the  work  done  on  the  component  by  the 
external  forcing  function  is  equal  to  the 
work  done  by  the  structural  damping  force 
and  by  the  aerodynamic  damping  force. 
This  work  balanced  is  expressed  as: 

WORK/CYCLE)in  *  WORK/CYCLE)out  (1) 

WORK/CYCLE )F0RCING  (2) 

FUNCTION 

-  W'dRK/EYELE) structural 

DAMPING 

+  H0RK/CYCLE ) AERODYNAMIC 
DAMPING 

For  flutter,  equilibrium  is  reached  when 
the  work  on  the  component  by  the  self- 
induced  force,  aerodynamic  damping#  is 
equal  to  and  opposite  in  sign  to  the  work 
done  by  the  component  by  the  structural 
damping  force.  This  is  expressed  as: 

WORK/CYCLE  )aerodynamic  ") 

DAMPING 

=  - WORK/CYCLE  j STRUCTURAL 
DAMPING 


Figure  2.  Elements  of  an  Aeroelasticity  Design  Analysis. 
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The  key  elements  of  an  analytical  design 
system  for  aeroelastic  response  pre¬ 
diction  is  shown  in  Figure  2.  This 
system  can  be  used  to  predict  steady 
state  (equilibrium)  response  of  turbo- 
achinery  components  to  forced  response 
or  flutter  with  the  ultimate  goal  being 
elimination  of  HCF  failure  in  the  design 
phase.  The  basic  elements  of  the 
equation  of  motion  are  shown  here  with 
the  structural  dynamic  properties  on  the 
lett  side  and  the  forcing  function  on  the 
right.  The  structural  dynamics  analyses 
used  presently  are  based  on  finite 
element  techniques  and  are  able  to 
accurately  predict  natural  modes  and 
frequencies  of  blade,  disk  and  vane 
structures.  Structural  damping  is  defined 
by  qualifying  the  various  sources  of 
damping  such  as  material  and  interface 
friction.  Recently  structural  damping 
has  bee.;  measured  by  Srinivasan  (1981) 
and  Jay  (1983).  Damping  materials  have 
been  identified  for  optimum  application 
to  various  designs  to  improve  flutter 
characteristics  and/or  reduce  forced 
vibration  responsiveness.  D.I.G.  Jones 
(1979)  gives  an  extensive  list  of  efforts 
to  increase/add  structural  damping  to 
components.  Prediction  of  the  strenqth 
of  the  forcing  function  due  to  aerodynamic 
disturbances  is  also  required.  Research 
to  acquire  data  and  model  such  distur¬ 
bances  to  provide  an  experimentally 
verified  analytical  prediction  system  has 
been  carried  out  by  Gallus  (1982a, 
1982b).  Research  to  develop  unsteady 
aerodynamic  analyses  to  calculate  the 

time-dependent  pressure  distribution  due 
to  airfoil  notion  and/or  flow  uniformity 
has  been  conducted  by  Smith  (1971), 

Caruthers  (1980).  All  of  the  elements 
shown  are  necessary  to  adequately  design 
components  for  forced  vibration  or  flut¬ 
ter  considerations. 

The  preceding  definitions  and  equations 
form  the  basis  for  the  design  systems 
used  for  preventing  high  cycle  fatigue  of 
gas  turbine  blades,  disks  and  vanes. 
These  design  systems  are  largely  centered 
on  defining  the  sources  and/or  mechanism 
of  forcing  function  generation  and 

accurately  predicting  the  aeroelastic 

properties  of  the  component.  The  success 
of  a  design  system  is  directly  dependent 
on  how  well  it  can  define  these  elements 
of  forced  vibration  and  flutter.  Use  of 
empirical  relationships  are  still  re¬ 
quired  as  a  substitute  for  exact  defini¬ 
tions  of  some  elements.  Estimates  of 
values  of  certain  elements  based  on 
experience  are  needed.  These  approx¬ 
imations  compromise  the  ability  of  the 
designer  to  completely  avoid  high  cycle 
fatigue  of  blades,  disks  and  vanes  but 
are  used  to  prevent  most  high  cycle 

fatigue  problems.  As  more  exact  defini¬ 
tions  of  these  elements  are  obtained 
through  experimental  and  analytical 
approaches,  the  designer  will  be  able  to 
more  adequately  attain  the  goal  of 
elimination  of  high  cycle  fatigue  failure 
in  turbomachinery  components. 

Additional  references  on  aeroelasticily 
are  Scanlan  (1951),  Bisplinghoff  (1955, 
1962),  and  Funq  (1955). 

FORCED  VIBRATION  DESIGN 

Forced  vibration  is  the  result  of 


external  forces  acting  on  the  blade,  disk 
or  vane  component.  The  type  of  component 
geometry  can  be  tailored  to  limit  or 
lessen  the  effects  of  these  forces 
through  displacement  limitation,  fre¬ 
quency  tuning,  mode  selection  and/or 
damping  control.  Accurate  calculation  of 
the  undamped  natural  frequencies  and  mode 
shapes  is  required  to  effect  an  accept¬ 
able  geometry  for  forced  response.  These 
areas  will  be  discussed  and  an  example  of 
the  basic  steps  m  forced  vibration 
design  will  be  presented  in  this  section. 


Sources  of  Unsteady  Forces 

The  most  common  aerodynamic  sources  of 
forced  vibration  are  shown  in  Table  1. 
Aerodynamic  sources  due  to  structural 
blockaqes  to  the  flow  are  mainly  due  to 
the  upstream  or  downstream  airfoil  rows. 
Upstream  vanes  and  struts  create  a 
periodic  unsteady  flow  field  for  down¬ 
stream  rotating  blade  rows.  Likewise  the 
viscous  flowfield  of  rotating  blade  rows 
creates  a  periodic  unsteady  flowfield  for 
downstream  stationary  vanes  and  struts. 
Generally,  vanes,  struts  and  blades  are 
equally  spaced  circumferentially  but  if 
they  are  nonuniform  in  a)  circumferential 
location  b)  shape  (i.e.,  thickness, 
camber,  trailing  edge  thickness,  chord) 
or  c)  setting  angle,  for  example,  then 
the  unsteady  downstream  flowfield  will 
contain  harmonics  of  the  pattern  which 
may  coincide  in  the  operating  speed  range 
of  the  engine  with  a  natural  frequency  of 
a  downstream  airfoil  structure. 

Downstream  vanes  and  struts  can  also 
create  a  periodic  unsteady  flow  field  for 
upstream  rotatinq  blade  rows.  Likewise 
potential  flow  effects  of  rotating  blade 
rows  create  a  periodic  unsteady  flowfield 
for  upstream  vanes  and  struts. 

Asymmetry  in  the  stationary  flowpath  can 
cause  unsteady  forces  on  rotating  (rotor) 
airfoils.  Examples  of  flowpath  asymmetry 
are  a)  rotor  off  center,  b)  non-circular 
case  and  c)  rotor  case  tip  treatment. 

Circumferential  inlet  flow  distortion  can 
be  a  source  of  unsteady  forces  on  rotating 
blade  rows.  A  non-uniform  inlet  flow  con¬ 
dition  creates  unsteady  forces  on  the  ro¬ 
tating  (rotor)  airfoils.  The  strength  and 
harmonic  content  of  the  forcing  function 
produced  will  be  dependent  on  the  magni¬ 
tude  of  the  velocity/pressure/temperature 
defect  and  the  radial  and  circumferential 
extent  of  the  distortion. 


Table  1. 

Sources  of  Unsteady  Forces  in  Rotatinq 

Turbomachinerv  Structures. 

o  Aerodynamic  sources 

o  upstream  vanes/struts  (blades) 
o  Downstream  vanes/struts  (blades) 
o  Asymmetry  in  flowpath  geometry 
•  Circumferential  inlet  flow  distortion 
(pressure,  temperature,  velocity) 
o  Rotating  stall 
o  Local  bleed  extraction 

0  Mechanical  Sources 

•  Gear  tooth  meshes 

•  Rub 


Circumferential  inlet  flow  distortion 
taking  the  form  of  velocity,  pressure  or 
temperature  variations  at  .he  inlet  to 
the  compressor  or  turbine  can  induce  high 
sinusoidal  forces  through  the  length  of 
the  compressor  or  turbine.  Crosswinds  or 
ducting  at  the  compressor  inlet  may 
produce  distortion  patterns  of  low  order 
harmonic  content.  Combustor  cans,  because 
of  the  variations  in  operation,  may 
produce  temperature  patterns  of  low  order 
harmonic  content.  Even  annular  combustors 
may  produce  velocity/temperature  patterns 
of  low  order  harmonic  content  which  are 
due  to  circumferential  flow  variations. 


Rotating  stall  tones  are  another  source 
of  aerodynamic  blockage  which  can  produce 
high  response  in  blade,  disk  and  vane 
components.  Stall  zones  are  formed  when 
some  blades  reach  a  stall  condition 
before  others  in  a  the  row.  A  zone(s)  of 
retarded  flow  is  formed  which  due  to 
variations  of  angle  of  attack  on  either 
side  of  the  zone  begins  to  rotate 
opposite  the  rotor  rotation  direction. 
This  speed  of  rotation  has  been  observed 
to  be  less  than  the  rotor  speed.  Thus, 
the  zone(s)  alternately  stalls  and  un¬ 
stalls  the  blades  as  it  rotates.  The 
number,  magnitude  and  extent  of  the  zones 
and  the  relative  speed  between  zone 
rotation  and  blade,  disk  or  vanes 
determines  the  magnitude  and  frequencies 
of  the  forcing  function  available  for 
component  excitation.  High  stresses 
observed  with  this  source  of  excitation 
can  lead  to  quicx  failure  of  turbo¬ 
machinery  components. 

Local  bleed  extraction,  where  air  flow  is 
not  removed  uniformly  around  the  case 
circumference,  may  produce  unsteady 
forcing  functions  which  may  excite 
natural  modes  of  blade  and  disk  com¬ 
ponents.  Stages  upstream  and  downstream 
of  the  bleed  locations  have  been  observed 
to  respond  to  harmonics  of  the  number  of 
bleed  ports. 


Tooth  meshing  of  a  gear  that  is  hard 
mounted  on  the  same  shaft  is  a  common 
mechanical  source  of  blade  forced 
vibration  excitation.  Rotor  blade 
failure  is  possible  when  the  rotor  system 
i3  excited  in  a  natural  mode  in  which 
there  is  high  vibratory  stress  at  the 
blade  root  The  mechanism  of  this  exci¬ 
tation  can  be  illustrated  by  examining 
two  examples. 

Consider  a  rotating  rigid  rotor  system 
vibrating  in  a  fixed  plane,  the  instanta¬ 
neous  direction  of  acceleration  that  is 
applied  to  each  blade  root  differs  from 
blade  to  blade  for  a  total  variation  of 
360*  around  the  rotor.  Each  blade  will 
resonate  when  its  natural  frequency  (fc) 
equals  either  the  sum  or  difference  of 
the  rotor  translation  frequency  (fTR)  and 
the  rotational  frequency  (fR). 


This  equation  defines  phase  equality  be¬ 
tween  the  vibrating  blade  and  the  forcing 
function  dynamics.  If  the  rotor  was  not 
rotating  only  those  blades  which  were 
normal  to  the  plane  of  translation  would 
be  resonant  due  to  common  phase  equality. 


Gear  tooth  (NT  *  number  of  teeth)  meshing 
can  be  a  sour^  of  such  translation 
motion  of  the  rotor  system  (frR  “  nt  x 
fN).  Therefore  whenever  tn*.  blade  fre¬ 
quency  matches  the  order  frequency  due  to 
the  number  of  qear  teeth  plus  or  minus 
one,  excitation  is  possible  (fc  *  (Nj  x 
fN)  +  fN  or  fc  =  (nt  +  1)  fN. 

Considering  the  case  of  torsional  vibra¬ 
tion  of  a  rigid  rotor,  all  blades  experi¬ 
ence  the  same  in-phase  excitation  forces 
at  any  instant,  independent  of  whether 
the  rotor  is  turning.  Each  blade  will 
resonate  when  its  natural  frequency  (fc) 
equals  the  rotor  torsional  vibrating  fre¬ 
quency. 


Again,  gear  tooth  meshing  c?n  be  a  source 
of  such  torsional  motion  of  the  rotor 
system  (*tr  *  nt  x  Therefore  when¬ 
ever  the  blade  frequency  matches  the 
other  frequency  due  to  the  number  of  gear 
teeth,  excitation  is  possible. 

Rub,  as  a  source  of  forcing  function,  can 
produce  high  response  in  components. 
Contact  of  a  rotor  blade  tip  with  the 
stationary  casing  locally,  may  cause  an 
initial  strain  "spike"  of  the  blade 
followed  by  strain  decay  in  a  natural 
mode.  At  its  worst  the  rub  excitation 
frequency  will  be  equal  to  a  blade 
natural  frequency.  Causes  of  contact  may 
be  related  to  rotor  unbalance  response, 
ovalizing  of  the  case,  casing  vibration 
characterized  by  relative  blade  to  case 
radial  motion,  casing  droop,  and  non- 
uniform  blade  tip  grind. 


Types  of  Turbomachinery  Blading 

There  are  may  types  of  turbomachine 
blades  and  vanes.  Table  2  is  a  partial 
list  of  the  types  of  blades  and  vanes. 
Each  of  these  descriptors  have  a  definite 
impact  upon  the  dynamic  properties  of  the 
components.  They  describe  some  aspect  of 
the  component  design  from  how  it  is  sup¬ 
ported,  general  shape,  structural  geo¬ 
metry,  material,  to  its  aerodynamic  de¬ 
sign. 

Some  examples  of  turbine  blade  and  disk 
geometries  are  presented  in  Figure  3.  As 
shown,  blades  may  be  integrally  cast  with 
blades  or  may  be  separate  and  have  at¬ 
tachments  at  the  blade  root.  The  dif¬ 
ferences  in  dynamic  characteristics  of 
each  of  the  blades  must  be  accurately 
considered  during  the  design  of  testing 
phases. 


pes  of  Turbomachinerv  Blades  »nd  Vanes 


Shrouded/shroudless 
Axial/circumferential 
attachment 
Stiff/flexible  disk 
Hiqh/low  aspect  ratio 
High/low  speed 
Solid/hollow 
Fixed/variable 


Cantilevered/ 
inner  banded 
High/low 
aspect  ratio 
Solid/hollow 
Metal/ceramic 
Compressor/ 
turbine 


Z  SHROUD  -  FOURTH  STAGE 


Figure  3.  Turbine  Blade  Configurations. 


HLAOES 

•  STW  DISK  Oft  cmCUMFERtNTIAL 
ATTACHMENT* 


VANES 

•  VANE  ALONE* 


•  VANE/SHNOUD  ASSEMBLY* 


Figure  4.  Types  of  Blade  and  Vane  Vibratory  Modes. 
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Metal/ceramic/  Hig'  'low 

composite  pres  -  ratio 

High/low  hub-to-tip 

radius  ratio 

Compressor/turbine 

High/low  pressure  ratio 

Natural  Modes 

Natural  modes  and  frequencies  of  the  com¬ 
ponents  are  defined  by  the  physical  geo¬ 
metry  of  the  component.  These  natural 
modes  are  described  by  the  location  of 
node  lines  (zero  motion)  and  general  mode 
deflection.  Generic  types  of  natural 
modes  are  shown  in  Figure  4. 

The  first,  lowest  frequency,  mode  of  a 
beam-like  component  is  that  mode  which 
has  no  nodes  present  on  its  unfixed 
surface.  This  is  illustrated  by  the 
stiff  di3k  and  vane  alone  modes.  For  a 
blade  or  vane  fixed  at  one  end  the  motion 
is  one  of  bending  from  side  to  side  of 
the  whole  structure.  The  fixed  blade  or 
vane  at  both  ends  bends  like  a  bow  string 
in  its  first  mode.  For  both  types  of 
fixity  the  second,  third,  etc.  modes 
become  more  complex  with  node  lines  ap¬ 
pearing  on  the  blade  or  vane. 

Actual  holographic  and  calculated  mode 
shapes  for  an  unshrouded  compressor  blade 
are  shown  in  Figure  5.  The  fixity  of  this 


first  stage  compressor  blade  is  at  the 
bottom  (hub)  end  of  the  airfoil.  A  vari¬ 
ety  of  mode  shapes  characterized  by  node 
lines  are  identified  as  either  basically 
bending  (B),  torsion  (T),  edgewise  (EW), 
lyre  (L)  or  chordwlse  bending,  or  complex 
(C).  The  finite  element  method  used  to 
calculate  the  frequency  and  mode  shapes 
shows  the  excellent  accuracy  possible  by 
analytical  means.  This  ability  to  predict 
natural  modes  is  necessary  in  order  to 
have  accurate  forced  response  and  flutter 
design  systems. 

When  several  blades  or  vanes  are  tied 
together  and/or  are  a  part  of  a  flexible 
disk,  the  combined  dynamic  properties  of 
the  components  couple  to  produce  ad¬ 
ditional  modes  called  system  modes  (see 
Fiqure  4).  Packets  of  blades  or  vanes 
tied  together  have  assembly  modes  in 
Which  combined  bending/twisting  of  all 
blades  take  place  at  one  natural  fre¬ 
quency.  Flexible  disk  natural  mode 
shapes  are  characterized  by  line  of  zero 
motion  across  the  diameter  called  nodal 
diameters  (ND).  These  may  couple  with 
the  blade  natural  modes  to  produce  syr.cem 
modes  with  elements  of  motion  from  each 
component's  natural  mode  but  at  a  new 
natural  frequency.  Circumferential  node 
lines  also  may  describe  higher  frequency 
natural  modes  of  blade/disk  systems. 


IB  2B  IT  1EW  3B 
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Figure  5.  Frequency  and  Mode  Shape  Correlation 
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Phot°9raphs  (see  Figure  6)  of 
a  blade/disk  system  illustrate  the  rela- 
and"S™irt  between  nodal  diameter  pattern 
and  mode  number.  Three  nodal  diameter 
patterns  are  shown  with  the  3ND  pattern 
family  expanded  for  the  first  three 

bv  one  T  ?  3eS°nd  ™ode  18  characterised 
by  one  circumferential  node  while  the 
third  mode  has  two.  u  tne 

Ten  Steps  of  Forced  Vibration  Design 

The  ten  basic  steps  in  designina  to 
prevent  high  cycle  fatigue  due  to  forced 
response  are  listed  in  Figure  7°  These 

ine9Swhioh0lrh  evaluatin9  the  environment 
(steos  I  the  component  must  operate 
2'  51 '  Predicting  the  aero- 

ts^psC3-8^ra?teri^iOS,  °f  the  comPonent 
8>'  investigating  possible  de- 
sign  changes  (step  9),  and  finally  the 
actual  measurement  of  the  dynamic  re¬ 
sponse  of  the  component  in  the  engine 
environment  (step  10).  These  steps  will 
be  illustrated  by  examining  the  design  of 
a  second  stage  gasifier  turbine  blade/ 

i^stead01"^fne,t'  ThS  choice  of  a  turbine 
instead  of  a  compressor  component  was 

for  each!  06  th®  3teps  are  the  same 

The  example  blade  is  an  aircooled  design 
incorporating  the  features  listed  in 
Figure  8.  it  is  a  shroudless  blade  which 
is  integrally  bonded  to  the  disk.  The 


hollow  blade  is  a  low  aspect  ratio  (length 
to  width)  design,  with  twenty-two  (22) 
•J™11?  l"  the  st'ge.  A  nickel  alloy 
which  has  good  structural  properties  at 
high  temperature  and  stress  conditions  is 
used  in  this  design, 

°"e  Calla  £or  an  identification  of 
809f?a3  o£  excitation  (forcing 
function)  while  step  two  requires  the 
definition  of  the  operating  speed  ra  .ges 
the  component  will  experience.  For  the 
2le  turbine  the  possible  sources  and 
speed  ranges  are  shown  in  Figure  9. 

fxistaianrfUrC®9  ,°f  aer°dynamic  excitation 
tun  are  Ilstad-  Tw°  upstream  and 

*?2ad0  2St£  m.rSOUrces  have  beet:  identi- 
t led.  Each  of  these  sources  cree  eu  a 

forcln9  function  relative  t  he 

nlr  ll"9  Jacond,  Sta9e  blade/disk  com- 
ponent.  The  relevant  content  of  these 
forcing  functions  will  be  the  harmonics 

a38°^atad  “tth  the.  Second  etad™Wade 
P  ing  these  stationary  sources.  The 

°f  the  forci"9  function  is 
dependent  upon  the  rotating  speed  of  the 
second  stage  blade.  The  speeds  cf  pos- 

idleeanrtte^di,-3tate  °Peration  are  between 
f^,d93ign:  Any  resonance  occuring 

™  .id*8.  woVld  ba  ln  a  transient  spetd 
range  implying  lower  chance  of  accumu- 

Jaimn  enhU9l:  CYCleS  f°r  faliure  or  main- 
failure  hl9h  6nou9h  response  to  produce 


2677  Hz 
MODE  1,  3ND 


HO-XOOAl  DIAMETER  13457  Hz 

MODE  3, 3N0 


Figure  6.  Node  Number  and 


Nodal  Diameter  Pattern. 
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STEP  1  IDENTIFY  POSSIBLE  SOURCES  OF  EXCITATION 
STEP  2  DETERMINE  OPERATING  SPEED  RANGES 
STEP  3  CALCULATE  NATURAL  FREQUENCIES 
STEP  4  CONSTRUCT  RESONANCE  DIAGRAM 
STEP  5  DETERMINE  RESPONSE  AMPLITUDES 
STEP  6  CALCULATE  STRESS  DISTRIBUTION 
STEP  7  CONSTRUCT  MODIFIED  GOODMAN  DIAGRAM 
STEP  8  DETERMINE  HIGH  CYCLE  FATIGUE  (HCF)  LIFE  (FINITE 
OR  INFINITE) 

STEP  9  REDESIGN  IF  HCF  LIFE  IS  NOT  INFINITE 

STEP  10  CONDUCT  STRAIN  GAGED  RIG/ENGINE  TEST  TO  VERIFY 
PREDICTED  RESPONSE  AMPLITUDES 


Figure  7.  Summary  of  Basie  Steps  in  Designing  to  Prevent  High 
Cycle  Fatigue  Created  by  Forced  Vibration. 


Figure  6.  Gas  Generator  Second  Stage  Blade  Cooling  Geometry. 
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Figure  9  also  notes  that  the  spacer  and 
disk  have  been  designed  to  be  in  constant 
contact  throughout  the  engine  operating 
conditions.  This  contact  limits  the  disk 
flexibility  and  eliminates  the  disk 
participation  in  the  assembly  modes. 
Therefore  accurate  prediction  of  natural 
modes(  step  3/  can  be  made  for  this  type 
of  design  by  modeling  only  the  blade 
geometry  and  .ixing  the  blade  at  the 
proper  radial  location. 

The  natural  modes  of  a  blade  as  compli¬ 
cated  as  this  example,  can  be  calculated 
using  finite  element  techniques  developed 
especially  for  rotating  turbomachinery 
components.  The  natural  frquencies  of 
the  blade  have  been  calculated  using  a 
model  constructed  with  triangular  plate 
elements.  The  elements  have  been  used  to 
simulate  the  hollow  airfoil,  platform, 
and  stalk  geometry  as  shown  in  Figure  10. 
The  stiffness  and  mass  Matrices  formed  by 
these  elements  are  solved  to  compute  the 
natural  frequencies.  The  more  elements 
used,  the  closer  to  the  actual  blade  is 
the  mathematical  model. 

This  method  of  calculation  is  shown  to  be 
accurate  by  the  comparison  of  frequencies 
and  mode  shapes  of  test  holograms  with 
those  of  the  finite  element  model.  This 
comparison  is  for  zero  RPM  and  room  tem¬ 
perature  conditions.  Additional  calcula¬ 
tions  are  made  for  various  temperature 
and  rotational  speeds  to  determine 
natural  modes  at  the  actual  oper  -mg 
conditions. 


To  determine  if  the  natural  frequency  of 
a  blade  coincides  with  the  frequency  of  a 
source,  resonant  condition,  a  resonance 
diagram  is  constructed  (step  4).  A 
resonance  diagram  relates  frequency  to 
rotational  speed  as  shown  in  Figure  11. 
Since  the  forcing  function  frequency  is 
dependent  on  rotational  speed,  lines  of 
concurrent  frequencies  can  be  drawn  for 
various  harmonics  (i.e.,  1,2,3,....  10, 
. .  .13, . . . 19, . .21 . . .  sine  waves  per  revo- 
revolution  of  the  rotor)  of  engine  speed 
for  which  sources  exist.  Placing  of  the 
calculated  natural  frequencies  on  the 
diagram  with  the  lines  of  concurrent 
frequencies,  engine  order  lines,  of  the 
known  sources,  identifies  possible  reso¬ 
nant  conditions  of  a  component  natural 
frequency  coinciding  with  a  forcing  func¬ 
tion,  source  frequency.  In  this  example, 
a  dropping  of  natural  frequency  with 
rotor  speed  indicates  that  temperature 
effects  are  dominant  over  centrifugal 
stiffening  within  the  operating  speed 
range. 

The  possible  resonant  conditions  are 
identified  by  intersection  of  natural 
frequencies  and  order  lines  which  occur 
within  or  near  to  the  steady  state 
operating  speed  range.  The  strongest 
expected  aerodynamic  sources  of  excita¬ 
tion  are  those  immediately  upstream  (in 
front  of)  and  downstream  (behind)  the 
blade.  The  amount  of  response  (step  5), 
depends  not  only  on  the  strength  of  the 
forcing  function,  but  also  upon  the 
aeroelastic  characteristics  of  the  com¬ 
ponent.  For  this  example,  the  dynamic 


Figure  9.  Gas  Generator  Turbine  General  Arrangement. 
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•  POSSIBLE  RESONANCES 
O  RESONANCES  OF  MAIN  CONCERN 
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characteristics  for  the  first  torsional 
mode  (IT),  mode  shape  and  damping  are 
significant  in  determining  possible  re¬ 
sponse  amplitudes. 

The  response  of  modes  of  blades  due  to 
aerodynamic  sources  of  excitation  have 
been  empirically  defined  based  on  experi¬ 
ence.  This  empiricism  groups  typical 
blades  by  common  mode  shape,  damping, 
type  of  source,  and  distance  from  the 
source  to  correlate  with  response  experi¬ 
ence.  The  use  of  an  empirical  method  for 
estimating  response  is  due  to  a  current 
inability  to  adequately  predict  the 
strength  of  the  forcing  functions  pro¬ 
duced  and  the  damping  present  in  the  gas 
turbine  environment. 

For  example,  the  response  of  first  tor¬ 
sional  inodes  of  turbine  blades  due  to  an 
upstream  vane  source  might  be  empirically 
defined  as  in  Figure  12.  A  plot  of  axial 
gap/vane  axial  chord  (rate  of  decay  of 
forcing  function)  versus  the  vane  overall 
total  to  static  expansion  ratio  (forcing 
function)  may  allow  the  designer  to  pick 
the  combination  of  variables  that  will 
ensure  a  viable  design.  A  range  of  blade 
gap/chord  values  is  defined  for  the 
second  stage  based  upon  build  up  toler¬ 
ances  from  engine  to  engine  of  the 
various  rotor  components.  This  range 
indicates  that  a  maximum  dynamic  stress 
of  six  to  ten  thousand  psi  would  be 
expected  for  the  first  torsional  mode 
coincidence  with  the  upstream  vane  order 
line. 


The  response  of  turbine  blade  modes  to 
the  turbine  downstream  vane  source  of 
excitation  has  been  shown  to  be  related 
to  the  variation  of  static  pressure  in 
front  of  the  vane  source.  Figure  13.  aP/Q 
is  a  calculated  value  based  on  the  aero- 
dynamically  predicted  static  pressure 
field  created  by  the  presence  of  the  vane 
in  the  airflow  stream.  Tnis  pressure 
field  is  dependent  upon  aerodynamic 
characteristics  (velocity  triangles,  mass 
flow,  etc.)  and  vane  cross-sectional 
geometry.  Plotting  AP/Q  versus  a  nor¬ 
malized  value  of  axial  gap  allows  the 
designer  to  space  (gap)  the  blade-vane 
row  to  avoid  a  large  forcing  function.-  A 
specified  limit  would  be  based  upon 
turbine  blade  experience  to  date  and 
represents  the  maximum  value  of  aP/Q  that 
is  considered  acceptable.  The  second 
stage  blade  range  (based  on  build  toler¬ 
ances)  indicates  an  acceptable  value  of 
AP/Q  and  thus  indicates  that  a  low 
response  due  to  the  third  vane  row  is 
expected . 

Calculation  of  dynamic  stress  distribu¬ 
tion,  step  6,  is  necessary  for  determin¬ 
ing  locations  of  maximum  vibratory  stress 
for  high  cycle  fatigue  assessment  and  as 
an  aid  in  the  placement  of  strain  gages 
to  measure  strain  due  to  blade  motion 
during  engine  operation.  A  number  of 
these  gages  placed  in  various  positions 
on  the  airfoil  can  be  used  to  qualify  the 
relative  responses  of  the  blade  at  each 
location  for  each  natural  mode.  A 
distribution  of  stress  for  each  mode  is 
thus  identified. 
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Figure  12.  Prediction  of  Response  due  to  Second  Stage  Vane. 


DOWNSTREAM  AXIAL  GAP/VANE  TANGENTIAL  SPACING 


Figure  1?.  Prediction  of  Response  due  to  Third  Stage  Vane 
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Figure  14.  Calculation  of  Dynamic  Stress  Distribution  for 
First  Stage  Blade--Tr  iling  Edge. 
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An  example  of  a  first  stage  turbine  blade 
stress  distribution  is  shown  in  Figures 
14  and  15.  The  analytical  results  are 
based  upon  finite  element  calculations 
and  show  good  cortelation  with  test  data. 
The  results  of  the  bench  test  are  limited 
to  the  number  of  and  direction  of  the 
gages,  while  the  analytical  results  cover 
all  locations  and  directions.  Use  of 
analytical  stress  distributions  to  pick  a 
limited  number  of  gage  locations  on  the 
blade  helps  to  ensure  the  best  coverage 
of  all  modes  of  concern.  It  should  be 
noted  that  one  gage  location  may  not 
cover  all  modes  of  concern  since  maximum 
locations  vary  with  mode  shape. 

To  determine  the  allowable  vibratory 
stress  for  various  locations  on  the  blade 
a  diagram  relating  the  vibratory  and 
steady  state  stress  field  is  used,  step 
7.  A  typical  modified  Goodman  diagram  is 
shown  in  Figure  16.  Material  properties 
are  normally  obtained  through  testing  at 
several  temperatures  with  smooth  bar 
samples,  no  notches  or  fillets.  From 
these  properties  mean  ultimate  strength 
at  zero  vibratory  stress  and  mean  fatigue 
strength  at  10'  cycles  (or  Infinite  life) 
of  vibration  at  zero  steady  stress  are 
placed  on  the  diagram.  A  straight  line 
is  drawn  between  these  two  values  which, 
for  most  materials,  is  a  conservative 
mean  fatigue  strength  as  a  function  of 
loading  (steady  stress). 


1ST  STG.  TURBINE  BLADE 

•  HOLLOW 

•  MR  COOLED 

•  INPINGEMENT  TUBE 

•  DIFFUSION  BONDED  TO  WHEEL 


INSTRUMENTED  BLADE 


FINITE  ELEMENT 
MODEL 


Parameters  which  can  affect  the  distribu¬ 
tion  of  mean  fatigue  strength  and,  thus 
allowable  vibratory  stress,  are  notch 
factor,  data  scatter,  and  temperature. 
These  are  illustrated  in  Figure  17.  The 
fatigue  notch  factor  is  related  to  a 
stress  concentration  factor  which  is  a 
ratio  of  the  maximum  steady  stress  to  the 
average  steady  stress  of  a  particular 
geometry  (notches,  fillets,  holes).  The 
relationship  between  fatigue  notch  factor 
(K£),  and  stress  concentration  factor 
(Kt),  is  dependent  upon  the  notch  sensi¬ 
tivity  of  the  material.  The  one-sigma 
scatter,  which  is  obtained  from  test 
data,  accounts  for  variations  in  mean 
fatigue  strength  due  to  compositional 
changes  of  the  material  and  processing 
differences  from  piece  to  piece.  A  minus 
three  sigma  (-3e)  value  of  fatigue 
strength  used  accounts  for  99.865  percent 
of  all  pieces  having  a  fatigue  strength 
greater  than  this  value.  The  temperature 
affects  both  the  ultimate  and  fatigue 
strengths.  The  example  shows  a  dip  in 
fatigue  strength  with  temperature  which 
is  characteristic  of  some  alloys  used  m 
turbine  blades. 
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Figure  15.  Calculation  of  DynamF'’  Stress  Distribution  for 
First  Stage  Blade — Leading  Edge  and  Crown. 
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SMOOTH  BAR,  10  '  CYCLES,  800*F,  MEAN  FATIGUE  STREN6TH 

NOTCHED,  10  7  CYCLES,  800*F,  MEAN  FATIGUE  STREN6TH 
Kf«1JZ5 

NOTCHED,  10  7  CYCLES,  800*F,  -3tr  FATIGUE  STRENGTH 


800*F,  *3or 
ULTMATE  STRENGTH 


800*F,  MEAN 
ULTMATE  STRENGTH 


STEADY  STRESS 


Figure  16.  Typical  Modified  Goodman  Diagram. 


•  FATIGUE  NOTCH  FACTOR,  Kf, 
ACCOUNTS  FOR  NOTCHES 
(FILLETS,  NICKS,  FOD,  HOLES) 


•  -3  or  ACCOUNTS 
FOR  DATA  SCATTER 


•  TEMPERATURE  AFFECTS 
ULTIMATE  AND  FATIGUE 
STRENGTH 


Kt,  STRESS  CONCENTRATION 
FACTOR 

EXAMPLE  ON  PREVIOUS  CHART 
ASSUMES  <r  »  7% 

-3*  =  21%  DEGRADATION 


Figure  17.  Parameters  which  Affect  the  Allowable  Vibratory  Stress. 


Returning  to  Figure  16,  degradation  of  the 
line  representing  the  mean  distribution  of 
fatigue  strength  is  made  for  notches, 
scatter  and  temperature.  Where  notches  or 
fillets  exist,  it  is  necessary  to  degrade 
the  mean  fatigue  strength  by  the  notch 
fatigue  factor  (Kf)  .  Lowering  of  both 
the  mean  fatigue  and  ultimate  strengths 
for  -3o  scatter  effects  is  made.  Tempera¬ 
ture  effects  which  also  affect  both  fa¬ 
tigue  and  ultimate  strengths  was  included 
initially  in  establishing  their  values. 
The  lowest  line  now  represents  the  distri¬ 
bution  of  fatigue  strength  versus  steady 
stress  at  temperature  for  a  specified 
notch  factor  and  for  which  99.865  percent 
of  blades  produced  will  have  a  greater 
strength. 

This  diagram  is  now  entered  at  the  steady 
stress  value  based  on  the  resonance  speed 
and  specific  component  location  of  con¬ 
cern.  The  maximum  allowable  vibratory 
stress  level  for  infinite  life1,  10' 
cycles  in  this  case,  is  then  read.  The 
difference  between  the  maximum  allowable 
vibratory  stress  level  and  the  predicted 
vibratory  stress  level  is  called  the 
vibratory  stress  margin. 


stress  values  for  the  two  locations  of 
concern,  yields  maximum  allowable  stresses 
of  15.3  and  14.3  ksi.  These  values  of 
maximum  allowable  vibratory  stress  are 
above  what  is  expected  based  upon  evalua¬ 
tion  of  the  upstream  and  down  stream  vane 
row  sources.  Thus,  the  high  cycle  fatigue 
life  is  predicted  to  be  infinite  and  no 
redesign  is  required. 

Redesign,  step  9,  was  not  necessary  in 
this  example,  but  if  it  had  been,  design 
changes  such  as  those  listed  in  Table  3 
would  have  been  reviewed.  Redesign 
considerations  fall  under  the  categories 
of  changes  to  the  source,  component  geo¬ 
metry,  fixity,  damping,  material  and  pos¬ 
sible  maximum  amplitude.  Changing  the 
proximity  of  sources  may  lower  the  forc¬ 
ing  function  strength  and  thus  blade  re¬ 
sponse.  The  frequency  of  resonance  may 
be  moved  to  occur  outside  the  operating 
range  by  changing  the  number  of  sources 
and  thus  forcing  function  frequency. 
Geometry  changes  to  the  sources  may  be 
made  to  lower  the  disturbance  factor 
(i.e.,  AP/Q). 

Table  3 


The  modified  Goodman  diagram  for  the 
example  second  stage  blade  is  based  on 
MAR-M2465  material  properties  at  1300“F, 
Figure  18.  The  mean  ultimate  and  the 
mean  fatigue  strengths  are  142  and  31 
thousand  pounds  per  square  inch  (ksi) 
respectively.  The  one-sigma  scatter  for 
each  strength  is  8  and  2.2  ksi,  respec¬ 
tively.  The  stress  concentration  factor 
<Kt)  for  the  hub  fillet  radius  is  1.36. 
For  this  material  and  fillet  radius,  this 
gives  a  notch  factor  (Kf)  of  1.18.  De¬ 
grading  the  mean  strengths  by  the  respec¬ 
tive  factors  and  entering  the  steady 


Typical  forced  vibration  redesign 
considerations 

•  Proximity  of  sources  (gap/chord,  AP/Q) 

o  Number  of  sources  (resonance  speed) 

©  Geometry  of  so  rces  (lower  disturbance) 

O  Geometry  jf  resonant  piece  (stiffness 
and  mass  distributions) 

«  Boundary  conditions  (type  of  fixity) 

o  Increase  system  damping  (coating, 

fixity) 


40 


to 

• 

CO 

CO 


CO 


•  Amplitude  limitation  (shroud  gap) 

•  Increase  fatigue  strength  (geometry, 
material,  temperature) 


STEADY  STRESS-KS1 


Figure  18.  Modified  Goodman  Diagram  for  Second  Stage  Blade 


Component  geometry  changes  such  as  varia¬ 
tions  in  thickness  or  chord  distribution 
which  change  stiffness  and  mass  distribu¬ 
tions  can  be  used  to  raise  or  lower 
natural  frequencies  and  thus  move  reso¬ 
nances  above  or  below  operating  speed 
limits.  Geometry  modifications  such  as 
changing  of  fillet  sizes  or  local  thick¬ 
ening  can  be  used  to  lower  notch  effects 
and  thus  increase  allowable  vibratory 
stress. 

Changes  to  boundary  conditions  to  raise 
or  reduce  fixity  may  be  used  to  raise  and 
lower  natural  frequencies,  again  to  move 
resonances  above  or  below  operatng  speed 
limits.  Some  examples  of  fixity  changes 
which  affect  blades  and  vanes  include 
disk  rim  restraint  as  in  our  example, 
slot  and  tang  restraint  of  vanes,  blades 
and  t'anes  cast  rigidly  to  support  struc¬ 
ture,  use  of  Z  shrouds  for  turbine 
blades,  pinned  retentions  for  compressor 
blades  and  packeting  of  blades  and  vanes 
together.  These  changes  may  also  in¬ 
crease  or  decrease  damping  by  modifying 
the  frictional  losses.  Damping  may  also 
be  increased  by  application  of  a  selected 
coating  to  the  blade  or  vane  surface. 

Amplitude  limitation  has  been  U3ed  mainly 
in  turbines  to  reduce  the  amount  of 
response.  Reducing  gaps  between  adjacent 
shrouds  will  limit  motion  in  modes  where 
the  adjacent  blades  are  not  in  phase  when 
at  resonance.  Application  of  a  wear 
resistant  coating  to  the  shroud  faces  is 
usually  required  to  limit  material  loss 
due  to  wear. 


To  maintain  or  increase  fatigue  strength 
material  or  processing  changes  may  be 
required.  Choosing  materials  which  in¬ 
crease  corrosion  resistance,  decrease 
notch  sensitivity  or  increase  tempera¬ 
ture  capability  can  help  the  designer  to 
attain  the  necessary  high  cycle  fatigue 
strength.  Processes  such  as  airfoil 
coating,  peening,  brazing,  grinding,  heat 
treating  all  affect  fatigue  strength  and 
should  be  considered  in  the  design  pro¬ 
cess. 

For  the  example  chosen,  testing  to  verify 
the  predicted  response  amplitudes,  step 
10,  was  accomplished  using  a  gasifier 
turbine  rig  with  the  instrumentation  con¬ 
figuration  shown  in  Figure  19.  The 
amount  and  location  of  the  vibratory 
instrumentation  to  cover  the  rotating 
components  is  shown.  The  testing  prior 
to  rig  running  included  determining  fre¬ 
quencies,  mode  shapes,  stress  distribu¬ 
tions  and  fatigue  strengths  for  the 
second  stage  blade.  Note  that  in  the 
absense  of  the  low  pressure  turbine,  the 
third  stage  vane  row  was  not  present. 

The  vibratory  responses  of  the  second 
stage  blade  obtained  during  the  gasifier 
test  are  shown  on  the  predicted  resonance 
diagram  in  Figure  20.  The  two  strain 
gage  locations  of  crown  and  concave 
trailing  edge  are  denoted  by  the  circle 
and  triangle  symbols  respectively.  The 
percent  gage  sensitivity  for  the  first 
torsion  and  first  bend  modes  are  bracket¬ 
ed  directly  below  the  symbols.  The 
maximum  vibratory  allowables  for  these 
locations  are  ±14.3  and  ±15.3  ksi. 


1@  0*  CnCUMFERENTIALLY 
U  30*  CIRCUMFERENTIALLY 


Figure  19.  Gasifier  Tesi  Configuration 


FLUTTER  DESIGN 


Maximum  measured  stresses  were  ±6.3  to 
±8.8  ksi  for  the  IT  mode  and  upstream 
vane  resonance.  This  compares  to  a 
ratloed  maximum  IT  response  of  ±13.3  ksi. 
The  predicted  response  was  estimated  to 
be  ±6  -10  ksi.  The  design  shows  a 
minimum  vibratory  margin  of  7.5»  or  ±1 
ksi  using  the  ±13.3  ksi  as  a  maximum 
response . 

Based  on  these  measured  responses  this 
design  should  exhibit  infinite  high  cycle 
fatigue  life.  Additional  instrumented 
tests  during  actual  engine  running  will 
assure  that  adequate  HCF  margin  is 
present  by  better  defining  the  vibratory 
response  distribution  (scatter)  among 
blades. 

This  completes  the  discussion  of  forced 
response.  Basic  sources  of  excitation, 
component  geometries,  natural  mode  shapes 
and  frequencies  have  been  presented. 
Fundamental  steps  in  designing  for  forced 
response  included  discussion  of  sources, 
environment,  resonance  and  Goodman  dia¬ 
grams,  calculation  of  natural  frequen¬ 
cies,  mode  shapes  and  stress  distribu¬ 
tions,  determination  of  response  ampli¬ 
tudes  and  high  cycle  fatigue  life,  re¬ 
design  considerations,  and  strain  gage 
testing  to  verify  the  design. 


Designing  to  avoid  flutter  is  an  important 
part  of  the  aeroelastic  design  process  for 
aircraft  engine  fan  and  compressor  blades. 
Although  there  is  much  more  to  be  learned 
about  turbo-machinery  flutter,  there  are 
basic  principles  that  have  been  developed. 
In  this  section  these  principles  will  be 
presented.  This  presentation  will  contain 
a  discussion  of  the  types  of  fan/compres¬ 
sor  flutter  and  the  dominant  design  para¬ 
meters  associated  with  each.  A  definition 
of  the  ideal  flutter  design  system  and  the 
overall  flutter  design  procedure  will  also 
be  included.  Finally,  a  detailed  review 
of  five  types  of  fan/compressor  flutter 
and  empirical  and  analytical  design  sys¬ 
tems  for  each  will  be  presented. 

Description  of  Flutter 

The  designer  i3  interested  in  predicting 
the  onset  of  flutter  rather  than  pre¬ 
dicting  a  specific  vibratory  response 
level  as  in  forced  vibration.  As  dis¬ 
cussed  earlier,  the  blade  vibration  pre¬ 
sent  during  flutter  is  not  caused  by  an 
unsteady  external  force  but  instead  by  the 
fact  that  the  blade  is  absorbing  energy 
from  the  flow  around  the  blade. 


(LP1V) 

(HP2V) 

(HP1V) 

(2X  STRUTS) 


Figure  20.  Resonance  Diagram  for  Second  Stage  —  Gasifier  Test  Configuration. 
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Once  any  random  excitation  causes  a  small 
vibration  of  the  blade,  if  the  blade 
aerodynamic  damping  is  negative,  the 
blade  will  absorb  energy  from  the  a*r- 
streao  as  the  blade  vibrates.  If  the 
energy  absorbed  from  the  airstream  is 
greater  than  that  dissipated  by  the 
structural  damping,  the  blade  vibratory 
amplitude  will  increase  with  time  until 

excitation  ?!laT  ls  rained.  «»ndom 
excitation  is  always  present  at  low 

S  th?  turbomachinery  environment. 
Thus  predicting  the  onset  of  flutter 
entails  predicting  the  aeroelastic  condi¬ 
tions  that  exist  when  the  absorbed  energy 
due  to  negative  aerodynamic  damping 
equals  the  dissipated  energy  due  to 
structural  damping  at  the  equilibrium 
vibratory  stress  level. 

For  most  blade/disk/shroud  systems, 
structural  damping  (i.e.,  frictional 
’  raat®rlal  damPin3'  etc.)  is  not 
*af3®*.  ThereEor«-  the  stability  (design) 
criterion  essentially  becomes  positive 
aerodynamic  damping.  Aerodynamic  damping 
is  proportional  to  the  nondimensional 
ratio  of  unsteady  aerodynamic  work/cycle 
avera9®  kinetic  energy  of  he 
blade/disk/shroud  system. 

5AERO  “AERODYNAMIC  DAMPING 


,  UNSTEADY  AERODYNAMIC  WORK 
BLADE/DISK/SHROUD  KINETIC  ENERGY' 


The  criterion  for  stability  requires  that 
cne  unsteady  aerodynamic  work/cycle  re¬ 
main  positive  (i.e.,  system  is  m 
absorbing  energy).  The  unsteady  aero- 
dynamic  work/cycle  is  the  integral  over 
one  vibratory  cycle  of  the  product  of  the 
in-phase  components  of  unsteady  force 

placement  tlmeS  ar®a>  and  unstea<Jy  dis- 
-  /  F0exp{i(ut+$) }  .  d  (h0exp(iut} )  (8) 

2lt 

■/0  FoexPU(«t+f)}  .  i  h0exp(iwt)d(ut)  (9) 


resultant  unsteady 

FORCE 


vibratory 

DISPIACEMENT 


In-phast  Components 

P°sltive  aerodynamic  damping  is 
related  to  the  aerodynamic  characteris- 
tids  oE  the  flow  field  (unsteady  forces) 
and  vibratory  mode  shape  (displacement). 

Dependence  upon  the  flow  field  is  noted 
oy  the  names  given  to  five  types  of 
fan/compressor  flutter  which  have  been 
observed  and  reported  during  the  last 
thirty-five  years.  These  five  are 
presented  in  Figure  21  on  a  compressor 
performance  map.  Each  of  these  types  of 
flutter  is  characterized  by  a  distinct 
aerodynamic  flow  field  condition.  Each 
of  these  types  will  be  discussed  later 
with  respect  to  avoidance  of  flutter  in 

rar^n;,acxfere2ces  £or  thls  section  are 
Carta  (1966)  and  Snyder  (1974). 


jjlB)  (ROQT-TQ-TIP  INTEGRATED  UNSTEADY  WORK/CYCLE) 
(4)  (AVERAGE  KINETIC  ENERGY "of  B-D-S-SYSTEM) - 


Figure  21.  Types  of  Fan/Compressor  Flutter. 


22-19 


Dominant  Design  Parameters 

Since  the  distinct  flutter  regimes  are 
identified  by  the  type  of  flow  present, 
it  is  not  surprising  that  four  of  the 
five  dominant  flutter  design  parameters 
involve  aerodynamic  terras.  The  five  are 
as  follows: 

1.  Reduced  velocity 

2.  Mach  number 

3.  Blade  loading  parameter 

4.  Static  pressure/density 

5.  Vibratory  mode  shape 

The  fifth  parameter,  vibratory  mode  shape, 
is  necessary  since  the  vibratory  displace¬ 
ment  directly  affects  the  magnitude  and 
sign  of  the  unsteady  aerodynamic  work  par 
cycle.  All  five  design  parameters  are 
pertinent  to  each  type  of  flutter  and  are 
important  elements  of  the  flutter  design 
system. 

The  first  two  dominant  design  parameters 
are  dimensionless  and  appear  in  the 
governing  equations  for  unsteady  flow  over 
a  vibrating  airfoil.  Mach  number  is  a 
parameter  which  describes  the  nature  of 
the  unsteady  flow  field  whether  it  be  sub¬ 
sonic,  transonic  or  supersonic.  It  has 
been  seen  that  Mach  number  and  reduced 
velocity  are  key  parameters  in  correlat¬ 
ing  flutter  data  and  developing  empirical 
design  systems.  Reduced  velocity  is  de¬ 


fined  as  the  ratio  of  relative  inlet 
velocity  to  the  product  of  blade  vibra¬ 
tory  frequency  and  blade  semi-chord 
length. 

Reduced  velocity  ■  jy  (10) 


Decreasing  this  parameter  is  stabilizing. 
In  general,  the  reduced  velocity  para¬ 
meter  is  between  1  and  5  at  the  flutter 
stability  boundary.  Examination  of  the 
unsteady  flow  equations  for  flow  through 
a  cascade  of  airfoils  shows  that  the 
unsteady  flow  terms  are  important  for 
these  levels  of  reduced  velocity. 

Blade  loading  parameters  have  also  been 
used  in  correlations  of  flutter  data, 
incidence  or  non-dimensional  incidence, 
pressure  ratio,  diffusion  factor  and 
margin  to  choke  are  parameters  which  have 
been  used  to  describe  the  blade  loading. 
Blade  shape  geometry  descriptors  such  as 
leading  edge  radius,  maximum  thickness/ 
chord  ratio  and  the  maximum  thickness 
location  also  indicate  the  magnitude  and 
distribution  of  aerodynamic  loading. 

EitSvr  static  density  or  pressure  can  be 
used  as  a  design  parameter  if  static 
temperature  is  held  constant  and  the  flow 
of  a  perfect  gas,  p  »  PRT,  is  being  con¬ 
sidered.  The  primary  effect  of  changing 
air  density  (or  pressure)  is  a  propor¬ 
tional  change  in  unsteady  aerodynamic 
work/cycle  and  therefore  in  aerodynamic 
damping. 


AERODYNAMIC 

DAMPING. 

*AER0 


ACCURATE  PREDICTION  OF 


•  AERODYNAMIC  DAMPING 

•  CORRESPONDING  FLUTTER  MODE  SHAPE 


FOR  EACH  WAVE  DIRECTION  OF  EACH  NODAL  DIAMETER 
OF  EACH  MODE 


Figure  22.  Definition  of  Ideal  Flutter  Design  System 
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Increasing  ths  gas  density  is  stabilizing 
if  aerodynamic  damping  is  positive. 
Likewise,  increasing  the  gas  density  is 
destabilizing  if  aerodynamic  damping  is 
negative.  An  indirect  effect  of  changing 
gas  density  is  that  of  changing  the  flut¬ 
ter  mode  shape  which  is  a  weak  function 
of  mass  ratio.  Thus  aerodynamic  damping 
is  also  a  function  of  density  through  the 
effect  of  air  density  on  the  flutter  mode 
shape.  Aerodynamic  damping  is  also  a 
function  of  density  through  the  effect  of 
density  on  the  Reynolds  number  and  the 
effect  of  Reynolds  number  on  the  unsteady 
flow  field. 

The  final  dominant  design  parameter  is  vi¬ 
bratory  mode  shape.  The  unsteady  aerody¬ 
namic  work  per  cycle  of  blade  motion  is  a 
function  of  both  the  unsteady  surface 
pressure  created  by  the  blade's  motion  in 
the  air  flow  and  the  vibratory  mode  sh^ve. 
Thus,  since  the  blade  unsteady  sir  face 
pressure  distribution  is  also  a  fi*  .ction 
of  the  blade  mode  shape  (motion),  the 
aerodynamic  damping  is  a  strong  function 
of  the  vibratory  mode  shape.  Vibratory 
mode  shape  may  be  described  as  pure  bend¬ 
ing  or  torsion  of  the  airfoil  or  a  coup¬ 
ling  of  bending  and  torsion.  Rigid  body 
bending  or  translation  of  the  airfoil  is 
displacement  of  the  airfoil  perpendicular 
to  the  minimum  moment  of  inertia  axis. 
Rigid  body  torsion  or  pitching  is  rotation 


of  the  airfoil  about  the  minimum  polar 
moment  of  inertia  axis.  Some  cases  of 
flutter  have  be  n  encountered  in  a  chord- 
wise  bending  with  node  lines  nearly  per¬ 
pendicular  to  the  airfoil  chord.  Since 
blade  modes  generally  contain  chordwise 
bending,  bending  and  torsion  motions,  the 
modes  can  best  be  described  in  terms  of  a 
generalized  mode  shape  where  motion  per¬ 
pendicular  to  the  mean  line  is  expressed 
as  a  function  of  radial  and  chordwise 
position. 

References  for  this  section  are  Pine3 
(1958)  and  Theodeorsen  (1935). 


Design  System  and  Steps 

This  dependence  of  flutter  or  vibratory 
mode  shape  is  illustrated  in  Figure  22  in 
the  definition  of  the  ideal  flutter 
design  system,  an  experimentally  verified 
analytical  prediction  system.  Classical 
supersonic  unstalled  flutter  is  one  type 
of  flutter  for  which  such  a  design  system 
exists.  The  analysis  which  is  a  part  of 
an  ideal  flutter  design  system  considers 
the  mode  shape  and  frequency  for  each 
nodal  diameter  of  each  mode.  It  also 
considers  both  forward  and  backward 
traveling  wave  directions,  Campbell 
(1924).  There  is  a  least  stable  nodal 
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Figure  23.  Flutter  Design  Procedure 
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diameter  and  wava  direction  for  each  node 
and  of  these  there  is  a  least  stable  mode 
(i.e.,  mode  2)  for  the  structure.  The 
design  system  must  accurately  calculate 
the  aerodynamic  damping  and  corresponding 
flutter  mode  shape  for  each  of  these 
modes  in  order  to  predict  the  stability 
of  the  blade.  Stability  is  determined  by 
maintaining  positive  total  damping  (i.e. 
above  dashed  line)  for  all  modes  and  all 
nodal  diameters  and  wave  directions. 
Furthermore,  the  aerodynamic  damping  must 
be  determined  at  the  least  stable  fan/ 
compressor  steady  state  aerodynamic 
operating  point.  The  impact  of  the 
steady  state  aerodynamic  operating  point 
will  be  discussed  in  more  detail  in  later 
sections. 

The  three  steps  in  the  flutter  design 
procedure  are  outlined  in  Figure  23.  The 
first  step  is  to  perform  the  aerodynamic 
design  of  the  blade  and  to  obtain  the 
pertinent  aerodynamic  parameters  that 
have  an  impact  on  aerodynamic  damping. 
This  should  be  accomplished  at  the  most 
critical  points  within  the  predicted 
operating  envelope  of  the  engine.  The 
definition  of  the  modal  displacement  and 
frequencies  of  the  blade/disk/shroud 
system  is  the  next  step.  This  can  be 
done  by  conducting  a  structural  dynamic 
analysis  using  a  finite  element  model  of 
the  blade/disk/shroud  system  to  determine 
the  modal  frequencies  and  mode  shapes  of 
the  natural  modes  of  the  system  (i.e.  ND 
»  0,  1,  2, ...for  modes  1,  2,  3...).  The 
final  step  is  to  conduct  the  analysis  to 
combine  the  steady  state  aerodynamics  and 
dynamics  results  and  conduct  a  flutter 
analysis  (unsteady  aerodynamics  analysis 
plus  stability  analysis).  Depending  on 
the  type  of  flutter  this  analysis  may 
entail  an  actual  calculation  of  the  aero¬ 
dynamic  damping  (e.g.  classical  super¬ 
sonic  unstalled  flutter)  for  each  mode  or 
may  involve  an  empirical  correlation  of 
flutter  data  (stalled  flutter)  using  the 
dominant  design  parameters. 


If  the  blade  is  predicted  to  exhibit  flut¬ 
ter  within  the  desired  operatinq  range,  a 
redesign  effort  must  be  initiated. 
Changes  are  usually  in  the  form  of  geome¬ 
try  modifications  which  not  only  affect 
the  system  modal  characteristics  (dis¬ 
placement  and  frequency)  but  also  the  flow 
characteristics  (velocity  and  blade  load¬ 
ing).  These  changes  are  aimed  at  obtain¬ 
ing  a  design  which  exhibits  stability, 
positive  total  damping,  throughout  the 
engine  operating  environment. 

Detailed  Review,  Types  of  Flutter  and 
Design 

The  types  of  flutter  will  now  be  dis¬ 
cussed  with  respect  to  the  dominant  de¬ 
sign  parameters  and  the  available  analyt¬ 
ical  toris?  The  purpose  of  this  discus¬ 
sion  *  s  to  demonstrate  how  to  avoid  fan/ 
compressor  flutter  through  judicious  de¬ 
sign.  Five  types  of  flutter  and  the 
location  of  their  boundaries  on  a 
compressor  map  are  shown  in  Figure  21 . 
The  order  of  discussion  will  be  subsonic/ 
transonic  stall  flutter,  classical  un¬ 
stalled  supersonic  flutter,  MOO  super¬ 
sonic  flutter,  choke  flutter  and  super¬ 
sonic  stall  flutter. 

Tne  first  documented  type  of  turbo¬ 
machinery  flutter,  subsonic/transonic 
stall,  was  first  reported  almost  at  the 
same  time  that  ths  performance  of  the 
first  axial  compressor  was  reported.  At 
first,  this  type  of  flutter  was  confused 
w'th  rotating  stall.  Characteristics  of 
tht  subsonic/transonic  stall  flutter 
vibratory  stress  response  are  non¬ 
integral  ordor,  sporadic  amplitude  with 
time,  stress  holds  or  increases  with  in¬ 
creasing  stage  loading  and  blades  vibrate 
at  different  frequencies  and  amplitudes 
in  same  mode,  whether  bending,  torsion  or 
coupled  modes. 


Figure  24.  Subsonic/Transonic  Stall  Flutter  Design  System  Using 
Reduced  Velocity  and  Blade  Loading  Parameter. 
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All  five  dominant  flutter  design  para¬ 
meters  are  needed  to  describe  subs.nic/ 
transonic  stall  flutter  (S/TSF).  r,y  its 
very  name,  S/TSF  is  dependent  on  Mach 
number.  The  shape  of  the  flutter  boundary 
on  the  compressor  map  shows  its  dependence 
on  a  blade  loading  parameter  such  as  inci¬ 
dence  or  diffusion  factor.  The  simplest 
S/TSF  design  svSLem  is  a  correlation  of 
flutter  and  no  flutter  data  on  a  r.-iot  °£ 
reduced  velocity  versus  a  blade  loading 
parameter  such  as  incidence  (see  Figure 
?*).  Experience  has  shown  that  with  such 
a  correlation  with  parameters  chosen  at  a 
representative  spanwise  location  it  is 
possible  to  separate  most  of  the  flutter 
and  no  flutter  data  with  a  curved  line. 
This  curve  is  then  called  the  flutter 
boundary.  The  relationship  between  points 
A  and  C  on  the  flutter  c' undary  on  the 
compressor  map  and  the  same  points  on  the 
design  system  flutter  boundary  are  shown. 
This  exam.de  shows  that  S/TSF  flutter  can 
prevent  acceleration  along  the  operating 
line  of  the  compressor.  For  the  case 
where  the  boundary  falls  between  the  op¬ 
erating  line  and  surge  line  the  flutter 
boundary  can  become  a  limitirq  character¬ 
istic  of  tne  compressor  performance  if 
distortion,  increased  density  or  tempera¬ 
ture  or  changes  in  the  operating  line 
occur.  The  design  goal  is  to  have  all 
joints  on  the  surge  line  oe  below  the 
flutter  boundary  with  an  adequate  margin. 


s 

(b) 


Based  on  this  empirical  design  system,  a 
blade  design  may  be  stabilized  by  lowering 
the  blade  loading  parameter.  This  may  be 
accomplished  by  modifying  the  position  of 
thw  operating  line  as  shown  in  Figure  25a. 
This  change  may  be  made  through  reschedul¬ 
ing  stators  or  re-twisting  the  airfoil. 
Likewise,  by  changing  the  blade  shape,  the 
position  of  the  flutter  boundary  may  be 
moved.  Such  changes  to  shape  would  in¬ 
clude  leading  edge  radius,  recamber  of 
leading  edge,  blade  thickness  and  maximum 
thickness  location.  All  of  the  above 
changes  demonstrate  the  effect  of  lowering 
the  blade  loading  parameters  (i.e.  dif¬ 
fusion  factor,  incidence)  to  increase  the 
stability  of  the  blade  in  the  operating 
environment  (Figure  25b). 

Another  way  of  avoidinq  a  potential  flut¬ 
ter  problem  suggested  by  this  empirical 
design  system  is  to  lower  the  reduced 
velocity.  This  is  most  commonly  done  by 
increasing  the  product  of  semi-chord  times 
frequency,  bj  .  Increasing  the  chord  or 
lowering  blade  thickening,  adding  part 
span  shrouds  (also  called  -nubbers, 
dampers,  bumpers  and  clappers)  or  changing 
taper  ratio  have  been  used.  Use  of  com¬ 
posite  materials  have  been  made  to  change 
the  mateiial  modulus/density  ratio  to  in¬ 
crease  frequency.  The  effects  of  increas¬ 
ing  bu  are  shown  graphically  in  Figure  26. 
The  change  shows  up  as  a  relocation  of  the 
operating  and  surge  lines  in  the  correlat¬ 
ion  plot  (Figure  26a)  while  it  is  a  shift 
in  the  flutter  boundary  on  the  performance 
map. 


BLADE  LOADING  PARAMETER,  INCIDENCE 


(a) 


Figure  25.  Stabilizing  Effect  of  Lowering  Blade  Loading  Parameter 


BLADE  LOADING  PARAMETER,  INCIDENCE 
(a) 
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Figure  26.  Stabilizing  Effect  of  Increasing  the  Product  bo  . 


Figure  27.  stabilizirg  Effect  of  Lowering  Static  Pressure/Density 
at  Constant  Static  Temperature 
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Blade  inlet  static  density  (or  static  Sufficient  flutter  margin  must  be  designed 

pressure)  changes  may  occur  as  the  air-  into  a  new  compressor  or  fan  such  that 

craft  changes  altitude  and/or  flight  speed  flutter  will  not  be  encountered  under  any 

or  as  the  engine  changes  speed.  As  dis-  aircraft  operating  point, 

cussed  earlier  aerodynamic  damping  is 

proportional  to  static  density.  If  the  Vibratory  mode  shape  is  a  dominant  S/TSF 

aerodynamic  damping  is  positive,  in-  design  parameter.  For  a  given  reduced 

creases  in  static  density  are  further  sta-  velocity  a  bending  mode  is  much  more 

bilizing.  If  the  aerodynamic  damping  is  stable  than  a  torsional  mode  (Figure  30a) 

negative,  decreases  in  static  density  aie  with  node-line  located  at  raid-chord.  This 

stabilizing.  The  latter  is  shown  in  implies  the  need  of  the  designer  to  evalu- 

Figure  27  on  both  the  compressor  map  and  ate  the  S/TSP  flutter  margins  of  both 
the  S/TSF  design  system  as  shifts  in  flut-  bending  and  torsion  modes.  If  bend-ing 

ter  boundary.  Changes  in  aircraft  alti-  and  torsion  modes  are  coupled  by  the 

tude  and/or  flight  speed  also  affect  blade  presence  of  a  flexible  disk  or  part  span 

inlet  static  temperature.  However,  to  or  tip  shroud,  the  ratio  of  bending  to 

properly  predict  the  independent  effects  torsional  motion  and  the  phase  angle  be- 

of  density  and  temperature  changes,  they  tween  them  must  be  considered  in  the  flut- 

should  be  considered  independently .  After  ter  analysis.  This  is  illustrated  in 

they  are  considered  independently,  the  two  Figure  30b. 

effects  can  be  combined.  References  for  subsonic/transonic  stall 

flutter  are  Shannon  *1945),  Gtahara  (1965), 
Changes  in  blade  irlet  static  temperature  Huppert  (1954),  Pearson  (1953),  Sisto 

affect  the  relationship  between  Mach  nura-  (1953,  1967,  1972,  1974/,  Schnittger 

ber  and  velocity.  If  Mach  number  is  held  (1954,  1955),  Carter  (1955a,  1955b), 

constant  and  static  temperature  is  de-  Armstrong  (1960),  Rowe  (1955),  Halfman 

creased,  velocity  is  decreased  and,  there-  (1951'  and  Jeffers  (1975). 

fore,  reduced  velocity  is  reduced.  Thus, 

reducing  static  temperature  and  holding  Classical  unstalled  supersonic  flutter 

static  density  will  be  stabilizing..  The  (USF)  is  a  design  concern  if  a  significant 

effect  of  such  a  o'*inge  is  shown  on  both  portion  of  the  blade  has  supersonic  rela¬ 
the  compressor  ma/  aid  the  S/TSF  design  tive  inlet  flow.  The  term  unstalled  is 

system  plot  in  Figi  .-e  28 .  used  because  USF  is  encountered  at  the 

lowest  corrected  speed  when  the  stage  is 
In  gas  turbine  engine  applications,  tern-  operating  at  the  lowest  pressure  ratio, 

perature  and  density  changes  generally  oc-  Classical  is  used  because  of  its  similar- 

cur  simutaneously.  Such  is  the  case  as  it y  to  classical  aircraft  wing  flutter, 

aircraft  flight  speed  is  changed.  As  air-  The  stress  boundary  is  very  steep  with 

craft  flight  speed  is  increased,  the  blade  ri>»pei.t  to  speed  as  shown  in  Figure  21, 

inlet  static  temperature  increases,  cor-  thus,  preventing  higher  speed  operation, 

rected  speed  drops  if  there  is  a  meehani  -  The  stress  level  does  not  usually  fluct- 

cal  speed  limiter  and  blade  inlet  static  uate  with  time  and  all  blades  vibrate  at  a 

density  increases.  These  effects  can  common  frequency  unlike  S/TSF.  Experience 

cause  a  S/TSF  boundary  to  move  nearer  to  to  date  has  been  predominately  in  torsion- 

the  compressor  operating  region,  while  at  al  modes  but  has  occurred  in  coupled 

the  same  time  causing  the  engine  operating  bendiny/torsion  modes  or  chordwise  bending 

point  to  move  closer  to  the  S/TSF  region.  modes.  Four  dominant  design  parameters 

This  is  illustrated  in  Figure  29.  are  used  to  describe  USF.  They  are  re¬ 

duced  velocity,  Mach  number,  vibratory 
mode  shape,  and  static  pressure/density. 


8 

0»)  (») 


Figure  28.  Stabilizing  Effect  of  Reducing  Inlet  Static  Temperature 
at  Constant  Static  Density. 
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The  simplest  classical  unstalled  super¬ 
sonic  flutter  design  system  consists  of 
plotting  available  classical  USF  data  on  a 
plot  of  reduced  velocity  versus  inlet  Mach 
number  and  drawing  a  curve  (flutter  bound¬ 
ary)  which  best  separates  the  flutter  and 
no  flutter  data  points  (Figure  31).  The 
flutter  data  points  should  be  about  this 
curve,  while  the  no  flutter  data  points 
should  be  below  the  line.  Tne  design  sys¬ 
tem  can  be  applied  to  new  designs  by  cal¬ 
culating  the  parameters  reduced  velocity 
and  Mach  number  for  points  along  the  com¬ 
pressor  operating  line  and  then  plotting 
the  operating  line  on  the  design  system 
plot.  No  classical  USF  is  predicted  if 
the  operating  line  is  below  the  flutter 
boundary. 

As  in  the  case  of  subsonic/transonic  stall 
flutter,  increasing  the  product  bo  is  sta¬ 
bilizing  for  classical  supersonic  un¬ 
stalled  flutter.  The  effect  of  increasing 
bo  is  to  pus),  the  flutter  boundary  to 
higher  operating  speeds.  This  is  illu¬ 
strated  in  Figure  32.  The  slope  of  the 
"new"  operating  line  on  the  design  plot  is 
inversely  proportional  to  bo.  For  success¬ 
ful  designs,  the  flutter  boundary  is  be¬ 
yond  the  highest  expected  operating  speed. 

Classical  unstalled  supersonic  flutter  is 
the  one  type  of  flutter  for  which  a  rea¬ 
sonably  accurate  analytical  design  system 
exists.  This  analytical  design  system 
parallels  the  ideal  flutter  design  system. 
The  existing  analytical  design  system  con¬ 
tains  a  blade-disk-shroud  vibrational 
analysis,  an  unsteady,  flat  plate,  cascade 
analysis,  and  an  aerodynamic  damping  cal¬ 
culation.  The  result  is  the  capability  to 
calculate  the  aerodynamic  damping  for  each 
mode  (and  nodal  diameter  if  necessary)  of 
a  compressor  blade/disk  assembly.  A  typi¬ 
cal  plot  of  the  resulting  data  is  shown  in 
Figure  22. 

The  effect  on  classical  USF  of  lowering 
static  density  at  constant  static  tempera¬ 
ture  is  stabilizing  since  aerodynamic 
damping  is  proportional  to  blade  inlet 
static  density.  This  stabilizing  effect 


a 

(b) 


is  shown  on  both  the  empirical  and  ana¬ 
lytical  desiqn  systems  in  Figure  33.  In 
each  case  three  points  are  3hown:  The 
original  flutter  point,  the  sane  operating 
point  after  the  decrease  in  static  dens¬ 
ity,  and  a  new  flutter  free  operating 
point  at  higher  rotor  speed. 

Since  reducing  inlet  static  temperature  at 
constant  corrected  rotor  speed  causes  the 
mechanical  rotor  speed  and,  hence,  blade 
inlet  relative  velocity  to  decrease,  the 
effect  of  reducing  inlet  static  tempera¬ 
ture  at  constant  static  density  is  stabi¬ 
lizing  for  classical  USF.  The  result  of 
such  a  change  is  to  move  the  flutter 
boundary  to  a  higher  speed.  This  is  illu¬ 
strated  in  Figure  34  on  both  empirical  and 
analytical  design  system. 

References  for  classical  unstalled  super¬ 
sonic  flutter  are  Snyder  (1972,  1974), 
Mikolajczak  (1975),  Garrick  (1946), 
Whitehead  (1960),  Smith  (1971),  Verdon 
(1973,  1977),  Brix  (1974),  Caruthers 
(1976),  Nagashima  (1974),  Goldstein 
(1975),  Hi  (1975),  Fleeter  (1976), 
Adamczyk  (1979),  and  Halliwell  (1976). 

A  third  type  of  fan/compressor  flutter, 
which  has  been  identified,  is  A100  type 
supersonic  flutter,  Troha  (1976).  This 
was  identified  as  a  torsional  mode  flutter 
of  a  shroudless  blade.  The  flutter  bound¬ 
ary  for  this  type  of  flutter  is  unlike  the 
other  types  of  flutter,  indicating  that 
the  unsteady  aerodynamics  of  this  type  of 
flutter  are  unique.  Looking  at  Figure  21, 
a  moderate  pressure  ratio  at  constant  cor¬ 
rected  speed  is  destabilizing,  while  at 
sufficiently  higher  pressure  ratio  the  ef¬ 
fect  of  the  same  change  is  stabilizing. 
However,  though  unique  in  boundary  it  is 
very  similar  to  USF.  Tl.e  outer  portion  of 
the  blade  is  supersonic.  The  stress 
boundary  is  steep.  All  blades  vibrate  at 
the  same  frequency  and  interblade  phase 
angle.  The  reduced  velocity/inlet  Mach 
number  empirical  method  also  predicts  this 
instability.  Varying  of  bu  ,  static 
pressure/density  and  inlet  static  tempera¬ 
ture  produces  similar  effects  as  those  ob¬ 
served  with  USF. 


(a) 


Figure  31.  Classical  Unstalled  Supersonic  Flutter  Design 
System  Using  Reduced  Velocity  and  Mach  Number 


Choke  flutter  received  its  name  from  the  the  mode  is  generally  first  bending.  An 

close  proximity  of  the  flutter  boundary  analytical  design  approach  which  deter- 

and  the  choke  operating  region  of  the  com-  mines  the  unsteady  aerodynamic  force, 

pressor.  This  boundary  can  be  oncoun-  aerodynamic  damping,  as  a  function  of 

tered  during  part  speed  operation.  Figure  interblade  phase  angle  has  been  developed 

21.  Blades  are  usually  operating  at  nega-  for  the  designer  by  Adamczyk  (1981).  The 

tive  incidences  in  the  transonic  flow  authors  use  two  dimensional  actautor  disk 

regime.  In  this  near  choke  condition,  in-  theory  in  which  flow  separation  is  repre¬ 
passage  shocks  with  associated  flow  sepa-  sented  through  rotor  loss  and  deviation- 

ration  are  thought  to  influence  the  aero-  angle  correlations.  The  analysis  is  for 

elastic  characteristics  and  thus  the  blade  the  fundamental  mode  bending  of  shroudless 

stability.  Recently,  modal  aerodynamic  blades.  Based  on  experimental  data, 

solution  codes  which  analytically  predict  Pugqeri  (1974),  blade  stability  is  in- 

aerodynamic  damping  as  in  the  ideal  flut-  creased  by  increases  in  bw  and  reduction 

ter  design  system  and  the  USF  analytical  in  blade  loading.  The  presence  of  strong 

design  systen  have  been  developed  for  shocks  is  indicated  to  have  an  effect  on 

choke  flutter.  The  crucial  element  in  this  type  of  flutter,  Goldstein  (1977). 

these  codes  is  the  development  of  the  This  effect  is  one  of  destabilizing  for 

transonic  unsteady  aerodynamic  programs.  both  bending  and  torsional  motions  and  as 

Improvement  in  this  area  is  presently  such  may  be  expected  to  lower  the  back 

underway  and  will  benefit  the  designer  in  pressure  at  which  this  flutter  first 

predicting  the  occurance  of  choke  flutter.  occurs.  Flow  separation  was  observed  to 

Experimental  data  has  been  correlated  much  exist,  Riffel  (1980),  for  a  cascade  of 

like  S/TSP  data  as  a  function  of  reduced  airfoils  representing  the  airfoils  exhib- 

velocity  and  incidence.  Reducing  solidity  iting  flutter  above  105%  speed  in  Ruqgeri 

has  been  found  to  increase  stability  due  (1974). 

to  increases  in  incidence.  As  with  S/TSF 

lowering  reduced  velocity,  static  This  concludes  the  discussion  of  forced 

pressure/density  and  inlet  static  tempera-  vibration  and  flutter  design  methodology, 

ture  are  stabilizing  effects.  Choke  flut—  Design  principles  have  been  presented  to 

ter  has  been  observed  in  both  bendinq  and  h*16  designer  of  turbomachinery  in 

torsional  modes.  understanding  the  mechanisms  involved  and 

in  properly  evaluating  the  crucial  corapo- 
References  for  choke  flutter  are  Carter  nent3  of  turbomachinery.  Effective  appli- 

(1953,  1957),  Schneider  (1980),  and  Jutras  cation  of  the  design  steps  for  both  forced 

(1982)  vibration  and  flutter  are  necessary  to 

limit  the  occurrences  of  HCF  failure  in 
The  last  type  of  flutter  to  be  discussed  new  turbine  engine  designs.  Research  is 

will  be  supersonic  stall  flutter.  The  continuing  at  this  time  to  define  and 

position  of  this  flutter  boundary  on  the  model  the  unsteady  flow  fields  and  forces 

compressor  map  is  suggested  by  the  title.  present  during  forced  vibration  and  flut- 

This  flutter  is  like  unstalled  supersonic  ter.  As  knowledge  is  acquired,  experi- 

flutter  in  that  all  blades  vibrate  at  a  mental  and  theoretical,  and  combined  to 

common  frequncy.  Experience  indicates  that  develop  better  analytical  predictions 

tools ,  the  possibility  of  eliminating  high 
cycle  fatigue  from  turbine  engines  in  de¬ 
sign  is  increased  and  costs  decreased. 


Figure  34.  Stabilizing  Effect  of  Reducing  Inlet  Static  Pressure 
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ADDENDUM  TO  PROGRAM  LISTING  FOR 
UNSTEADY  TWO-DIMENSIONAL  LINEARIZED  SUBSONIC  FLOW  IN  CASCADES 
VOLUME  I,  CHAPTER  3,  PAGES  3-24  TO  3-30 


MODIFICATION  TO  UNSUB 
By 

D.  S.  Whitehead 


It  has  been  found  that  prograa  LINSUB  (pp.  3-24  through  3-30  in 
Voluee  I)  produces  incorrect  reauita  in  certain  cases  when  the  phase  angle 
is  not  vithln  the  recoaaended  range.-  This  is  due  to  the  condition  used  to 
terminate  the  series,  which  terminates  when  one  tern  of  the  series  becoaes 
snail.  In  order  to  eliainate  this  behaviour,  it  is  recoaaended  that  the 
prograa  should  be  modified  so  that  the  series  is  terminated  when  two 
successive  terns  of  the  series  becoae  snail..  The  nodifications  occur  in 
subroutine  DSVK  (pp.  3-26,  3-27)  and  are  shown  in  the  following  two 
extracts. 

(Left  Coluan,  p.  3-27) 

C  ASSEMBLE  MATRIX 

C  I(.M+1  IN  PAPER)  GIVES  VORTEX  POSITION 
C  J(»L+1  IN  PAPER)  GIVES  HATCHING  POINT 
C 

30  CALL  WAVE(IR,IV) 

IP(IV.EQ.l)  GO  TO  142 
DO  131  1-1  ,NP 
DO  131  J-l.NP 

IF(ICHECK(I, J) .EQ.2)  GO  TO  131  Replace  -EQ.l  by  .SO. 2. 


(Right  Coluan,  p.  3-27] 

C  CHECK  CONVERGENCE  OF  SERIES 
C 

X»TERMR*TERMR+TERMI*TERMI 

Y-XR(I,J)*XR(I,J)+KI(I,J)‘KI(I,J) 

IF((X/T).LE.1.0E-10)  GO  TO  111 

ICHECK(I, J)-0  Replace  2  old  lines 

GO  TO  131  by  7  new  lines. 

111  IF(ICHECK(I,J).EQ.l)  GO  TO  112 
ICHECK(I,J)-1 

GO  TO  131 

112  ICHECK(I,J)-2 
IC01MT.IC0UNT.1 
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14.  Abstract 


The  first  volume  of  this  Manual  reviewed^the  state  of  the  art  of  unsteady  turbomachinery 
aerodynamics^  required  for  the  study  of  aeroelastictty  in  axial  turbomachinesTThis  «eeend> 
volume  aims  to  complete  the  review  by  presenting  the  state  of  the  art  of  structural  dynamics  and  of 
aeroelasticity.  Vx 


The  eleven  chapters  in  this  second  volume  give  an  overview  of  the  subject  and  reviews  of  the 
structural  dynamics  characteristics  and  analysis  methods  applicable  to  single  blades  and  bladed 
assemblies. 


The  blade  fatigue  problem  and  its  assessment  methods,  and  life-time  prediction  are  considered. 
Aeroelastic  topics  covered  include:  the  problem  of  blade-disc  shroud  aeroelastic  coupling, 
formulations  and  solutions  for  timed  and  mistimed  rotors,  and  instrumentation  on  test 
procedures  to  perform  a  fan  flutter  test.  The  effect  of  stagnation  temperature  and  pressure  on 
flutter  is  demonstrated  and  currently  available  forced  vibration  and  flutter  design  methodology 
is  reviewed  ///?,_ ,, 


This  AGARDograpli  was  prepared  at  the  request  of  the  Propulsion  and  Energetics  Panel  and 
of  the  Structures  and  Materials  Panel  of  AGARD. 
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